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Preface 



This volume contains the Proceedings of the Fourth Seminar on Stochastic Analy- 
sis , Random Fields and Applications , which took place at the Centro Stefano Fran- 
scini (Monte Verita) in Ascona (Ticino), Switzerland, from May 20 to 24, 2002. 
The first three editions of this conference occured in 1993, 1996 and 1999. The 
Seminar covered several topics: fundamental aspects of stochastic analysis, such 
as stochastic partial differential equations and random fields, and applications to 
current active fields such as probabilistic methods in fluid dynamics, biomathe- 
matics, and financial modeling. As in the previous editions, this last topic was the 
subject of the Fourth Minisymposium on Stochastic Methods in Financial Models. 
These proceedings aim to present key aspects of these topics to a larger audience. 
All papers in this volume have been refereed. 

A major topic within Stochastic Analysis is the area of random fields which 
includes as particular cases, Gaussian random fields, stochastic partial differential 
equations (s.p.d.e.’s) and stochastic differential equations with values in Banach 
spaces. In this framework, interesting new developments were presented in the 
theory of Gaussian random fields on manifolds with applications to astrophysics 
and neurosciences. Moreover, with the aim of modeling certain very irregular phe- 
nomena, a theory of s.p.d.e.’s driven by noises concentrated on hyperplanes was 
presented. Another very much investigated topic is pathwise stochastic integration, 
which focuses, in particular, on processes whose paths have a high p- variation, such 
as fractional Brownian motion with small Hurst index. One morning session was 
held in honor of the sixtieth birthday of Philippe Blanchard (Bielefeld) . 

Concerning Probabilistic Methods in Fluid Dynamics, the state of the art in 
turbulence was presented. Recent investigations in the Burgers, Euler and Navier- 
Stokes partial differential equations with stochastic perturbations were presented, 
along with a recently developed alternative method that uses vorticity filaments. 

Important applications of stochastic processes appear in the formulation of 
Biomathematical Models. First of all, stochastic reaction-diffusion equations con- 
tinue to be explored in relation with chemical reactions in cell reproduction. On the 
other hand, new sophisticated methods such as coalescence have appeared; more- 
over, in brain image recognition, the use of Gaussian random fields has become 
crucial. 

Financial Modeling continues its theoretical and computational development. 
Current areas of intense activity include the now classical fields of portfolio man- 
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viii 

agement, pricing and hedging in incomplete markets, the term structure of inter- 
est rates, and the analysis of credit risk. On the other hand, generalizations of 
the Blaek-Scholes model are considered essentially in two directions: first, replac- 
ing geometric Brownian motion with generalized Levy processes or making use 
of generalized hyperbolic and inverse Gaussian distributions; second, introducing 
random volatility models where the volatility becomes a mean-reverting process of 
Ornstein-Uhlenbeck type which takes into account several parameters or a long- 
memory process. Statistics, data analysis and stochastic algorithms become an 
essential tool for estimation and calibration of parameters. Two new areas seem 
to be emerging: pricing energy derivatives , which includes the problem of pricing 
electricity and is motivated by the deregularation efforts in the European market; 
and detecting insider trading, which will probably play a crucial role, given the 
present inefficiency of rating agencies in anticipating defaults. 

The second day of the Minisymposium on Stochastic Methods in Finan- 
cial Models took place in the Centro Studi Bancari (Villa Negroni, Vezia). This 
was organized in collaboration with Dr. Fulcieri Kistler, whose help we warmly 
acknowledge. On that occasion, four lectures directed towards a less-specialized 
audience were organized and were also attended by practitioners from the local 
banking community. The speakers and titles of their talks were: 

• Rama Cont, Ecole Polytechnique (Palaiseau), Pricing and hedging options 
with a misspecified model, 

• Jean-Pierre Fouque (North- Carolina State University), Pricing volatility time 
scales', 

• Heliette Geman (ESSEC & Dauphine), Pricing and hedging in incomplete 
markets; 

• Gerhard Scheuenstuhl (Risklab Germany, Allianz), Options and long-term 
investment. 

Significant financial support for this meeting was provided by the Fonds National 
Suisse pour la Recherche Scientifique (Berne) , the Centro Stefano Franscini (ETH- 
Ziirich), and the Ecole Polytechnique Federale de Lausanne (EPFL). We take this 
opportunity to thank these institutions. Financial support for the public event 
was provided by the Banca Popolare di Sondrio and by SOFIPO Fiduciaire; we 
thank the respective directors Brunello Perucchi and Giorgio della Santa for their 
interest. 

March 2004 Robert C. Dalang 

Marco Dozzi 
Francesco Russo 



The Editors wish to dedicate this volume to Axel Grorud (1951-2003). 
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Gaussian Random Fields on Manifolds 

Robert J. Adler 



Abstract. This paper is an attempt to encourage the reader to take a serious 
look at the study of Gaussian random fields on Riemannian manifolds. 

To do so, it describes the intrinsic interest of the area, a number of 
possible applications and some interesting new geometric and probabilistic 
results. In particular, it attempts to show how the manifold approach provides 
a setting not only for establishing new results about Gaussian processes, but 
also for developing a deeper understanding of old ones. 

Mathematics Subject Classification (2000). Primary 60G15, 60G60, 53 A 17 
58A05; Secondary 60G17, 62M40, 60G70. 

Keywords. Random fields, Gaussian processes, manifolds, Euler characteristic, 
excursions, Riemannian geometry. 



1. Introduction 

This paper is based on the conference talk, which was rather more of a propaganda 
piece than is commonly the case. The plan now, as then, is to encourage you to take 
a serious look at the study of Gaussian 1 random fields on Riemannian manifolds. 

In attempt to convince you that this is worthwhile (beyond just being aca- 
demically interesting) the talk had four parts to it: 

(i) Basic definitions of Gaussian processes and Riemannian manifolds. 

(ii) A definition of the Euler- Poincare characteristic of differential and integral 
geometry. 



Research supported in part by the Israel and US-Israel Binational Science Foundations. 

1 Actually, anything else smooth and outside the Markovian/martingalian world would do, but 
Gaussian is the place to start. (A referee wondered what “M/m” might mean for a manifold 
indexed process. A good place to start looking for an answer is (in the M/m Gaussian case) 
in [25]. However, the answer is far from simple, which is why I would recommend, ab initio , 
avoiding the question.) 
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(iii) The description of an important new result from the McGill PhD thesis of 
Jonathan Taylor. 

(iv) A number of applications, some real 2 , some to other areas of mathematics, 
some already applied and some still at the planning stage. 



2. Gaussian fields 

One of the nicest things about a real valued, centered Gaussian processes f t on a 
topological space T is that its definition requires no more than demanding that, for 
each n e N, a*, . . . , a n e R and ti,...,t n eT, sums of the form Ylk=i a k f{tk) are 
zero mean Gaussian random variables, with variance 1 a jC(tj,tk)ak , where 

the (positive definite) covariance function C : T x T — > R is given by C(s,t) = 

E{/-/t}. _ ~ ' 

Going the other way, given any such T and a positive definite C : T x T — > R, 
general theory gives that a Gaussian field satisfying the above exists. 

3. What is a manifold? 

One tends to think of a manifold as a two-dimensional surface in three-dimensional 
space, and this is not only a good example, but a crucial one for developing intu- 
ition. It also leads to the following definition: 

Let M n = R N ~ 1 x R + be a half-space in R N . M is a C k iV-manifold with 
boundary if M is a locally compact, Hausdorff space with a covering {Ui}i e i and 
a collection {( pi : Ui — > i^}^/ of maps such that the map 

< Pi o (pj 1 : <pj(Ui n Uj) -> Pi(Ui n Uj) 

is a C k diffeomorphism for every z, j el. M is a manifold without boundary if we 
can replace M N above with R N . Of further interest are piecewise smooth manifolds, 
joined at smooth ‘edges’ of varying dimensions, but they are beyond what I want 
to talk about here 3 . 

In other words, an Af-manifold is something that looks locally like R^. For 
examples of 2-manifolds embedded in R 3 think of the sphere S 2 and the torus T 2 . 
Cut them in half and you have manifolds with boundary. If these are the only 
manifolds you are happy with, they will suffice to get the general thrust of what is 
going on. Another classic example is, for fixed N > 1, the collection of all N x N 
matrices with fixed determinant, which does not look much like S' 2 or T 2 . Most 
interesting manifolds are only embeddable in rather high dimensions, and so it is 
very hard to know what they ‘look’ like. 

2 Following common usage, I take ‘real’ to mean ‘applications to areas outside of mathematics’. 

3 If such objects seem like generalisation for its own sake, think of the simple cube, which needs 
this level of theory when treated in a manifold setting. In other words, the simple cube is ‘too 
complicated’ an object for this paper, even though in the pre-manifold days it was actually the 
example we started with way back in the early 1970’s; cf. [4]. 
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4. Riemannian manifolds 



C^'-manifolds come with tangent (vector) spaces T t M at each t E M. Elements of 
T t M are written as X t , and can be thought of as simple tangent vectors to the 
surface M at t or, in proper generality, as differential operators, so that ( X t f)(t ) is 
the ‘derivative in the direction X t of the function / : M — ► R, at the point t E M\ 
What manifolds do not necessarily come with is a sense of ‘distance’. This is 
usually induced by what is called a Riemannian metric 4 g, a map that assigns a 
positive-definite real- valued bilinear function g t on T t M x T t M. 

The Riemannian metric g allows the definition of curve length along differ- 
entiable curves c : [0, 1] — ► M by setting 

L(c ) = [ g t (c' ,c')(t) dt, 

A 0,1] 

and this gives the geodesic distance between two points E M as 



r(s,t) 



inf L(c ) 

cGC 1 ([0,l];M) (S)t) 



( 1 ) 



where C ] ([0, 1]; M)( <s ^ is the set of all piecewise C 1 maps c with c(0) = s, c(l) = t. 
Thus, given g, we have an associated metric on M. 

The pair (M, g) is called a Riemannian manifold. Note that for a given ‘phys- 
ical’ manifold M there are as many choices of g, and so as many Riemannian 
manifolds, as there are positive definite functions on T t M x T t M. 



5. Why manifolds? 

Given a manifold M, and a positive definite C on M x M, in view of the comments in 
Section 2 there exists a centered Gaussian field f on M with covariance function C. 
So now we can study Gaussian random fields on manifolds, leading to the question 
as to “Why should we?” . 

Hopefully the applications and examples below should be convincing enough 
not only to explain why one would want to consider random fields on manifolds, 
but even lead to the question of why it took us so long to do so in a serious fashion. 



6. Gaussian Riemannian metrics 

One reason for looking at Gaussian fields of manifolds is that they provide a natural 
way to find Riemannian metrics. 

Suppose M is a manifold, and / is a centered Gaussian process defined over 
it. Here is a simple way to define a Riemannian metric over M: 

g t (X t ,Y t ) ± E {(X t f)(t) ( Y t f)(t )} (2) 



4 Despite the name, g is not a metric at all. It does, however, induce the metric defined by (1). 
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where t e M and X t ,Y t G T t M. Non- negative definiteness of g follows from the fact 
that it is defined as a covariance, and positive definiteness is an explicit assumption 
that is only rarely restrictive. We call g the metric induced by f. 

It is also possible (and, when one gets around to specific applications, neces- 
sary) to write g in terms of the covariance function C of /. See any of [5, 33, 35] 
for details. 

Note that this metric ‘knows’ about two things: It knows about the underlying 
geometry of the physical manifold M through the tangent spaces T*M, and it knows 
about the random field / through the expectation in (2). It has appeared implicitly 
in a number of places (e.g. [30, 31, 32]). However, since its initial appearence as 
a basic tool was in Taylor’s thesis [33] it is perhaps reasonable that applying it 
to M should be called ‘tayloring’ the space M to the problem at hand. Why this 
particular metric is important will become clearer soon via some examples. 



7. Some ‘simple’ but honest applications 

By “simple” I mean an application that a layman can understand. As is often the 
case, problems which are simple to state are often very hard to solve, and my use 
of the adjective is therefore restricted to the statement of the application only. 

I know of two classes of examples in which Gaussian processes arise on physical 
manifolds. The first, chronologically, arose in the study of the anomolies in the 
cosmic microwave background (CMB) radiation, a sort of signature left over from 
the creation of the universe 5 . The data in this study is directional, representing 
radiation coming into the point of measurement from the surrounding universe. 
Taking a standard signal plus noise model, with coloured Gaussian noise, one ends 
up with a random field / on the two-dimensional sphere S 2 . I will get back to this 
example in Section 14 below. 

The second example comes from bio-statistics, and is related to brain imag- 
ing. I shall say (almost) nothing about this, since Keith Worsley is at the same 
conference, and all I know on the topic is but a small subset of what he knows. 
Thus I refer you to his talk and paper for details. The one thing I will say is that 
while in most of the examples here the manifold is a subset of flat Euclidean space, 
recent extensions to mapping the cortical surface (rather than the interior of the 
brain) require 6 far more sophisticated manifolds, with dimensions as high as five 7 . 



5 There is a nice article about this is in Scientific American [26], and you can find out more, as 
well as seeing nice pictures, by going to http://www.gsfc.nasa.gov/astro/cobe/ and following 
the links. Keith Worsley’s article [38] is also a good place to start, as is the new monograph [20] 
by Martinez and Saar. 

6 It was Keith’s interest in brain mapping problems that reignited my own interest in random 
fields in general and the cortical surface version which lead to Gaussian processes on manifolds. 
The latter was also the original driving force behind Jonathan Taylor’s thesis. So we all owe 
Keith a sincere debt of gratitude for pushing us towards some new and interesting mathematics. 

7 Why 5? Roughly: Measurements are taken over a two-dimensional cortical surface, averaged 
over the projection onto the cortical surface (via the standard exponential map, say) of ellipses 
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For reasons that I shall not go into here, the brain imagers build a statistical 
hypothesis test based on the statistic 

sup f(t). (3) 

tGBrain 

In other words, the statistic that arises in the analysis of cortical data is 
the supremum of a Gaussian field, often over a high-dimensional manifold, with 
boundary and, occassionally, with quite complicated singularities 8 . 



8. The largest eigenvalue of a Gaussian matrix 

Let A = ( a-ij ) be a symmetric, N x N matrix, whose elements are Gaussian 
variables. The simplest, and most common, scenario has the i < j, i.i.d. and 
7V(0, 1), but until one gets around to serious computations centered Gaussian with 
covariances C((ij),(kl)) = E {a^aki} will do. There are a number of equivalent 
ways to define the largest eigenvalue of A, but for us the most natural is to take 

Amax = SUp tAt' = SUp f (t) (4) 

tes N ~ 1 tes N - 1 

writing t as a row vector with transpose £', and defining the centered Gaussian 
process f(t) = tAt ' on the manifold S N ~ l . When the a tJ are i.i.d. it is a simple 
computation to see that the metric defined by (2) is that induced on *S iV_1 by the 
inclusion map into R N and so S N ~ 1 is the usual constant curvature sphere that 
we all know and love. If the a^- are dependent then life is more complicated and 
so more interesting. 

In either case (4) shows that for this eigenvalue problem it is again the dis- 
tribution of the supremum of / that holds the information we need. Properties of 
the remaining eigenvalues of A can also be related to those of the random field / 
and the excursion sets we shall soon define. 

Of course, one does not necessarily need Gaussian processes on manifolds 
in order to study eigenvalues of Gaussian matrices, about which a great deal is 
already known. In the case of independent even the precise joint distribution 
of all the eigenvalues is known (cf. [13, 21]). However, this distribution is in a form 
that is not terribly user-friendly, and it is generally used only as a starting point 
to compute asymptotic properties of the eigenvalues as N — > oo. Thus there is a 
chance that the random field approach may have something to offer, at least for 
fixed N. What is more likely, however, is that the wealth of extant information 
on Gaussian matrices may feed back to give us a more detailed understanding of 
fields on manifolds. It is also feasible that this would enable us to compute the 



in the tangent plane, the two axes of which are allowed to vary and which are rotated in the 
tangent plane. 2 + 24-1=5. 

8 To see how singularities in M arise in the brain mapping applications see, for example, [28, 29]. 
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distribution of the supremum of certain specific fields and, as explained in [3], each 
such example is worth its weight in gold 9 . 

9. Exponential families 

Exponential families lie at the core of modern mathematical statistics, since they 
provide a generic framework for a great deal of this area’s theory. It has also long 
been known that they have a detailed differential geometric structure, which I shall 
describe very briefly now. Details can be found in [6, 17] with a less detailed but 
remarkably readable treatment in [7], where, by the way, you will also find a very 
nice introduction to differential geometry. 

Assuming an appropriate reference measure p, on R^, densities of iV-dimen- 
sional random variables X coming from an exponential family with parameter 
t G are of the form 

p(x\t) — exp {xt' — 'ipit)} , 

for some ^ satisfying side conditions which are not important for us. The natural 
parameter space for t is 

M = G R^ : J exp {xt'} p(x\t) p(dx) < oo 

which, in general, is a manifold. Rather than thinking of this as a simple subset of 
R^, it is actually more useful, and natural, to use the mapping t — > p(-\t) to think 
of M as a manifold in function space. Similarly, one should think of the elements of 
T t M as functions. The likelihood function L : M x R^ — ► R is, as usual, defined by 

L{t)(x) = p{x\t) 

and the log likelihood function by £(t) — lo g(L(t)). 

There is then a natural Riemannian metric on M, defined, for Y t ,Z t £ T t M , by 

9t(Y t ,Z t ) = J (Y t (£ t )) (x) {Z t (e t )) (x)p{x\t) p(dx). 

If this looks unfamiliar, then maybe rewriting it will help: Let 0 be a local 
coordinate system in a patch around t . Then 

*(G4) = ik'°z p(x) } ■ (5) 

In other words, what the covariant tensor g does is merely extend the familiar 
Fisher information matrix to obtain a Riemannian metric in this more general 
scenario. Not surprisingly, the geodesic distance induced by this g is called the 

9 There are only a handfull of examples for which we know the precise distribution of sup T f(t). 
However, together with Slepian type inequalities, each such example gives bounds on processes 
with related covariances. The basic Slepian inequality is that for two centered Gaussian processes 
/ and g on the same space T, E{/ 2 (t)} = E {g 2 {t)} and E{f(t)f(s)} > E{g(t)g(s)} implies that 
sup T g{t) stochastically dominates sup^fit). 
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information metric . It is a simple transformation of Hellinger distance, and also, 
up to second order terms, is essentially the Kullback-Leibler divergence between 
‘close’ points (i.e. densities). 

So far, so good. But where is the Gaussian process? Since we are talking 
about Statistics, it must come from large sample asymptotics, and this is indeed 
the case. 

In testing the (possibly composite) null hypothesis t G To against the (possibly 
composite) alternative t E Ti, it is customary to work with the likelihood ratio 
statistic , 



L a supt€T 0 nr=iPt(- y <i*) / 6 x 

su PteToUTi nr=i pt{Xi\t) ’ 

where the Xi are an i.i.d. sequence. The actual test statistic is not L n , but rather 
£ n = —2 In T n , which is well known to have an asymptotic y 2 distribution. The 
standard derivations of this fact rely on expansions about the maximum likelihood 
estimator of the parameter t and a central limit theorem and do not require knowing 
the actual distributions of either term in (6). 

None of this would have anything to do Gaussian fields on manifolds, where 
it not for two issues: 

(i) The central limit theorem gives that, for large enough n, £ n is no more than 
the difference between the supremum of an (asymptotically) Gaussian process 
on To and its supremum on the larger set To U T \ . The Riemannian metric 
for this process is precisely the information metric (5). 

(ii) It is not at all uncommon in applications that To is an (N — 1) -dimensional 
manifold within the larger set To U T \ , which is a nice TV-dimensional Eu- 
clidean set. In fact, Tq is very often the level set of a specific function 
h : T — > R, and T\ merely T \ To. 

Thus, it is far from unnatural to consider the distribution of £ n as a problem 
in the suprema of Gaussian processes over manifolds 10 . The fact that this is not 
the usual approach may be due to the fact that it is also neither the most direct 
nor simplest. However, neither is it uninteresting 11 . 



10 Often these manifolds end up having only piecewise smooth boundaries, as is generally the 
case when some of the parameters of the alternative hypothesis are not identifiable in the null 
hypothesis. See, for example, [12] to see how this leads to ‘locally conic’ parameter spaces. In any 
case, as we noted back in Section 3, while such examples are natural they lie beyond the scope 
of what we can cope with here. 

11 Nor would it be the first time that statistical testing has led to Gaussian processes on man- 
ifolds. Probably the earliest such example, which led to Weyl’s famous tube formula, is due to 
Hotelling [15] as early as 1948. You should read more about this in [16], as well as looking at the 
interesting ‘manifold with piecewise smooth boundary’ problems in [19]. 
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10. Gaussian manifolds 

All the examples that we have looked at so far, and all those that will follow after 
this section, are about (random) Gaussian processes defined over (deterministic) 
manifolds. However there is also a large area of applications in which these processes 
generate random submanifolds of considerable interest. Since the geometric tools 
that I am about to describe are also natural for handling this scenario, it won’t 
hurt to take a few lines to describe it. 

As usual, take / to be a smooth, valued Gaussian over a TV-manifold T , 
with d < N. In most of the applications I know about, T is a simple subset of M N , 
and more often than not d— 1. For each u G M d , the level set 

L u = L u (f, T) £ r\u) (7) 

is a random (TV — d ) -dimensional submanifold of T. The behaviour of / over L u is, 
obviously, uninteresting, since / = u on L u . On the other hand, the geometry of L u 
has many important practical implications 12 and this geometry is determined by 
the (random) Riemannian metric induced by the inverse mapping / _1 : R d — ► T. 
For lack of a better term, we can call level curves of this kind examples of “Gaussian 
manifolds” . 

Note that I have not said anything about / being centered. One reason for 
this is that level set technology (in the sense of [27]) is often applied to the level sets 
of a deterministic function h (signal) perturbed by a Gaussian process / (noise), 
in which case the level sets of interest are L u (h + /, T). These are considered as 
a perturbation of L u (h,T) and are often used as models in image analysis. Since 
h + / is also Gaussian, this fits into the format of (7) if / is not required to be 
centered. 

The study of the global geometry of level sets (as opposed to the ‘excursion 
sets’ of Section 12 below) is wide open and is presented as an interesting challenge 13 
to someone out there younger than I. 



11. Euler-Poincare characteristic 

With a couple of examples under our belt, we now make a seemingly unrelated 
excursion into geometry. 

Suppose that it is possible to triangulate A C M, which basically means that 
it can be broken up into the finite union of TV-dimensional sets, each one of which 
is the diffeormorphic image of the TV-simplex {x G [0, l]^ 1 : YliLi x i = 1}- A fc 
face of one of these sets is the image of a k face of the simplex, which is what you 
get by setting N — k of the Xi equal to 0. 



12 See, for example, the very readable book by Sethian [27] to understand how important level 
sets are to an enormous variety of real world problems. 

13 A good way to start thinking about this problem is probably in terms of the ‘Gaussian kinematic 
formulae’ of [34]. 
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Let ak — &k(A) be the total number of k faces appearing in a triangulation 
of A, so that ajv is the number of simplicical images that were required to cover 
A, ajv-i is the total number of N — 1-dimensional faces of these images, and so 
on down to ao which is the number of vertices that were needed. 

The Euler- Poincare characteristic of A , which is independent of the triangu- 
lation, is 

p(A) = ao — Q^i + ••• + (—1)^0; jv* (8) 

If you are confused, that’s OK. Here are some simple examples. If i C l 1 
is made up of m disjoint closed intervals, then (f(A) is simply m. If A C M 2 is 
made up of m units homotopic 14 to a disc, with a total of n holes in them, then 
tp(A) = m — n. If A c M 3 is made up of m units homotopic to a baseball, with n 
handles stuck on them, and p holes 15 placed inside them, then cp(A ) = m — n T p. 
Are you beginning to see why it is not unreasonable that there is an alternating 
sum in (8)? 



12. Euler characteristics of excursion sets 

The excursion set of / on M over the level u G M is the set 

A u = A u (f, M) = {teM : f{t) > «}, (9) 

I have spent large intervals of my academic lifetime 16 studying these objects, with 
the prehistory summarised in [1], developments in the remainder of the previous 
millenium summarised in [3] , and the latest and best to appear in [5] . 

Since / is random, so are its excursion sets A u (f , M). Consequently, the Euler 
characteristics p(A u (f, M)) are now (integer valued) random variables, and have 
a distribution. No-one knows (nor probably ever will) what this distribution is. 
However, suppose that / is centered Gaussian with constant, unit variance, C 2 
sample paths, M is a compact C 3 iV-manifold without boundary, and some less 
important side conditions hold. Then, at this level of generality, Jonathan Taylor 
established the following result in his PhD thesis [33]. 



E MA n (/,M))} 

The functionals 






j = 0 



£"(M) = 



<2 »)-<*-»* f M (( 

0 




)0 



lr Tr(~R)( N -^/ 2 Vol g 



( 10 ) 



N — j > 0 even, 
N — j odd, 



14 Two sets A and B are homotopic if B can be obtained from A by continuous squeezing and 
stretching that never tears the ‘fabric’ of either. 

15 Placing one hole into a baseball turns it into a tennis ball. 

16 But not all of it. It just sometimes seems that way. 
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are known as the Lipschitz-Killing curvatures of M, calculated with respect to 
the metric g induced by / and introduced in Section 6. Vol^ is the volume form 
on M determined by g, R is the corresponding curvature tensor and Tr the trace 
operator on the algebra of double forms. Finally, and somewhat more simply, the 
so-called Euler densities pj are given by 



Pj( u ) 




j > 1, 

(2tt) 2 

1 - $(u) j = 0, 



where Hj(x) is the j-th Hermite polynomial and $ is the cumulative distribution 
of a AT(0, 1) variable. 

There is a similar result for manifolds with boundary, in which case the 
Lipschitz-Killing curvatures involve an extra integral over dM. Details, along with 
a long history of earlier results, manifolds can be found in [5, 33, 35]. The results 
in [5] will even cover the case of piecewise smooth manifolds 17 . 

Note that while (10) is a rather tidy looking formula, it should be clear from 
the definition of the Lipschitz-Killing curvatures that it may be quite a lot of work 
to evaluate it for specific case. This will be even more the case when there is an 
additional boundary term to worry about. 

Nevertheless, there are cases for which it is simple. For example, if / is 
isotropic on the unit sphere S N , with unit variance for both / and its first or- 
der derivatives, then (10) reduces to 

I ^ I 

AM ( ^ 

un ^(n- w(^n'- PN ~ 2k{u) ' 



where cjn is the surface area of S N . If / is isotropic on the 2 torus T 2 = (S 1 )® 2 
then (10) becomes the far less threatening 



, U, V, 

7r) 2 

These two cases are from [33, 35], and the final forms are simple because 
neither S N nor T 2 has a boundary. You can find lots of other examples for simpler 
Euclidean sets in my review [3], gleaned from many different sources, including 
particularly papers by Keith Worsley and his co-workers. All these, however, were 
worked as special cases, and not in the format of (10). 

Formula (10) is deep. But even if you do not care about depth, there are 
practical reasons to care about it. 



17 Extending to piecewise smooth manifolds is not a mathematical nicety. It is necessary in order 
to include parameter spaces as simple as the N- cube, I N — [0,1]^. While I N may be a very 
simple set, it is an unpleasant manifold as a result of having too many edges and corners. 
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13. The Euler characteristic and the tail of the supremum 



One of the reasons that (10) is so important is that the Euler characteristic of 
excursion sets is the only random variable associated with Gaussian process ex- 
cursions 18 for which an explicit, non- asymptotic expression is available for anything 
related to its distribution. Furthermore, it tells us a lot (asymptotically at least) 
about another random variable which we have already seen arising as central in a 
number of examples, for, under quite general conditions, it is true that there exists 
a (T and / dependent) constant a > 1 such that, for all u > 0, 



' ( sup f[t ) > u) 
UeM J 



- E{v(A u (f,M))j 



o(e-““ 2/2 ). (11) 



Note that while (10) actually gives a power series expansion in u for the ratio 
^W( A u(f,M))} /e - “ 2 / 2 , the ‘error term’ in (11) is not the ‘next 5 term in this 
expansion, but is exponentially small! 

This result has been proven many times (although not always recognised as 
being in this form) for many special cases. Piterbarg [23, 24] established it in the 
‘flat’ case in which M was a convex cell complex with smooth boundaries. Azais 
and Delmas [8, 14] treated a number of other flat cases, as well as certain manifolds 
M without boundary 19 . In both of these scenarios, the result essentially follows 
from finding the asymptotics of P {sup teM f(t) > u} and then noting that, up to 
the right hand side of (11), what they had was precisely E {<p(A u (f,M))}. 

A far more elegant approach is in the recent paper of Takemura and 
Kuriki [32], who found an intrinsic, geometric proof without the need to compute 
either term. Their proof works for manifolds M with piecewise C 2 boundaries and 
Gaussian processes with a finite Karhunen-Loeve 20 expansion. While elegant, it 
suffers from the drawback that not all Gaussian processes have a finite expansion. 
In particular, no isotropic processes do. This issue is tackled in [18] and a proof 
in quite full generality (but unfortunately with less elegance) can be found in [36] . 
Again, a full survey will appear in [5]. 

Related to all these results is the fact (implicit in all the references above 
because of computations in [14]) that if N u (f,M) is either the number of local 



18 This is true not only in the generality in which we are working, but even for simple, smooth 
(=> non-Markovian) stationary Gaussian processes on R. 

19 The approach of [8] is actually to work not with / on its manifold M, but rather with the 
random fields f on Euclidean space, where the <f>j are related to the covering of M described 
in Section 3. Their final results are therefore not as ‘intrinsic’ as (10) and they also occasionally 
require additional side conditions for their results to hold. 

20 All Gaussian processes have an expansion that looks like f(t) = Ylr^=i where the <p n 

are an orthonormal basis of the reproducing kernel Hilbert space of / and the a sequence of 
i.i.d. N(0, 1) variables. If this expansion is finite, then the so-called ‘tube approach’ to estimating 
P (sup f(t) > u} works, and this is at the core of Takemura and Kuriki’s success. For a description 
of the tube method, which dates back to classic results of Hotelling [15] and Weyl [37], and 
developed for more general Gaussian processes by Sun [31], as well as for further references, 
see [3]. 
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maxima, or number of extrema, of / above the level u over M, then 

| E{iV„(/,M)} - E {<p(A u (f , M))} | = o(e-«“ 2 / 2 ). 

However, unlike E {(p(A u (f, M))}, there is no known closed form expression 
for E{N u (f, M)} beyond the case of stationary / on M (cf. [11]) or stationary / 
on M 2 with u = — oo (cf. [1]). 



14. Back to ‘simple’ examples 

In Section 7 we briefly saw the example of cosmic microwave background (CMB) 
radiation which, in a signal plus noise model, yields a random field on S' 2 . However, 
we never saw what this has to do with Euler characteritics and excursion sets. Here, 
in a nutshell, is what is involved. 

It would be nice to know whether or not the CMB really is Gaussian. To test 
this, the astrophysicists calculate the Euler characteristics of empirically observed 
excursion sets for the radiation field and plot it as a function of the excursion level 
u. Estimating spectral parameters from the data, they then compare this empirical 
curve to the one derived from (10). A good fit 21 leads them to accept the Gaussian 
null hypothesis. A bad fit leads them to develop versions of (10) for non-Gaussian 
models to enable further comparisons. Their results for the non-Gaussian case have 
always been in rather limited scenarios, and not in the generality of Section 16 
below. 

The other example we looked at in Section 7 came from brain imaging and 
led the test statistic (3). Since this was the supremum of a Gaussian field, we know 
now from the preceeding Section what this has to do with Euler characteristics 
and excursion sets. 



15. Non-stationary processes 

If you are familiar with the literature of the precursors of (10), you might have 
noted that a common assumption, that of the stationarity of /, was missing from 
the list of requirements needed for the mean Euler characteristic formula given 
there 22 . All that was assumed in the way of stationarity was constant (zero) mean 
and constant (unit) variance. The fact that full stationarity was not required has a 
lot to do with the manifold setting. To see why this is so, one needs to know just a 
little about the way (10) is derived. It will suffice to describe this in the simplest, 
flat Euclidean setting. 



21 The astrophysicists literature is pretty loose about what a ‘good fit’ really means, but its 
contributors all seem to understand one another. 

2 2 You should also have been surprised at how brief a formula (10) really is. Results for non- 
stationary fields usually take a few lines to write out, even in condensed form. 




Gaussian Fields on Manifolds 



15 



Central to the computations behind (10) is the structure of the joint (Gauss- 
ian) density of /, its first derivatives V/, and the Hessian V 2 /, at specific t G T. 
Write this as 

Pt(f, v/, V 2 /)- (12) 

When / is stationary, not only does this density not depend on t , but V/(£) is 
independent of both f(t ) and V 2 /(£), so that p factors as 

p(f) x p(V/) x p(V 2 /|/), (13) 

which does a lot to make life simpler. If one only assumes constant variance for / 
then while it is still true that, at each t , f(t) is independent of V/(£) there is no 
longer independence between Vf(t) and V 2 /(£). However, if it could be organised 
for the components of V/(£) to also have constant variance, we would have the 
latter independence. 

In one dimension, there is an easy way to force this. Take / : [0, 1] — ► M, with 
zero mean and constant unit variance, and define 

a(t) = f [E{f\s)}] 1/2 ds, 

Jo 

for t G [0, 1]. Since a is monotone increasing, its inverse 

{3(t ) = inf{s : a(s) > t }, 

is well defined for I a = t G [0, a(l)], as is the new process 

m = mt))- (i4> 

Note that / still has unit variance. Furthermore, a simple computation shows 
that so does /', so that f'{t) and f"(t ) are independent for all t G I a - Consequently 
(12) factors as in (13) for /, and so computations are relatively easy for the time 
scaled process. However, the important point is that essentialy all random variables 
related to the excursions of / on [0, 1] are identical to those of / on I a . For example, 

sup/ = sup/, N u (f, [0, 1]) = N u (f,I a ), v{A u (f, [0, 1])) = <p(A u (f,I a )). 

[o,i] /„ 

Consequently, for these variables, computations on / immediately give correspond- 
ing results for /. 

All this is nothing other than a transformation of / to a function of constant 
speed, where ‘speed’ is measured in terms of the standard deviation of /'. There is 
standard way to avoid the irritation of the transformation, and to keeping working 
with / itself, still on [0, 1], and that is to simply change the notion of derivative, by 
changing the notion of distance on [0, 1]. It is easy to check that this is neither more 
no less than turning [0, 1] into a Riemannian manifold, with the metric induced 
by /, as in (2), and with the associated geodesic distance. 

The point of all of the above was to explain why, even as in as simple a case 
as a non-stationary process on the line, the manifold setting is the ‘right’ one. 
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A fortiori , this will be true in working with non-stationary fields on higher- 
dimensional Euclidean spaces. Even in R 2 , there is no simple analogue to (14), 
since there is no natural way to define the function /3 appearing there. However, 
there is no problem in turning R 2 into a Riemannian manifold, with the metric 
induced 23 by /. In support of the claim that this is the right way to do things, 
is the fact that the final results (i.e. (10) and its friends) look so neat and user 
friendly 24 . 



16. Non-Gaussian processes 

All of the above has been about Gaussian fields. I now want to say a few words 
about some non-Gaussian fields, and explain why, here as well, the manifold setting 
is the right way to go. 

We start with a vector valued Gaussian field g : T — » R d , whose coordinate 
processes g 1 , . . . ,g d are centered, independent, identically distributed and having 
constant variance. Take a smooth F : R d — * R, and define 

/(<) = F(g(t)) = F(g l (t),...,g d (t)). (15) 

This will generate a lot of rather useful new fields, most of which arise in statistical 
applications and involve the classical distributions of Statistics. For example, taking 
F(x) = \\x\\ 2 leads to the so-called \ 2 field, the reason for the nomenclature being 
obvious. 

How does one study the excursion sets of such /? There are two ways to 
develop this theory. In the past, the standard approach was to treat each particular 
F as a special case and to handle it accordingly. This invariably involved detailed 
computations, which were always related to the underlying Gaussian structure of 
g and to the specific transformation F. This approach lead to a plethora of papers, 
which provided not only a nice theory but also a goodly number of PhD theses, 
promotions and tenure successes. Recently, (cf. [33, 34]) a rather more aesthetically 
appealing approach has been developed, based, in essence, on the observation that 

A u (f,T) = A u (F(g),T) = {t e T : (F o g)(t) > u) 

= {t € T : g(t) € F _1 [u,oo)}. 



23 Of course, more than just this needs to be done, but the path one needs to follow then becomes 
quite natural. For example, taking the Riemannian definition of ‘second derivative’, so that for 
vector fields X and Y 

V 2 /(*)(X, Y) = XYf(t) - VxYfit), 

makes V f(t) and V 2 f(t) independent. This, in turn, makes many otherwise nigh on impossible 
computations ‘straightforward’ with final results compact and elegant. 

24 Although, as I have already pointed out, in computing (10) for a specific case, this friendliness 
may disappear. See the computations for general non-stationary fields in [35] to see why. Nev- 
ertheless, these computations require no more probability. ‘All’ that remains to be done in each 
application is some “tedious but straightforward” differential geometric computations, generally 
followed by numerical integrations. 
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Thus, the excursion set of a non- Gaussian f — F o g above a level u is equivalent 
to the excursion set of the vector- valued Gaussian g in the manifold F _1 [u, oo). 
More formally, 

/ -1 W = 9~ X (F _1 [u,oo)) . 

Thus, even if T is as simple a set as [0, 1], and F : R d — > M as simple as 
||x|| 2 , the natural setting for / involves the manifold Details can be found 

in [33, 34] and will also appear in [5]. 



17. Chern-Bonnet-Gauss Theorem 

The Chern- Gauss-Bonnet Theorem 25 states that if (M,g) is a C 2 compact ori- 
entable Riemannian manifold without boundary, and if dim(M) = 2 j then, 

= FF- [ Tv M (W) Vol s , (16) 

(2iry (2? rRj! J m 

where ip(M) is our old friend, the Euler-Poincare characteristic of M. If dim(M) 
is odd, then <p(M) = 0. The various terms appearing in the integrand have the 
same meaning as they did in (10). 

This is an old, famous, and important result, and has nothing whatsoever to 
do with random fields. The proofs generally come out of algebraic geometry, and 
involve a fair bit of homotopy and homology theory. 

There is a way to prove (16) from our basic result (10) giving the expected 
Euler characteristic of excursion sets. Here is an outline; details are in [33]. 

Given a Riemannian manifold (M, g), we start by choosing 26 a Gaussian field 
on M whose induced metric is precisely g. Next, note that when u — — oo, the 
excursion set A u (f, M) is actually all of M, and so there is really nothing stochastic 
in (p(A u (f , M)). Nevertheless, we apply (10) to compute its expectation. There are 
N + 1 terms in this formula, each of which involves a Lipshitz-Killing curvature 
Cj, which is independent of u, and a Euler density Pj(u). However, for all j ^ 0, it 
is obvious from the definition of these densities that pj(-oo) = 0, and so only one 
term remains in the sum. This is precisely the term appearing in (16), and so we 
have a proof of the Chern- Gauss-Bonnet Theorem using nothing 27 but Gaussian 
processes! 



25 This dates back to [9, 10], but there are more readable accounts in any reasonable book on 
differential topology. 

26 That this can indeed be done is a consequence of Nash’s theorem. Details of the argument can 
be found in [33]. 

27 Of course, this cannot really be true. Establishing (16) without any recourse to algebraic topol- 
ogy would be a mathematical coup that might even make Probability Theory a fully acceptable 
member of Mathematics. What is hidden in the small print is that the proof of (10) uses Morse’s 
critical point theory (cf. [22]) and this, in turn, uses algebraic topology. However, the above 
approach does save myopic probabilists from having to read the small print. 
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Abstract. In this note, the Sherrington-Kirkpatrick model of interacting spins 
is under consideration. In the high temperature region, we give an asymptotic 
expansion for the expected value of some genereral polynomial of the overlap 
of the system when the size N grows to infinity. Some of the coefficients 
obtained are shown to be vanishing, while the procedure to get the nontrivial 
ones has to be performed by a computer program, due to the great amount 
of computation involved. 
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1. Introduction 

This note is concerned with the usual Sherrington-Kirkpatrick model of interacting 
spins, that can be briefly described as follows: for N > 1, set Ejv = {— 1, 1}^, called 
the space of configurations. For a given a = (<ti, . . . € £/v» the quantity cq 

will stand for the value of the i th spin of the configuration. We will suppose that 
the spins randomly interact according to a mean field model represented by a 
Hamiltonian Hn given by 

— Hn(ct ) = jyi/2 5^ 

1 <i<j<N 

where {gij] 1 < i < j < N} is a family of independent standard Gaussian random 
variables, defined on a probability space (ft, T, P). For a given positive parameter 
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/ 3 (that stands for the inverse of the temperature of the system), set then 



Z N = ^2 exp (~/3H N (a)). 

We will consider here the random Gibbs measure Gn on Xjv, that gives the highest 
weight to those configurations minimizing the energy Hn, and whose density with 
respect to the uniform measure is given by z N x exp (—/3Hn((t)) for all a G Xat. For 
any N, n > 1 and any function / : X^- — > R, we will then set (/) for the average 
of / with respect to dG® n , i.e. 

cr 1 , . . . ,<r n at V l<n 




and the quantity E (/) will be denoted by i/(/). 

Parisi’s analysis of the SK model (see [4] for a complete discussion) showed 
that a family of functions of particular interest, summarizing a great amount of 
information about the whole spin system, is the family {Ri,v\ 1 </</'< oo}, 
where 




> 

i<N 



and a 1 , cr 1 are understood as two independent configurations under the measure 
dGfj 2 . The quantity R^i> (which will be the main object of study of the present 
paper) is called overlap between the configurations a 1 and a 1 , and can be easily 
related to the number of spins of cr 1 and a 1 which are in the same direction. 

While the efforts of Physicists generally aim at the understanding of the low 
temperature regime of the SK model, and of the related phenomenon of non self 
averaging (see e.g. [5] and [7]), the high temperature domain (i.e. (3 6 [0,1)) is 
still of mathematical interest: indeed, in that case, a rather complete description 
of the limiting behavior of the system when iV — > oo can be given, generally 
amounting to some asymptotic theorems concerning Zn and Ri : i'. Among those 
results, we can cite [8] concerning the L 2 -limit of ^log(Zjv), as well as [1], [2] 
and [3], that provide some Central Limit Theorems for Zn and However, the 
possibilities of getting some sharp estimates for the above quantities have been 
greatly enhanced by the rigorous introduction and proof of the cavity method, 
summarized in [9] , leading among other results to a number of interesting CLT for 
the family {Ri,i>; 1 </</'< oo}. 

In this paper, we would like to go one step further into that line of investi- 
gation, and try to give a complete expansion (in terms of power series of -^) for 
the quantity v(R^ 2 ), and more generally, for any quantity of the form 



n 



o-{\cr l ; 






V 



( 1 ) 
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for an arbitrary sequence of indexes This is indeed a natural question, 

quoted as Research Problem 2.3.1 in [9]. Furthermore, it can be shown, using 
the stochastic calculus methods introduced in [2], as well as the large deviations 
estimates for semi-martingales given by [6], that a moderate deviation principle 
could be obtained for log(Z/v) as long as we can prove the boundedness in N 
of some exponential moments for the random variable 

N - rr^) ■ 

This, in turn, can be easily reduced to the asymptotic behavior of quantities of 
the form 

for any k > 1. This article can be understood then as a preliminary step towards 
the moderate deviations principle for Zn • 

Let us now present the main results of our paper. The general expansion in 
terms of AT for (1) is given by the following theorem: 



Theorem 1.1. For any n > [^L] an d f3 < l, there exist constants C(/3,j) such 
that 



/ (\\ (T N (jl N^3iM) ~ Y, 



C(PJ) 

NJ 



O 



jyn+i 



2j + l 

Remark 1.2. One would also expect to get some terms of order N~*~ in that 
expansion. Our result shows that the coefficients corresponding to those terms are 
all vanishing. 



As a particular case of our general result, we have the following 
Theorem 1.3. For any n > 1 and (3 < l, there exist constants C(/3,j) such that 

1 



« 2 ) = E^+° 



3 = 1 



N3 



JSfn+l 



where 



C(0,1) 
C(0, 2) 
C(/3, 3) 



1 

(T^) 

-/? 2 (i + /? 2 ) 

( i -/? 2 ) 4 

|(6 + 19/3 2 + 4/? 4 - 5/3 6 ) 
' (l-/? 2 ) 7 



In fact, Theorem 1.1 will be an easy consequence of the next proposition, 
whose proof will be detailed in the sequel of the paper. 
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k 

Proposition 1.4. For any n > and (3 < 1, a term can be 

2=1 

written as a finite sum of terms of the type 

1 ) jh ) 

2=1 

with j, r > 0, j + | > | plus a remainder of order O ^ ^ , w/iere K(/3,I) 

denotes a constant depending on (3 and the family of indexes I = {(ji,h), 1 < £ < 
r}. Moreover , when j + § — | then j > 0. 

Remark 1.5. Notice that when r — 0 we get the terms of the form with 

j E N and j > |. These terms are the unique ones that appear in the decomposition 
given in Theorem 1.1. 

Note that the bulk of the computations one has to perform in order to obtain 
the expansion of v(R\ 2 ) does not allow us to give a closed formula for all the 
constants C((3,j). However, the analysis of the mechanism needed to obtain those 
fomulae leads us to write a computer program performing this kind of calculations. 
The listing of the program will be given in an Appendix. 

Our paper will be divided as follows: in the next Section, we will recall 
some basic facts and methods concerning the SK model. At Section 3, for sake 
of readability, we will explain our methods by calculating the first two terms of 
the expression of v(Rl 2 )- Then, at Section 4, we will prove our main result (i.e. 
Proposition 1.4). Section 5 will be devoted to the explanation of the algorithm of 
our program, which will be given in the Appendix. 

Throughout the paper all constants appearing in the proofs are called K , 
K{(3 ), Km((3 , k) and K(/3, k , n), although they may vary from one part to another. 
We will omit the dependence on the family of indexes I. 



2. The cavity method 



Let us recall now the basic features of the cavity method (taken from [9]), that 
allows to reduce integrals with respect to a 7V-spins system to a N — 1-spins one: 
set 



P- = 



N — 1 
N 






(2) 



and (.)_ the averaging with respect to G^v at temperature /?_. Let n > 1 and 
(j 1 , . . . , (j n be n independent copies of a A-spins configuration. For any j E {1, . . ., 
n}, we will also denote <j j = (p- 7 , e J ), where p3 E £jv-i and e i E { — 1, 1}. Set 



9i = gi,N 



9 (p) = 



N 1 / 2 



'y ^ 9i°i- 

i<N-l 
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Then it is easily shown that for one configuration a, setting cr/v = £, we have 
-(3H n {<j) = -/3_H N -i(p) + eg (p ) , 
and hence, for / : EJy — * R, we can decompose {/} into 

m = 

\J) z n ’ 

where, for a function : { — 1, 1}" — > R, we set 



AV< ^ = ^7 £ <p{£l,-..,£n), 



£i v,en€{-l,l} ri 



and 



- exp ^2e l g(p l ) 



i / < 71 



Z = (Av£i)_ = (cosh (ff(p Z )))_ • 

The path between the original spins system and a system in which the last 
spin is decoupled from the other ones, can be defined as follows: for t G [0, 1], set 

9t(p) = t 1/2 g(p). 

For n > 1, / : — * M and t G [0, 1], let then (f) t be the quantity defined by 

(f)t = zr (Av/£n, t )_ , 

where 



= exp 

y l < n 

Z t = (Av£ M )_ = (cosh (gt{p l )))_- 

Set Vt(f) = E[(/)t] for £ G [0, 1], and notice that v{f) = zq (/). 
Set also 

= X/ ’ 

i<N — 1 



(3) 



the overlap between the configurations cr* and when we omit the last spin. 
Notice then the relation 



£i£i'Ri,v — SiSifR t l ,. 



The following propositions, that we label for further use, are then shown 
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Proposition 2.1. For a function f on and t > 0, we have 

v't(f) = P 2 X vtifeievRiv) 

1 <l<V<n 

- P 2 n V t (f£l£n+lRl,n+l) 



l<n 

[ ^ 2 n(n+ 1) 



Vt (/* £n-fl£n~t-2-^n+l,n4-2) 



P 2 vtUeievRu.) 

1 <l<l'<n 

- - p 2 nJ2^t(f£i£ 

n + 1 ^/,n4-l) 

l<n 

+ + 1 ^ i/ t (/£ n+1 g TC+2 .R~ +1)n+2 ). 



Although Proposition 2.1 is proved only for £ > 0, it is also true for t = 0 if 
j/q(£) then denotes the right derivative. 

Proposition 2.2. If f is a function on then 

h (fc) (/) l< * ( y ,n W 2 )*- 

TV 2 



3. Expansion of v(R 2 2 ) 

We begin by introducing some notation. 

Definition 3.1. Given an expression n» fc =i zjiZuRn,u we define the e- order of this 
expression as the number of different indexes that appear an odd number of times 
in the set {ji,U; 1 < i < k}. Notice that the e-order can be computed as 

k 

( m0< ^ ( y^(l{h=n> + l{ji=n})i 2)^ • 

n i— 1 

Notice that the s-order is always a nonnegative even number. Note also that 
k k 

n £i ‘ r i- r an<j n e b R juh 

i=l i= 1 

are of the same s-order, where R~ is defined by (3). 

In order to get the expansion of we need the following technical lemma 

that allows us to obtain a lot of terms. 

k 

Lemma 3.2. Given Y[ £ ji £ hRji,k> se t ^ ^ s corresponding e-order. 
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Then for all (3 < 1, 



(a) 



(b) 

(c) 



v o(\\ e 3 i e ii^j u i i ) = 0 when A > 0, 



i— 1 
k 



Mll e * e, ‘ i2 *,ii)l ^ Kl „L® when A = °> 



i= 1 
k 



'(II I ^ 



i = 1 
k 



(n e 3 i £ hRji,i t )\ < 



i= 1 



ATf 

K 2 {k,0) 
ATI ’ 

KsjkJl) 

JV$ ' 



Proof. The case (a) when A > 0 follows immediately from the definition of vo. 
The other cases follow easily from the estimates 

K(^ 2 ) 2fe )<^ and v t ((Rf 2 ) 2k )<K(k,P)v((Rl 2 ) 2k ) 

given by Talagrand (see (2.88), (2.89) and (2.91) in [9]), and the following version 
of Holder’s inequality: if n, > 1, ~ -b ^ = 1, then for all t G [0, 1] 

^(A/ 2 ) < ^(i/iD^^dAr 2 )^. □ 



Then we are able to prove the following expansion. 



Proposition 3.3. For all (3 < 1 we have 

V (& 1 i 2 a+i 2 ) , n {± 

1 W Nil- 0 2 ) N 2 (l- 0 2 ) 4+ \Nl 

Remark 3.4. Using that all the spins are identical in law it is clear that 

v i R l, 2 ) = jf Y! v( y al i° 2 i R 1.2) = v{£ie 2 R i,2)- 



i<N 



When we use this class of arguments we will talk about the symmetry property. 

Proof. Using the symmetry property and the relation £\£ 2 R \,2 = +£i£ 2 Ri ,2 we 

get 

v( R l, 2 ) = t / (£l£ 2 i?l, 2 ) = -f + u(£i£ 2 R f 2 ), ( 4 ) 

Performing a Taylor expansion and using Proposition 2.2 and Lemma 3.2 in order 
to bound the last term we get 



v(e\£2 Ri, 2 ) 



^{ ei £ 2 R ia ) + ^0 (£162^1,2) 

+ ^Veie 2 R h 2) + 3 \ £ i £ 2Ri,2) + O * ( 5 ) 




28 



X. Bardina, D. Marquez-Carreras, C. Rovira and S. Tindel 



Notice first that vo^^Rf 2 ) = 0 . To deal with the ^-derivative term we will apply 
Proposition 2.1 k times iteratively and we simplify all the null terms using the first 
part of Lemma 3 . 2 . 

Study of i/q(€i£ 2 Ri 2)- ^ is easy to check that 

iy'o{£l£ 2 Ri t 2) = P 2 M(RT,2) 2 )- 

Using again a Taylor’s expansion we can write 

v'o(£l£ 2 RT, 2 ) = P 2 M(Rl 2 ) 2 ) 

= P 2 ["((-R^) 2 ) - ^o((^ 2 ) 2 ) - m,2) 2 ) + o (^|)]( 6 ) 

From Proposition 2.1 and Lemma 3.2 we get that z/'o((R^ 2 ) 2 ) = 0 * O n fh e other 
hand, using again the relation £i£ 2 -Ri ,2 = + £i£2^i~2> we can wr if e 

K^) 2 ) = HRi, 2 ) - jjv(ei£2Ri, 2 ) + -^2 • (7) 

Finally 

»"o((Ri 2 ) 2 ) = P 4 M(*r, 2 ) 4 ) - 4M(RI,2) 2 (Ri, 3 ) 2 ) + 3^o((i?r >2 ) 2 (^4) 2 )] 

= /3 4 [i2(Ri a ) - MRhRi , 3 ) + MRhRb)} + o , (8) 

where the first equality follows from the computation of the derivative and the 
second one is again an easy consequence of the relation £162^1,2 = jf + ei^Ri^- 
Then, putting together (6), ( 7 ) and (8) and using ^(£162^1,2) — ^(^1,2)5 we obtain 

o/q 2 o 2 

v'o(eie 2 R^ 2 ) = 0 MK 2 ) ~ 

- \P^{RU) + 2P 6 v(Rl 2 Rl 3 ) - \p^{R1 2 RIa) + 0 (^| ) • ( 9 ) 

Study of u r/ o(£i£ 2 Rf 2 )- Using similar arguments, that is, computation of the 
derivatives, Taylor’s expansions and the relation £i£2i?i,2 = jj + £i£2^r,2 we can 
easily prove that 

v oi^l^Ri^) = — 4/3 ^o(Ri 5 2 ^ 1 , 3 ^ 2 , 3 ) 

— 4 / 3 4 \y(R\, 2^1, 3^2, 3) — ^0(^1, 2^1, 3^2, 3)] 4 - O 

= — 4 / 3 4 v(R\, 2 R\, 3^2,3) — -^^(Rl, 2 Rl, 3 ^ 2 £ 3 ) + O 




4/3 4 i/(Ri 5 2Ri, 3 ^ 2 , 3 ) + O 



1 

TVS 



( 10 ) 
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Notice only that we have used that 3^2 3 ) — 0 by Proposition 2.2 and 

Lemma 3.2 and that by the symmetry property and again by Lemma 3.2 

|l/(i?l 5 2^1,3^2^3)| = |^(#1,2#1,3^2,3)| < ’ 

N 2 

Study of 2 )- By similar arguments we can now obtain 

^ 3) ( £l e 2 i?- 2 ) = p 6 h((i?r >2 ) 4 ) - 12^o((i?r,2) 2 (^ 3 ) 2 ) 

+9^o((-Ri i 2 ) 2 ('^3,4) 2 ) + 36fo(i2i ;2 -Ri )3 -R2 ; 4-R3 ; 4)] 

= p 6 [v(R* > 2 ) - 12v(Rl 2 H* t3 ) + 9v(Rl 2 R 2 3A ) 

+36u(R h2 R h3 R 2A R 3A )] + O (T-) . (11) 

Using the same ideas, it is also easy to check that \v(R\, 2 R\, 3 ^ 2 , 4 ^ 3 , 4 )! < 
Then, putting together (4), (5), (9), (10) and (11), and observing that some 
terms cancel out, we get 

1 02 0/92 
= Jj + 0 2l/ (Rl,2) + -^2 - -^-Kei£ 2 -Rl, 2 ) 



N 2 N 



-2p 4 u(R 1A R 1A R 2A ) - -p b v{Rl 2 ) + O -r 
* \A /2 



or the equivalent equality 



HK 2 ) = 



1 



■(- 



p 2 2 p 2 



N 



v{R 2 ) 



1 -p 2 \N N 2 

-2p 4 p(Ri A Ri )3 R 2A ) — -p 6 i/(R 4 ' 2 )) + O (^^T 
Study ofp(R 4 2 ). Applying the same type of arguments it is easy to get 

p (Ri,2) = ^{ei£ 2 Rl 2 ) 

= v{eie 2 {RJ a f) + ^H(Ri,2) 2 ) + ° 



( 12 ) 



Ni 



= i/ 0 (£i£2(-Ri j2 ) 3 ) + ^o(ei£ 2 (i? 1)2 ) 3 ) + ^((R h2 ) ) + 0 ( 77T 



Nt 



= p 2 v 0 (Rl 2 ) + lv((Rl 2 )) + o(^ 



= P 2 v 0 (R\ 2 ) + 



N 2 (l-P 2 ) + °{nI'’ 



where we have used that (12) implies that v(R\^ 2 ) = n{i-(3 2 ) + ® 
clear that 



^« 2 ) 7V2( 1 _ /3 2)2 +0 (jvf)’ 



( -Vi • So it is 

\N2 ) 

(13) 




30 



X. Bardina, D. Marquez- Carreras, C. Rovira and S. Tindel 



Study of v(R h2 R h3 R 2i3 ). Using the same ideas it is not difficult to obtain 

1 „( l 



^(^1,2^1, 3^2, 3) 



N 2 ( 1-/3 2 ) 3 + ° \Ni 



(14) 



Then, plugging (13) and (14) into (12), and applying iteratively this new 
equality we get 

o2 , _ 1 . P 2 W 2 

~ TTT* XTT + 



1 



N(l-/3 2 ) N 2 (l — /3 2 ) N N(l-p 2 ) 2 



2p 4 



P 6 



N 2 (l-p 2 ) 4 3 N 2 (l - (3 2 ) 3 

1 P 2 + P 4 „( 1 



+ 0 



1 



N(l — (3 2 ) N 2 (l-p 2 ) 4 



O 



N§ 



□ 



4. Proof of the main result 

In this section we give the proof of Proposition 1.4. This proof is based on a 
sequence of transformations that generalizes the tools used in the proof of the 
expansion of v(R\ 2 ). We begin by introducing a new definition and explaining the 
four transformations we will use. 

Definition 4.1. We will say that a term is of order m if its absolute value can be 
bounded by a constant times 

Remark 4.2. Prom Lemma 3.2, notice that the terms 

^ k i k i k 

i= 1 4=1 i= 1 

are of order j + | . 

Let us now introduce the four transformations that we will use througout 
this paper. 

Transformation a. From R to R ~ . 

Using the relation £j i ei i Rj i ^i i = ej i ei i R~ t . + we get 

k i k 

"(I Fh^iRjiM) = -jjk + u (U. £ h £ U R j i ,i i '> +T “’ 

4=1 4=1 

where T a is a finite sum of terms of the type 

^ k — m 

4=1 

with k — 1 > m > 1, that are of order greater than or equal to (see Remark 4.2). 
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Transformation b. Taylor’s expansion. 

For n = |, we easily have 

k k / i 

+ o ( 



2 = 1 



i= 1 
k±l 



On the other hand, for a fixed n > , using Taylor’s formula, we obtain 

k k 

Kl = MU £ ^u) 

i= 1 

2 n—k ^ k / 1 \ 

+ E ^ u o m \t[ £ n £ U R J^ + °(]^) ' 



2=1 



i rnl 

m = 1 2=1 

,( m )/ TT fc 



Applying Proposition 2.1 m times we get that (n»=i £ n £ i i Rj i i.) is a finite 

sum of terms of the form 



/ 3 2rn K(m , k 1 nMU £ h £ uRj i ,u n £ i'i £l 'i R i' i i')’ 

2=1 1=1 

where /' designates the sequence {(j',/'), 1 < i < m}. 

So we can write 

k k k 

u T\ £ ji £ iiRj u O = + ^o(JJ £ ji £ uRj i ,i i ) + T b + 0 



(15) 



i = 1 



i=l 



i= 1 



jV n +i ’ 



where T & is a finite sum of terms of the type 

R(P)M f[e J{ ei t Rj i<h ) 

i=l 

with 2 n > p > k + 2. These terms are all of order greater than or equal to f + 1 
(see Remark 4.2). 

Transformation c. Inverse Taylor’s expansion. 

When n = f , we have 

k k / i 

= KlR, £ ^-5) + °\ 



i = 1 



i=l 



Moreover, when n > |, using a Taylor’s formula we get 






2= 1 



2=1 



2n—k ^ k / 

- e 

m=l z=l ' 
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Using again the expression (15) we can write 
k k 



i= 1 



2=1 

2 n—k k m / 1 \ 

-EE 



m = 1 /' 



i= 1 



3 = 1 
k 



Repeating this procedure with all the terms z/o(J \ e ji e hRj ii i i W e j , i e i , i Rj , v)^ we 

i=i j = i 

obtain that 

•*01**^.) = "(ft £ ji £ ii R 7ai) + T ° + ° (t^t) > 

i = 1 2=1 X 7 

where T c is a finite sum of terms of the type 

K(0MU wuR-Im) 

2=1 

with 2 n > p > k + 1 that are of order greater than or equal to (see Remark 4.2). 



Transformation d. From R to R 

Using the relation £j l £i i R~ t . = Sj^uRji^ ~ jji we g et now 

k 1 k 

KlI £ 3i £l i R ji,0 = ( ~ ]y) fc +v([\ £ ji £ liRjiM) + T d, 

2=1 2=1 

where Ta is a finite sum of terms of the type 

1 k—m 

2=1 

with k — 1 > m > 1, that are of order greater than or equal to (see Remark 4.2). 

The following remarks explain how can we apply these transformations. 

Remark 4.3. For any fixed n, j, k integers applying Transformation c and Trans- 
formation d we can develop the expression 

J^MU £ ^ R n,h) 

2=1 

into a remainder of order n + \ plus a finite sum of terms of the type 
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with n > Z + f >j + ^l + m>j + k,l>j. Notice again that all this new terms 
are of order greater than the initial one, except for the term 



1 

J^j l '(\J. £ ji £l i R ji,k) 



2=1 



that is of the same order. 



Remark 4.4. Fixed n,j, k , using Transformation b and Remark 4.3 we can expand 
the expression 

•y i^i 

w v T\ £ ^ r Im) 

2=1 

into a remainder of order n + | plus a finite sum of terms of the type 

1 m 

K ^)jfl l 'T\ £ ^ £ U R HM) 

2 = 1 



with n > l + y > J + f ? ^ m l > j- Notice also that all this new terms 



are of order greater than the initial one, except the term 



(II £ T £ li R T,li) 



2 = 1 



that is of the initial order. Moreover, if we denote by A the e-order of our initial 
1 k 

expression —v (II £j i £i i Rj. i i ), we can check that Kq(( 3) = ft 2 when A = 0 and 
K 0 (/3) = 0 when A > 0. 



Proof of Proposition 1.4. Set A for the 5-order associated to Y[ ZjiShRjuh- We 
need only to consider 3 cases. 



2=1 



• Case a): A > 4. 

Applying Transformation a we obtain that 



KlI £ h £ U R H,li) = V T\ £ 3i e k R 3i ,0+ T ai 

2=1 2=1 

where T* is a finite sum of terms of the type 

1 r 



2=1 



with J + § > f • Notice that all these terms can be studied by Remark 4.4. 
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So, it suffices to deal with the term Since A > 4 it is 

2= 1 

easily seen that 

k k 

MUs,e u R- M ) = = 0 

2=1 2=1 

and moreover, applying Transformation b we get a finite sum of terms of the 
type 



K{(3)v 0 ([[e n e u R- iM ) 



2=1 

with r > k -f- 2. Remark 4.3 completes the proof of this case. 
• Case b): A = 2. 

Applying Transformation a we can write 

k k 

= iy(l[e jt e ll R- ai ) + T :* + S * a *, 
2=1 2=1 

where T** is a finite sum of terms of the type 

^ k— 1 



(16) 



and S** is a finite sum of terms of the type 

1 r 



2=1 



with j > 1, r + j = k, \ + j > | + 1. 

k 

Let us study first the term £ ji £ h^J i i t )- Since A = 2 a trivial ver- 



ification shows that vo{Y[ £ ji £ kRj i ^) = 0 and that there exists jk+\,lk+i 
verifying 



2=1 






2 = 1 
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k 

and such that the £-order of ( £ U e h R j i ,i i ) +i £ h+i R j k + , ,i k+1 ) is zero - So > 
applying Transformation b we can write 
fc k 

U (^\ E 3i ei i^j i ,l i ) ~ P U °((\^ £ ji £l i^ji,lJ( £ jk + l £ lk + l^j k + 1 ,l k+1 )) 

2=1 2=1 

+ rr + o(~r). (17) 

where T 6 *** is a finite sum of terms of the type 

r 

K (P) l 'o(W £ j i £ li R ji,h) 

2=1 

with r >k + 2. 

Let us study now the term 

k 

Notice first that I'oCGtLi = °- Then a P- 

plying Transformations c and d we can write 

k 

(3 2 M([[ Sj, eu R~, h ) (e ]k+1 £i k+1 RJ k+uh+1 )) 

2=1 

= ft 2 v '((Y\. £ ji £ l i Rji,li)( £ jk+i £ lk+iRjk+i,lk+i )) + T cd + ° (prn+l ) > ( 18 ) 

2=1 ' ' 

where T* d is a finite sum of terms of the type 

K (f 3 )^o(f[e ji e u R ji , li ) 

with n > j + § > 

Finally, by a symmetry argument it is clear that 

k k 

^(( £ ji £ hRji,li){ £ jk + l £ lk + lRjk+uh+l)) = ^((JJ Rjid^Rjk + lJk + l) 

2=1 2=1 

k k 

= ^j k+ i£h + iY[Rji,h) = HYl £ h £ hRji,ii)- ( 19 ) 

2=1 2=1 
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Putting together (16), (17), (18) and (19) we obtain 



= £ ji £ h R n,h) 



i= 1 



or equivalently 

k 



i= 1 



+ T** + S* * + T b *** + T* d + 0 



N n+, 



v <tl c^uRum) = ^(rr + s? + rr + T; d ) +o (^) . 

Applying Remark 4.4 to the terms of T** and S**, and Remark 4.3 to 
the terms of T b ** it is clear that we only obtain a sum of terms of the type 



2=1 

with j + § > 

Finally observe that the terms satisfying J + § = come from T** 
and so they have j = 1. 

• Case c): A = 0. 

By symmetry we have 

k k— 1 

^(Yi £ h £ kRji,ii) = Kll £ n £ ii R n,h)- 
2=1 2=1 

The expression YliZi £ ji e ii^ji,h is °f £-order equal to 2, so we can reduce 
this case to the case b). Notice that since we have now order applying 

the case b), we will obtain terms of order | , but with j > 0. □ 



5. Computer program 

In the proof given in the above section we found the basis of the algorithm that 

k 

allows us to compute the expansion of a term i/( JJ 
The algorithm is the following: 

• 1. Study of 6-order. When the 6-order is equal to 0 or to 2 we keep away part 
02 k 

of the term — — £ ji £ hRjiM) that will be simplified later. When the 

j. fj 



2=1 



6-order is equal to 0 we also use a symmetry argument. 
• 2. From Rj i to R~ v (Transformation a). 
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k k 

• 3. Prom z/(JJ £ ji £ i i RJ i ij to i / o(Y[ £ ji £ k^J i ij- (Transformation b) 

7=1 7=1 

k k 

• 4. From ^o(J \ £ ji £ h^J i ij h '(\\ £ ji £l i^j i ij- (Transformation c) 

7=1 7=1 

• 5. From RJ 1 to Rji. (Transformation d). 

After each one of these steps we have a procedure that simplifies the terms 
obtained. That is, we eliminate the terms with greater order than the grade of our 
expansion. In order to do it we give a refinement of Lemma 3.2 that allows us to 
simplify more terms. 



k 

Proposition 5.1. Given n set A its corresponding e- order. Then 

7=1 



(a) W(U^ h R^)\< 



K 



7=1 

k 



, r k I X ? 

N 2 + 4 



( b ) HYl £ 3i £ li R jiM)\ < 



K 



7=1 



ATf+i 



Proof. The case A = 0 has been studied in Lemma 3.2. Assume now A > 0. 
Let us study first (a). Using a Taylor’s expansion we get 






7=1 



7=1 
- —1 



+ ^ Z ^(II £ h £ h R 3iM ) + 

V2 )• i = 1 



n= 1 7=1 



for some t G [0, 1]. 

Since ^^(OiLi e^e^Rj. z .) is a finite sum of terms of the form 

k n 



7=1 



7=1 



and each of them have 6-order bigger than or equal to A — 2n that is strictly 
positive, we easily get from Lemma 3.2 that 



v 2 / 7=1 



7=1 
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From Proposition 2.2 and Lemma 3.2 we get 






2 \ 2 



< 



K ( K 



\N t 
K 



-r A I k 

AT4 + 2 



To deal with (b) we will use the relation £j i si i Rj i ,i i = £ Ji £i i R j . l . + Then 



(ft = e i ■ w ) 



Ni 

j = o x y / 



k—j 



2=1 



k-j 



Notice that all the terms JJ £j i £i i R ■ , z . are of 5-order greater than or equal to 

2=1 

max(0, A — 2 j). So, using the inequality obtained for (a) we have 
k-j 



l ,v J 



N3 



< 



1 



K 



< 



K 



Ni jyV + T 1 “ ATl + i 



□ 



In the Appendix you can find the main parts of a computer program where 
we have developped this algorithm. This computer program has been written in 

Maple 7. The program is of free use and is available from the authors. One must 

k 

introduce the expression using the notation [[jiji], [ 72 ^ 2 ], . 

[jkih]\- Then to call the computer program and to obtain the expansion of such 
expression until order m, one has to write 

tot([[[j 1 ,h], [j 2 ,l 2 ], • ■ • , [jk, lk}}\,m). 

Remark 5.2. For instance we can get 

Hs2S 2 Ru2Ri,3) = (1 _ py i N 2 + O (T) , 2of([[[l, 2], [1, 3]]], 2); 

v(Rl, 2-Rl, 3^2, 3^2, 4) = 



L ±1 + o(— ] 

(1-(3 2 ) 5 N 3 \N 4 , ' ’ 



I/(£l£ 2 £3£4-Rl,2-R3,4) = 



(1 - (3 2 ) 2 N 2 



toi([[[l,2],[l,3],[2,4],[3,4]]],3); 
+ o(^\, *ot([[[l,2],[3,4]]],2). 
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Appendix 

Main program (tot) Parameters: expres indicates the expression we want to expand and 
derivord is the order of the expansion 

> tot: =proc (expres, derivord) 

local taula, coef, i,k,m; 
global resfin,resfin2,kdes,hnm; 

taula := expres; coef := [1]; resfin:=0; resfin2:=0; kdes:= derivord; hnm:=l; 
maxima(taula[lj); k:=0; 
for i from 1 to r do; 

* m:=(numboccur(taula[j],i) mod 2); if m=l then k:=k+l; end if; 
end do; 

if kdes < ((l/2)*nops(taula[l]))+k/2 then hnm:=0; resfin2:=0; end if; 
while (nops(taula)*hnm)>0 do 

inici (taula, coef); taula:=tauls; coef:=coefs; 
resfin : =collect ( (resfin+resu) , 1 /N) ; 
end do; 

for i from 1 to kdes do 

resfin2: =resfin2-(- (simplify (coeff (resfin, N ,-i) ) *N ~ (-i) ) ; 
end do; 

print (RESULT, resfin2); 
end proc; 

Procedure inici This procedure calls the four transformations explained in the paper 

> inici: =proc(taulai,coefi) 

local i; 

global taulax,taulaa,coefx,coefa; 

coefa:=coefi; coefx:=coefi; taulax:=taulai; taulaa:=taulai; 

rseparar (taulaa,coefa) ; 

taulax:=taulv; coefx:=coefv; 

rmesamenys(taulz,coefz) ; 

simplif(taulabb,coefbb) ; 

vdesenvola(tauls,coefs) ; 

simplif(tauldh,coefdh) ; 

vdesenvolb (t auls ,coefs) ; 

simplif(tauldj,coefdj) ; 

rmenysames(tauls,coefs,resb) ; 

taulax:= [op(taulax) ,op(taulag)] ; coefx:= [op(coefx) ,op(coefg)] ; 
simplif(taulax,coefx) ; 
end proc; 

Procedure rseparar We study the value of the e-order associated to each term . When it 
is equal to 0 or to 2 we keep away a part of the term that will be simplified later. 

Procedure maxima Compute the maximum of a list 

Procedure rmesamenys Transformation a 

> rmesamenys:=proc(taull,coefl) 

local i,j, 11, k,l,m,kter, long, coefll, coef, taula, taulab,fer,coefb; 
global taulabb,coefbb,resb; 
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taula:=taull; coef:=coefl; resb:=0; taulab:=[]; coefb:=[]; 
for i from 1 to nops(taula) do; 
long:= nops(taula[i]); 
for j from 0 to 2" long-1 do; 

kter:=0; conversio(j,long); 11:=[]; coefll:=coef[i]; 
for k from 1 to long do; 

if jbase[k]=0 then coefll:=coefll*(l/N); 
else kter:=kter-f (1/2); ll:=[op(ll),taula[i][k]]; end if; 
end do; 

kter : =kter-degree(coefll,N ) -f (comptar (11) / 4) ; 
if kter<kdes+(l/2) and 11<>[] then 

taulab:= [op(taulab) ,11] ; coefb: = [op(coefb) ,coefll] ; 
end if; 

if kter <kdes-b( 1/2) and 11= [] then resb:=resb-|-coefll; end if; 
end do; 
end do; 

taulabb := []; coefbb := []; taulabb := [op(taulabb),taulab[l]]; 
coefbb := [op(coefbb), coefb [1]]; 
for i from 2 to nops(taulab) do 

for j from 1 to nops(taulabb) while (taulab[i] <> taulabb [j] or 
degree(coefb [i] ,N) < > degree (coefbb [j] ,N) ) do 

if j=nops (taulabb) then taulabb := [op(taulabb), taulab[i]]; 

coefbb := [op (coefbb), 0]; 
end if; 
end do; 

fer:= coefbb [j] -(-coefb [i] ; coefbb :=subsop(j=fer, coefbb); 
end do; 
end proc; 

Procedure conversio Convert a number to a binary expression given in a list 
Procedure comptar It counts the ocurrences of each number in a list 
Procedure simplif It joins all the terms with the same expression 

Procedure vdesenvola Transformation b 
> vdesenvola: =proc(taull,coefl) 

local taula,coef,taula2,taula3,vtaula4,vcoef4,coef2,coef3, 
vtaula3,vcoef2,vcoef3,coef5,coeft,ll,i,l,j,ik,k,x,kh,kter; 
global tauldh, coefdh; 

tauldh:=[]; coefdh:=[]; kh:=kdes; taula:=taull; coef:=coefl; 

taula2:=[]; coef2:=[]; 

for i from 1 to nops(taula) do; 

kter : =2* (kh- ( (nops(taula[i]) /2)-degree(coef [i] ,N) ) ) ; 
vtaula3:=<< 0 >>; vcoef3:=<<coef[i]>>; 
for ik from 1 to nops(taula[i]) do 

vtaula3:=<<vtaula3 | taula[i][ik]>>; 
end do; 

vtaula3:=SubMatrix(vtaula3,l..l,2..nops(taula[i])+l); 
vt aula4 : = vt aula3 ; vcoef4 : =■ vcoef3 ; 
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vanulareps(vtaula4,vcoef4,l) ; 
tauldh:=[op(tauldh),op(taulde)]; 
coefdh:=[op(coefdh),op(coefde)]; 
for j from 1 to kter do; 

vderivar(vtaula3,vcoef3) ; 
vtaula3:= vtauld; vcoef3:=vcoefd; 
vanulareps(vtauld,vcoefd,j) ; 
tauldh:=[op(tauldh),op(taulde)]; 
coefdh:=[op(coefdh),op(coefde)]; 
end do; 
end do; 
end proc; 

Procedure vanulareps It cancels all the terms that are null or that are of order greater 
that our expansion (using Proposition 5.1) 

Procedure vderivar It gives us the derivative of an expression 

> vderivar: =proc(vtaull,vcoefl) 

local vtaula4,vcoef4,ll,i ,j,k,n,gh,xl,x2,nn,fk,kl; 
global vtauld,vcoefd; 

vtaula4:=vtaull; vcoef4:=vcoefl; gh:=ColumnDimension(vtaull)-f-l; 
n:=[]; nn:=0; fk:=l; 

for i from 1 to RowDimension(vtaula4) do; 
mmaxima( < Row( vtaula4,i) > ) ; 
n:=[op(n),r]; nn:=nn+l/2*(r~ 2+r+2); 
end do; 

vtauld: =Matrix(nn,gh); vcoefd:=Matrix(nn,l); 
for i from 1 to RowDimension(vtaula4) do; 
for kl from 1 to gh-1 do 

vt auld [fk . . fk- 1 -(- 1 / 2 * ( n [i] " 2 + n [i] + 2 ) , kl] : = vt aula4 [i , kl] ; 
end do; 

for j from 1 to n[i]-l do; 

for k from j+1 to n[i] do; 

vtauld[fk,gh]:=[j,k]; vcoefd[fk,l]-=vcoef4[i,l]*B; fk:=fk+l; 
end do; 
end do; 

for j from 1 to n[i] do; 

vtauld [fk,gh] : = [j ,n[i] ■ + 1] ; 

vcoefd [fk, 1] : — vcoef4 [i , 1] * B * (-n [i] ) ; fk : =fk+ 1 ; 
end do; 

vtauld [fk,gh] := [n[i] + 1 ,n[i] +2] ; 

vcoefd[fk, 1] -=vcoef4[i,l] *B*n[i] * (n[i] +l)/2; fk:=fk+l; 
end do; 
end proc; 

Procedure mmaxima Compute the maximum of a table 

Procedure vdesenvolb Transformation c 

> vdesenvolb: =proc(taull,coefl) 
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local taula,taula2,taula3,taula4,tauldh,coefdh,ik,vtaula4, 
vcoef4,coef,coef2,coef4,coef5,ll,i,l,j,k,x,kj,kter,n; 
global tauldj, coefdj; 

tauldj:=[]; coefdj:=[]; taula4:=[]; taula2:=[]; coef2:=[]; coef4:=[]; 
kj:=kdes; taula: =taull; coef:=coefl; 
for n from 1 while nops(taula)>0 do; 
tauldh:=[]; coefdh:=[]; 

tauldj : = [op (tauldj ) ,op (taula) ] ; coefdj : = [op (coefdj ) ,op (coef ) ] ; 

taula3:=taula; taula: = []; 

for i from 1 to nops(taula3) do; 

kter : =2* (kj- ( (nops (t aula3 [i] ) / 2)-degree(coef [i] ,N) ) ) ; 
vtaula4:=<< 0 >>; vcoef4:=<<-coef[i]>>; 
for ik from 1 to nops(taula3[i]) do 

vtaula4: = < < vtaula4| taula3 [i] [ik] > > ; 
end do; 

vtaula4: =SubMatrix(vtaula4, 1 . . 1 ,2. .nops(taula3 [i] ) + 1) ; 
for j from 1 to kter do; 

vderivar (vtaula4,vcoef4) ; 
vtaula4:=vtauld; vcoef4:=vcoefd; 
vanulareps(vtauld,vcoefd,j) ; 
tauldh:= [op(tauldh) ,op(taulde)] ; 
coefdh:= [op(coefdh) ,op(coefde)] ; 
end do; 

taula4:=[]; coef4:=[]; 
end do; 

taula: =tauldh; coef:=coefdh; 
end do; 
end proc; 

Procedure rmenysames Transformation d 
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Poissonian Exponential Functionals, (/-Series, 
(/-Integrals, and the Moment Problem for 
log-Normal Distributions 

Jean Bertoin, Philippe Biane and Marc Yor 



Abstract. Moments formulae for the exponential functionals associated with 
a Poisson process provide a simple probabilistic access to the so-called q- 
calculus, as well as to some recent works about the moment problem for the 
log-normal distributions. 
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1. Introduction and main results 

For an arbitrary random variable X > 0 with finite expectation, we denote by X 
a variable distributed according to the so-called length-biased law of X, viz. 

E ('<*>) = m E(x/<x »’ 

where / : M+ — > R + stands for a generic Borel function. Several authors, including 
Chihara [10], Vardi et al. [25], Pakes and Khattree [20], Pakes [19], . . . considered 
the situation when there is the identity in distribution 

X ( = } qX, (1) 

for some fixed real number q e]0, 1[. The main motivation for the aforementioned 
works stems from the easy fact that when (1) is fulfilled, then y/qX has the same 
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entire moments as the log-normal variable exp(T a 2), where Y a 2 denotes a centered 
Gaussian variable with variance a 2 = — log <7, that is 

E((#D=r !/2 (neZ). (2) 

Berg [3] explains how to go from Chihara’s solutions (with countable support) 
to solutions with continuous densities. See also Stoyanov [22, 23] for a succinct 
discussion, and Christiansen [11, 12] and Gut [16] for other recent contributions 
to the indeterminate moment problems. 

The purpose of this note is to investigate an example for which (1) holds, 
that arises naturally in the study of exponential functionals of Poisson processes. 
Specifically, consider a standard Poisson process (N t ,t > 0) and define its expo- 
nential functional by 




Note that we may also express 1^ in the form 

00 

I (q) = (3) 

n— 0 

where e n — T n+ 1 — T n ,rz = 0,l,... denote the waiting times between the successive 
jump times T n = inf{£ : N t = n} of (N t ,t > 0). In other words, ( e n ,n E N) is a 
sequence of i.i.d. exponential variables with parameter 1. 

Next, define the random variable L ^ (or rather its distribution) in terms of 
that of I by 

for every Borel function / : M + — > M + , where 1'^ is an independent copy of 
/(<?). We claim that X = L ^ satisfies (1). This is easily seen from the explicit 
calculation of the moments of 1^ as obtained in [6, 8]; details will be given in the 
next section. This observation incited us to investigate further the distributions of 
1^ and L^ q \ In this direction, it is quite natural to use the so-called g-calculus 
(see, e.g. [15], [17], . . . ) which is associated with the basic hypergeometric series 
of Euler, Gauss, . . . For the convenience of the reader, we have gathered in the 
Appendix the classical formulae attached to these series, by simply reproducing a 
selection from R. Askey’s foreword to [15], which is exactly tailored to our needs. 
To state our main result, we introduce some standard notation from the g-calculus: 

71—1 OO 

(a;q)n = IJ(l-V), (a; 9)00 = (5) 

j — 0 3=0 
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Theorem 1.1. 

(i) The Laplace transform of 1^ is given by 



E 



^exp(A/^)^ 



(A;g) c 



its Mellin transform by 



E 






r(i + s) 



(A < 1), 

(q 1+s \q) c 



r(i + s) 



r,(i + s)(i - q) s (q\g)c 

and its density, which we denote as (v q \x),x > 0), by 

(— l) n g n ( n_1 )/ 2 



i^ q \x) = exp (—x/q n ) 



n=Q 



(q;q)oo(q;q)r. 



( 6 ) 

( 7 ) 

( 8 ) 



(ii) T/ie Mellin transform of L ^ is given by 



E 



_ r(l + a)r(-a) ,_ 1+ 



(' 9 ; 9)^, !og(i/9) 



(9 1+s ; 9)00(9 s ; 9)00 (-l<Res<0) (9) 



(M‘) - 

and its density , which we denote as (\ q (x),x > 0 ), by 



X q (x) 



te^)^iog(i/g) I f 



E 



— 1 ^(n+i)/ 2 



( — i) n q 



,n= — oo 

1 



+ X 



x{-qx;q) 

OO ( l/x;g) 

OO (9; 9) OO l°g(l/ 9) ’ 



( 10 ) 

( 11 ) 



Remarks, (a) It is interesting to point out that expressions similar to (9) and (11) 
can be found in Pakes [19]; see in particular pages 834-5 there. Specifically, the 
Mellin transform Mo(t ) as given before Theorem 3.3 in [19] can be identified as 
E((Z/^) -t ), i.e. the function Mo coincides with the Mellin transform of 1/L^ q \ 
In this direction, the expression (11) for the density of L ^ can be obtained from 
equation (3.11) in [19] specified for 7 = 0 and Lemma 3.3 there. The identity 
between (10) and (11) can be found as a special case of an identity due to Bhargava 
and Adiga [7]; we shall also prove this below for the sake of completeness. 



(b) In [9], the authors obtain the density of J 0 °° h(N t )dt for a large class of functions 
h : N — * R + , and in particular i q when h(n) = q n . 

As we were writing this paper, we became aware of the works of Lachal [18] 
who recognized that 1^ plays some role in a probabilistic model of DNA dupli- 
cation introduced by Cowan and Chiu [13], while Dumas et al. [14] find the law 
of /(«) as an invariant measure related to a Transmission Control Protocol. In 
particular, the formula (8) was found independently from us by Dumas et al . , see 
Proposition 13 and its proof in [14]. 

Prior to this work and other cited references in the present paper, J. Pit- 
man told us about another connection between the g-calculus and probability via 
Bernoulli trials; see e.g. Rawlings [21]. 
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The rest of this work is organized as follows. In Section 2, we present a 
detailed proof of Theorem 1.1. In Section 3, we present further connections with 
the g-calculus based on the self-decomposability of I^ q \ Finally in the Appendix, 
we quote from Askey’s foreword to [15] some key formulas of ^-calculus (for an 
elementary approach, see Kac and Cheung [IT]). 

2. Proof of Theorem 1 

We first develop some material on moments of the exponential functionals as- 
sociated with a certain family of subordinators. Specifically, let (£*,£ > 0) be a 
subordinator starting from 0 and assume that £ has exponential moments of all 
orders. The Laplace transform 

E(exp(A£*)) = exp(£4>(A)) , (A £ R, t > 0) 

is well defined and finite. For notational convenience, we write <F(A) = — 4>(— A) 
for A £ M, so 

E(exp(— A£*)) = exp(— 1 $(\)) , (A £ M, t > 0), 

i.e. <3> is the so-called Laplace exponent of £. We associate to £ its exponential 
functional 

poo 

/(£) = / dtexp(-Zt), 

Jo 

and lift from [6] and [8] some results about the moments of /(£). First, /(£) admits 
positive and negative moments of all orders, and there is the formula 

E {im = W) E ’ (s e ^ °)« ( 12 ) 

which extends to s = 0 as 

E(1/J(0) = E(£i) = $'(0). 

Next, we introduce a variable L(£) (or rather its distribution) via the following 

»*(/(£«))) - j^e(j ymvnm) 

for every Borel function / : M + — > R+, where £' is an independent copy of £. It 
follows that the Mellin transform of L(£) satisfies the functional equation 

Emr) = (13) 

where for s = 0, we agree that \£(s)/$(s) = 1. We also note that, by the very 
construction of L(£), we have E(L(£) _S ) = E(L(£) S_1 ), so that (13) may also be 
written as 



E(Lm = ||^E (L(0~ s ). 



(14) 
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The present paper is concerned with the Poisson case £ = (logl /q)N, on 
which we focus from now on. Thus we write /(£) = 1^ and L(£) = L ^ in the 
sequel. We have 

*(s)=q~ s - 1 , <f>(s) = l-q s , 

which yields the identity 

^( s )/^(s) = q~ s - 

In particular, we deduce from (12) that the entire moments of I ( - ql can be expressed 
using the notation (5) as 




On the other hand, specifying (13) and (14) in this setting, we deduce by inversion 
of the Mellin transform the remarkable identities in distribution 

qU q) = L {q) = -Ty. (16) 

In particular (1) holds for X = L^ q \ 

We now turn our attention to the proof of Theorem 1.1, and in this direction, 
the following result, which is closely related to our paper [5] (see also [4]), provides 
the key to some calculations. 



Lemma 2.1. Let ( G q n\n = 1, 2, . . .) be independent , geometrically distributed vari- 
ables with respective parameters q n , i.e. 

P (G a = k) = (1 — a)a k , k = 0,1,..., 

and set 

Rto ( = } (17) 

Then there is the identity in distribution 

£ ^ /(«)#<«>, (18) 

where on the left-hand side, e denotes a standard exponential law, and on the 
right-hand side, the variables and 1^ are supposed independent. 



Remark 2.2. The identity (18) is closely connected to the construction of g-beta 
and g-gamma variables, which is done in [19], building upon e.g. Askey’s papers [1, 
2 ], 



Proof. The Mellin transform of q Ga is given by 



E (q sGa ) = (1 -a)^q sk a k 

k = 0 



and hence that of R ^ by 



0 - ~a) 

(1 - aq s ) ’ 



s > 0, 



E 



(( R (q) r ) 



tt (i - <? n ) _ (<?; <?) oo 

„=i( 1-9S+n ) (q s+ 1 ;q) oo 



(19) 
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In particular, taking s = j integer, we find that the j - th moment of R ^ equals 
(g;g)j, and we deduce from (15) that has the same entire moments as e. 

This proves our claim as the exponential law is determined by its entire mo- 
ments. □ 



We are now able to establish Theorem 1.1. 



Proof . The identity (6) for the Laplace transform of 7^ derives immediately from 
the expression (3). The formula (7) for the Mellin transform of 7^ follows im- 
mediately from the fact that the Mellin transform of the standard exponential 
distribution is E(e s ) = T(s + 1), the identity (19) for the Mellin transform of R^ q \ 
and the factorization (18) of Lemma 2.1. The formula (9) for the Mellin transform 
of L ^ is then deduced from (7) and its definition (4) in terms of 7^. 

We then turn our attention to the densities. First, we may rewrite Euler’s 
formula (34) of the Appendix for x = q 1+s as 



(q 1 +s \q) oo = E 



71 = 0 



qn{n-i ) /2 qn(i+s) 

(q;q) n 



Plugging the identity 



pOO 

r(l + s) 9 n(s+1 > = / dxx s exp(-x/q n ), 

Jo 

this establishes (8) by inverting the Mellin transform (7). 

In order to compute the density \ q of we rewrite the Mellin transform 
(9) using the triple product identity (36). More precisely we get 



U )> tallilogd 

pOO 

r(i + s )r(-s) = dv- 
J 0 1 



E 



The identity 



_ l) n q n(n+l)/2 q ns , (-l<ReS<0). 



+ V 



now yields 



E 



((,«)•) - 



1 



OO p 

v'' (_i) n ^ n ( n+1 )/ 2 / 

Jo 



1 f°° ( V— 

(q;q)lciogO/q) Jo dxx 



dv 



(vq) r 



(1 + v) t 

( — qn{n+ 1 )/ 2 \ 

q n + x ) 



This establishes the formula (10). 

We finally turn our attention to the identity between (10) and (11), which 
amounts to check that 



1 



1 



x{-qx;q) oc (-l/x;q) c 



fe<?) 



_°°_ ( 1 \m ra(m+l)/2 

£ (1> J.. I- (2») 



\m= — oo 



<7 m + x 
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Note some similarity between this identity (20) and the triple product formula 
(36) - 

As a first step, we shall identify the residues on each side of the equality, for 
the pole Xk := — q~ k with k > 0 (the calculations for k < 0 are similar); then we 
shall indicate how to modify this finding to complete the proof. So we first write 
the denominator on the left-hand side of (20) as 

x(-qx-q) 00 (~l/x-,q) 00 = A(x)(l + xq k )B(x)C(x) 

with 



A(x) = x(l + qx)(l + q 2 x) ■ ■ ■ (1 + q k *x) 

B(x) = (1 + xq k+1 )(l + xq k+2 ) • • • 

C(x) = (1 + l/x)(l + q/x)(l + q 2 /x) ■ • • 

Thus, the residue in Xk is equal to q~ k (A(xk)B(xk)C(xk))~ 1 ■ We obtain 

B(x k ) = (1 -q)(l -q 2 )- ■• = (?; q)oo, 

C(x k ) = (l-q fe )(l-q fc+1 )--- = (q k -,q)oo. 

Finally, 




= i - q k ^)q 2 ( i - q k ~ 2 ) ■ • • q k ~\ i - q), 

qK 

= (-l) fe g -( fe2+fc )/ 2 (l - ^-^(l - q k ~ 2 ) • ■ • (1 -q). 



Putting the pieces together, we get that the sought residue at Xk is 

(_ljkqk(k-i)/2 

But this is precisely the residue for x k = —q~ k as found on the right-hand side of 
(20) when taking m — —k. 

To finish the proof, it suffices to write the fractional expansion for 



1 _ x ^ 

x(-qx; q) n (- 1/x; q) n (1 + qx) • • • (1 + q n x)(x + 1) ■ • • (x + g n_1 ) 

with the identification of the residues at the poles of this fraction (this is exactly the 
computation we have done, except that the infinite products are now replaced by 
finite ones), and to let n tend to oo. This completes the proof of Theorem 1.1. □ 
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3. On the self-decomposability of 

Thanks to expression (3), the self-decomposability of the exponential law prop- 
agates to the law of 1^ (see formula (21) below), which allows to make more 
connections with the g-calculus (the basic formulae of which are recalled in the 
Appendix). 



Proposition 3.1. 

(i) For every c e]0, 1[, there is the decomposition 



/(«) = cl (q) +I { c q) , 



( 21 ) 



where on the right-hand side , Ic is independent of 1^ , and satisfies 

e M a/ “)) = a<1 ' 

= neN ' 

Aq 1+S ',q) oo (c; q) oo 



,((/^) s ) = r(l + s)- 



s > 0. 



{cq s \q) 

OO («;«) oo 

(ii) Furthermore, for c < q, the variable l! q> is the exponential functional 



( 22 ) 

(23) 

(24) 



I (6 qi ) = d«cxp 

associated with £c 9 ^ , a compound Poisson process whose Levy measure is the 
probability 



oo 

v {q \dx) = y^(c/ 9 ) m_1 (1 - c/q)S m]og{ i /q) (dx). 

m— 1 



Proof (i) The expression for the Laplace transform (22) immediately derives from 
the self-decomposability (21) of 1^ and the formula (6). Then (23) is obtained 
from (22), using the series development of exp(Ax) and the g-binomial theorem, 
as expressed in formula (35) in the Appendix. 

We shall now identify the Mellin transform of I ^ thanks to the following 
integral result due to Ramanujan; cf. formula (11) in Askey [2]: for every x such 
that c < q x , we have 



L 



(-cf;g)oo a _i = 71- (ciqQooQ? 1 x J L q) oo 

o (-t;<z)oc sin(7Tx) {cq- x \q)oo{q',q)oc' 



(25) 



Let us replace on the left-hand side the ratio (—ct\q)oo/{—t',q)oo using (22); we 
obtain 

J E (exp (- tl [ q) )) t x ~ l dt = r(x)E l[ q) ) ^ • 

Since 7r/ sin(7rx) = r(x)T(l — x), this yields (24) by choosing s = —x. 
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(ii) One readily checks that the Laplace exponent of the subordinator ^ 
is given by 

♦(») = (n = 1,2, . . .). 

The identity in distribution I == I follows by moment identification 

from (23) and the general formula 

“WO)*) = *<ifW 

which stems from (12). □ 



This allows us, as a first application, to identify the law of R 
dent variable from I ^ , which satisfies 



(<?) 

C > 



an indepen- 



e = I { c q) R ( c q) -, (26) 

see [5]. Indeed, from (24) and the fact that E(e s ) = T(1 + s), we obtain 

e((b<«>Y) = (27) 

VV ) ) (q 1+s ;q)oo(c;q)oo 

It is interesting to note that in the above computation, we derived the Mellin 
transform of 1^ thanks to Ramanujan’s identity (25), whereas for c = 0, we used 
the representation of to obtain the Mellin transform of 
Next, using (19), we rewrite (27) as 

E (( fl “)')= E ((^’)')(Sfe ; <28) 

which in turn, in the notation of Lemma 2.1, leads us to the identity 



^ R{q)q'L < £=oGc q n ' 



(29) 



Finally, we have obtained 



Corollary 3.2. The factorization (26 ) holds with 



( = } q^r 



,X C 



with X a ^ defined via , either: 

(i) X a ,b — <W(1 T Gb) where 8 a ,b is a Bernoulli variable with ¥(S a ^ = 0) = 
1 — F(S aj b = 1) = (1 — £>)/( 1 — ab), and Gb is independent from 8 a ^; 

(ii) Gb == G a b + X a ,b> where X a ^ and G a b are independent. 
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4. Appendix: Some basic ^-formulae 

(Extract from R. Askey’s foreword to [15].) 

“Basic hypergeometric series are series ^2 n c m with °n+ i/ c n a rational func- 
tion of q n for a fixed parameter q , which is usually taken to satisfy \q\ < 1, but at 
other times is a power of a prime. In this Foreword, \q\ < 1 will be assumed. 

Euler summed three basic hypergeometric series. The one which had the 
largest impact was 



(- l ) n g ( 3n2-n )/ 2 



{Q'i Q) 00 7 



where 



If 



then Euler showed that 



and 



(x;q) 



(x;q) c 



(a; <7)00 = IP 1 " aqTl )• 

n=0 

{a;q) n = {a;q) oc /(aq n \q) 00 , 

- OO 

T - 

( n • 



X 

^ (qTqU ’ 



x\ < 1, 



n=0 



22^ (— i^ n q n ( n ~ 1 )/ 2 x n 



E 

n=0 






Eventually, all of these were contained in the 17-binomial theorem 



(x;q) c 



ST' (a;g)n n 



M < 1. 



(30) 

( 31 ) 

(32) 

(33) 

(34) 

(35) 



While (33) is clearly the special case (of (35)) a = 0, and (34) follows easily on 
replacing x by xa~ l and letting a — > oo, it is not so clear how to obtain (30) from 
(35). The easiest way was discovered by Cauchy and many others. Take a = q ~ 2N , 
shift n by N, rescale and let N — » oo. The result is called the triple product, and 
can be written as: 



(x-,q)oo{qx \q) 

oo ( 9 ; q ) 



E (- 1 )"* 



,n(n-l)/2 x n 



(36) 



Then, q — > q 3 and x — q gives Euler’s formula (30).” 

Askey then goes on describing the contributions of Gauss, Jacobi, Eisen- 
stein, and finally Heine’s introduction of a basic hypergeometric extension of 
2pi(a, 6, c; 2), which we hope to deal with in a future paper. . . 
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A Littlewood-Paley Type Inequality 
on the Path Space 

Ana Bela Cruzeiro and Xicheng Zhang 



Abstract. Considering adapted differential geometry on the path space of 
a Riemannian manifold (in the spirit of [6]) we prove a corresponding L p 
Littlewood-Paley inequality using Meyer’s methodology. 

Mathematics Subject Classification (2000). Primary: 58J65; Secondary: 60H07, 
42B25. 

Keywords. Infinite-dimensional Riemannian geometry, path space on a mani- 
fold, Littlewood-Paley inequalities. 



The path space of a (d-dimensional) Riemannian manifold M, namely, the space 
of continuous paths starting from a fixed mo G M, where we consider the Wiener 
measure v induced by the Brownian motion on M, will be denoted by P mo (M). 
In [6] a “renormalized” differential geometry on P mo ( M ) was defined; the renormal- 
ization refers to an application of the principle according to which, to be effective, 
differential geometry on the path space should be compatible with the ltd filtra- 
tion. In particular the corresponding bundle of linear frames is restricted to those 
which commute with the projections determined by conditional expectations with 
respect to this filtration and, in particular, geometrical identities hold when we 
consider adapted vector fields. 

Let C denote the smooth cylindrical functions space of L 2 (P mo (M), z/), i.e., 

c ■■= {F(p) = f(p(si),...,p(s n )), feC°°(M n ); 0 < si < ••• < s n < 1}. 

Similarly, if H is the Cameron-Martin space, we define C(H) as the test function 
space of L 2 (P mo (M), z/; H) as follows: 

k 

C(H) := (X(p) = ]TA;(p)/^,F 8 eC,hi£ H}. 
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For any F G C, the gradient VF G L 2 (F mo (M), i/; is defined using the Ito 
parallel transport on the paths £q<_. as 

n 

VF :='£J2 <t o*-s k Vkf,e a >e%, 
i— 1 a 

where e£(s) :=(sAsfc)*£ a G Ti and stands for the ^-canonical basis of R d . 

In the following, we fix an orthonormal basis of W, {/i n ,a, n GN,ft= 1, . . . , d}, 
and use F^F to denote (VF\h)n. 

The Markovian connection for vector fields on the path space was defined 
in [5] by 

^(V Zl z 2 ) = Q Zl z 2 

where Q z (t) = fj Q(z,odx), £1 being the curvature tensor on M, o dx denoting 
Stratonovich integration. It is different from the connection which was defined 
in [13] (also the tangent space based on Cameron-Martin directions considered 
in [13] has been extended in [5]). 

In [7] a systematic approximation of the geometrical objects on the path 
space by finite-dimensional ones was defined, based on finite partitions of the time 
interval of the form V — {0 = So < s\ < • • • < s n = 1}. 

Following [7], let H^(M) = {a G F mo (M)flC 2 (/\F) : \7&(s)/ds = 0 for s £ 
V} be the space of the piecewise geodesic paths which change directions only at 
the partition points. Correspondingly 7i ^ is the vector subspace of 7i consisting 
of the continuous functions which have locally constant derivatives on the open set 
I\V. The development map I n is a diffeomorphism between H ^ and 1iS n \M) 
defined as follows: for b G HS n \ there is a unique a = I n (b) G TiS n \M) such that 

°{s) = t°^ 0 b(s), a(0) = m 0 , 

where t a <_ 0 denotes the parallel transport along a. 

For a G b — I~ l (cr ), r the horizontal lift of a and z G 77, the map 

Z(s) := ts+_ 0 (z(s)) belongs to the the tangent space of liS n \M) if and only if 

z(s) = tt r{s) (b(s),z(s))b(s) on I \ P. 

This tangent space is inherited from the tangent space of the Gaussian vector 
space through the Ito map I n . 

Let M := M n and tt™ : P rrt0 (M) i-> M^ n \ resp. it* : X > liS n ^) denote 
the projection 

Kn(P) : = {p{si),---,P{Sn))', (7T * (6 ) 1 = {b(Si) , . . . , b(s n ))) . 

We endow with a Gaussian measure v n such that v n o I n = fi ri , 

where fi n = fi o (7r^) _1 is the finite-dimensional Gaussian measure on H^ n \ 
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For e € [0, 1], let 

M e (n) := {u e M (n) : d(vi,v i+1 ) < £ e , for i = 0, 1, . . . ,n - 1}, 

Hi n) (M) := {a G W (n) (M) : f ' + ' |<r(s)|ds < for i = 0, 1, . . . ,n - 1}, 

*/ Si 

: = i z e W (n) : ||z(s i+1 - z(si)|| < Ce, for i = 0, 1, . . . ,n - 1}, 
where «*= £(p A 4 /Kq), p is the radius of injectivity of M and ifyi = 
su PrCO(M) II II < 

AfJ n ^ is an open subset of M ^ and therefore is a differentiable manifold. 
We associate to v £ the piecewise geodesic curve a v defined by linking the 
points Vi,V {+ 1 by the minimizing geodesic. For v £ Me U \ we consider the map 

[QCn)]- 1 : n {n) ^T v (M^) 

given by Z(s<) - € T Vi (M),i = 1, . . . ,n, where z 6 H< n ). Then 0( n > 

determines a parallelism on . 

On a Riemannian metric is defined by the condition that 0^ is an 

isometry of T v (Ms n ^) onto H^ n \ 

Under the map 7r^, I ni we can identify Me U \ Hi n \M) and 7i We have: 

C s i- f- 1 

d{vi,v i+ 1 ) = / |<r„(s)|ds = ||6„(s i+ i) - i>„(s*)|| 

J Si 

where b v (s) = tg^ s a v (s). 

A Markovian connection is defined for any smooth vector fields Y,Ze 
T(Mj n) ), by 

£(V^Z)>,s-) := D { Y n) z a (s-)+J° 0 a lX0 {a v {r))y\T)d[I-\a v )}\T)-^is-). 
where, for / G C°°(M^ n) ) 

n 

Jfe=l 

D^f := jT 1 D^lf ■ y a (s)ds = £<&/, r(i t )) n = Yf. 



and 



On M e (n) we consider the measure ^ 






(p^dvn and on the measure 



:= (PndP'm where (f n (v) — y? n (/ n 1 (cr v )) and > 0 is a cutoff function on 
such that 

¥>»(&) = !, 

VnW = 0, 

supfc 111 - fto ^lb|(x) < cexp{-cn}, p > 1, 
s' < e being fixed, c a positive constant. 
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For a function / on , we define its lift to path space as follows: 

Kp) = <Pn( 7T* ° / _1 (p)) • f{In ° ° P ))• 

For a function / defined on path space, its projection to Me is given by 
fn(o) ■= E^if O I (x)\-K* (x) = In 1 (a)). 

Now we consider the following two square field operators: 
r : C x C -► R, r (F, G) := (VF|VG) W ; 

V H : C{H) x C(H) - f?, Y) := X)(V hn , a X|V v ,,r) w + (X\ Y) n . 

n,a 

It is clear that for F G C and X, Y G C(7Y), we have F-X G C(W) and T H (X, T) G 
L\P rn ^M),u). 

The generator of the Dirichlet form associated to T is the Ornstein-Uhlenbeck 
operator on the path space and was constructed in [9]. It coincides with Norris 
Ornstein-Uhlenbeck operator ([15]) in the case where the Ricci tensor of the un- 
derlying manifold M is zero, assumption that we are going to consider in this 
paper. When Ricci is not zero, it is still possible to proceed according to [4] as 
long as we consider the damped gradient as defined in [11] and suitable modify 
the connection and the metric on the path space. 

We denote by T t the Ornstein-Uhlenbeck semigroup (on functions) and by 
Tf 1 the contraction semigroup (on vector fields) associated with the square field 
operator T^. The corresponding finite-dimensional semigroups are denoted by Tf 
and T^ ,n , respectively (cf. [7]). 

The semigroups satisfy (cf. [6]) the following commutation relation: 

Theorem 1. For any adapted vector field Z G L 2 (P mo (M), v\ Tt) and f G C, the 
following identity holds: 

E(VT t f\Z) H = E(Vf\T t H (Z)) n = E(T t H (V/)|Z)«. 

In particular, 

n (vr t /) = n(T"(v/)) = T"(n(v/)), (i) 

where II is the orthogonal projection from L 2 (P mo (M), z/; Tt) to the closed subspace 
which consists of the adapted vector fields. 

In [7] we have proved the following convergence result: 



Proposition 2. Let Z G C(Tt), 



z " : = [ (XWi)( s ) — - — 

Jo v i=1 $2+1 ~ Si J s . / 



Then for any Y G L 2 (P Tno (M),is;H), we have 

E v {(T?' n Z n \Y) n ) - E-((T t H Z\Y) n ). 
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Define the following Littlewood-Paley- Stein functions: 

rr / POO 7 2 X 1/2 

9ni z n){p ) := ( || — (e tc " Z n )(p)||^t dt) 

9 " (Z)(P) : = 

where e tC ™ and e tcH are the Cauchy semigroups corresponding to T H,n and T H . 
In the following, we shall follow Meyer’s method (cf. [14]) to prove that 

Lemma 3. For any p > 1, there exists a universal constant C p only depending on 
p such that 

E^\\g*{Z n )\\ p H <C p E^\\Z n \\l. (2) 

Proof. For the simplicity of notation, we will omit the index “n, e” . That is: 

v~v n ,ei ft ~ r" ; H~H {n) ; T t ~T t (n) . 

Let S = Me x R, fl := {w = ( m.,x .) : R + — > S is continuous.}, {^}}t>o 
the natural filtration. Let {b t }t > o be the Brownian motion defined on D, {rt}t > o 
the horizontal lift of the OU process {m t } t > o- That is to say that for u = 
b t (uj) — x t and r t (u>) = r t (m.). We use P r,w = P r ® P u (resp. P m,w = P m <g> P u ) 
to denote the law of the diffusion {(rt,b t )}t > o (and {( m tl b t )}t>o ) starting from 
(r, u)( and (m,u)). 

Define the stopping time T 0 (cj) := inf {t > 0 : b t (uj) = 0}. Let fz(?) \= 
r~ l Z G H be the scalarization of Z, {T A }*>o (and {T t }t> o) the semigroup corre- 
sponding to {rt}t>o(and {mt}f> 0 ). Then we have 

(Tf"fz)(r) = f T H Z {r ). 

The Cauchy semigroups are defined as follows: 

POO POO POO 

Qt ■■= / T s A fM (ds), Qf := / T s H ^t(ds), Qt := / 7> t (ds), 

*/o Jo Jo 

where 

p*t{ds) = —t—e~ t2 ^ 4s s~ 3 / 2 ds =: m(t,s)ds. 

2y7 r 

We also have 

(Q?fz){r) = f Q H Z (r), j t {Q?fz){r) = f± Q H Z (r). 

Notice that the law of To under P u is just given by p u (ds). Then we have the 
following two claims 

(Qufz)(r) = E r ’ u (f z (r To )) =: F z (r,u) G H 
E r ’ u (fz{rT 0 )\Et) = Fz(r t AT 0 ,btAT 0 )- 
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In fact, in view of the independence of and b t , we have 

pOO pOO 

E r ’ u (f z (rx b )) = / E r (f z (r s ))fi u (ds) = / (T^f z )(r)^ u (ds). 

Jo Jo 

Moreover, it is clear that Fz (rr 0 , &t 0 ) = fz{^T 0 )- By the Markov property of r t , 

E r ' u {f z {r To ) \F t ) = /z(rTo)l { T 0 <o+^(/^(^o)l{To>t}l^) 

= /z(rr 0 )l{To<t} + ^ rt,Xt (/z(^T 0 )l{T 0 >t}) 

= Fz(r tA To,btAT 0 )- 

This means that M t := Fz(r t AT 0 ,btAT 0 ) is a martingale. Let {/i^; fc = 1, . . . , } be 
an orthogonal basis of W and set Af/ 1 * = Then it is clear that 

ptATo 

< M hk ,b > t = ( D^F z {r s ,b s )\h k ) H ds , 

Jo 

where D^F z {r,u) = D u F z (r,u). 

By the projection theorem for martingales and the fact that ||-Fz||f/ — \\ z \\h, 
we get 

ptAT 0 

< M,M > t = < M hk ,M hk > t > ( D^F z (r a ,b a )\h k )%ds 

k k *^° 

ptATo ptATo 

= / \\D^F z (r s ,b s )\\ 2 H ds = / \\D^Fg(m a ,b a )\\ 2 H ds, (3) 

Jo Jo 

where F§ (m,t) := (Qf Z)(m). 

We now define the PS functions 

a oo x 1/2 

\\D t F% dtj , 

x 1/2 

[Q t (\\D t F”(m,t)\\n)} 2 tdt) , 

a oo N 1/2 

These functions satisfy 

G z (m) < 2 K z (m) < 2H z {m). 

The second inequality is obtained from Schwartz inequality. For the first one, 
setting a s — D S F§ (m,s), we have Q^a s = a s+i , by the expression of semigroup 
T t H , and 



poo 1 

[K z (m)} 2 > j \\a 2t \\ 2 Ht dt = -[Gz(m) 



therefore, 
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The following two conclusions hold: 

\\Hz\\p < C P \\Z\\ P , for any 2 < p < oo 
\\Kz\\p < C P \\Z\\ P , for any 1 < p < 2. 

Let P UN = P v <g) P^. P 1 ' is the law of diffusion {rt}t> o ( or {^p}t>o ) with initial 
distribution i/. The following equality was proved by Meyer 



F UN ( J f( m ^ h s) ds \ m To) = J [Qsf(-,s)\(m To )N As ds, 



( 4 ) 



for / a positive function defined on S. 

As the law of rriT 0 under P VN is v, by Burkholder-Davies- Gundy and Jensen 
inequality, for any p > 2, we have 

E u \\Z\\ p n = E^||Z(m To )||? < = ^||/ z (r To )||^ = ^||M 00 ||^ 

> C P E VN | < M,M >00 | p / 2 > C' p £ I,N (£: iy ' v (< M,M ><*, \ m To )) p/2 

r T o \ s p/2 



> C V E VN (. 



EUN (J o ° \\D^F»(m s ,b s )\\ 2 H ds\m To )y 

= /' OO (Q s ||D^Fj f || 2 ,(., S ))(m r0 )Ar Asc ( s ) 



p/2 









||PUF Z (*,s)|| H )(m)A' As ds) 



vP/2 



Letting iV — * oo, we obtain 



> C„E 



a °° \ p/2 

(<5 s ||D_ > F#(-,s)||^)(m)s dsj = H^zllp. 



Now we look at the second inequality. Notice the following formula which can be 
proved by Ito formula and approximation: 



E VN ||M t || p > E v » \\M 0 \\ P H + p(p - 1)F" W ( J ^ \\M s f~ 2 d <M,M> s y p 



> 1. 



Then we have 
1 



p(p - 1) 



E u \\Z\\^ > lim E VN 



N^rOO 



— lim E 

N — ►oo 



(f ° \MM m s)\\ P n 2 \\D^(m s ,b s )\\ 2 nds) 
(^ 00 Q s (ll(Qf^)(-)ll?r 2 II^F#(-,5)|| 2 < )iVA S d5) 
"(J™ QMQ?Z)(WH 2 \\D~F»(-,s)\\ 2 H )sds), 



= E 



where the first step is due to ||M s ||w = \\(Q^Jz)(r s )\\n = \\(Q^Z)(m s )\\n for 
s < Tq and (3), the second step is due to (4). 
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On the other hand, by Holder inequality, we get 

poo 

[ Kz(p )] 2 := / [Qs{\\D s F”(-,s)\\h)] 2 s ds 

Jo 

pOO 

< / Qs(\\Q^Z\\^n-Qs(\\Q^Z\\^D s F^(-,s)\\ 2 H )sds 

Jo 

poo 

Jo 

poo 

< [supQ s (\\Q»Z\\ H )} 2 -v Qs(\\Q?Z\\ P n 2 \\D s F»(-,s)\\ 2 n )sds. 

s> 0 Jo 

Hence by the maximal inequality (cf. Stein [16]), we obtain 

E v \\K z r n < C p {E v {su V Ql{\\Z\\u)] p ) (2 - p)l2 

s> 0 

/ r C°° 1 \ p/ 2 

■(e"[J Qs(\\Q?Z\\^ 2 \\D s Fg(;s)\\ n )s ds \ ) 

< C v E?\\zr n . 

Here we have used that \\Q^ Z\\t-c < Q s \\Z\\n- Combining the above estimates, we 
complete the proof. □ 

We can now deduce the following 

Theorem 4. For any p> 1 and Z eC(H), there exist two constants c v , C v such that 

c P \\z\\ P < \\g H (Z)\\ P < C p \\z\\ p . 

Proof . Consider the space L p (P mo (M), v\ L 2 (M + , t dt\ H)) with the norm 




This space is a uniformly convex space. Set Z n = A n (Z) and 

Y n (t) := f t {e tc “z n ). 

Then by (2), and for p > 2, we have 

a 00 „ \p/2 / f 00 „ \p/2 

\\VnY n (t)\\ 2 n t dt ) < ( j \\Y n (t)\\ 2 n t dt ) 

< C p E v ^\\Z n \\ p n <C p E v \\Zf H . 




A Littlewood-Paley Type Inequality on the Path Space 



65 



for 1 < p < 2, we have 

WYnWla = E v {f n (j~ \\Y n (t)f n t dt) P/2 ) 

a 00 \ p/2 

\\Yn(t)\\ 2 nt dt ) 

+^((^- 1 - <Pn)<Pn(J” \\Yn{t)\\ 2 Ht 

< C P ET\\Z\& + C p {E v [tfT l - ipn) 2 ) 1/2 (E l '\\Z\\ 2 ^) 1/2 . 

By Banach- Saks-Kakutani theorem, there exists a subsequence Y nk whose Cesaro 
means converge strongly in L p (P rno (M), v\ L 2 (R + , t dt\H )). We denote by cu the 
strong limit of this Cesaro mean, cJ/v(£) := T Y2k = l T nfc (t). Then we have 

1 N 

H^iV ||p, 2 < ll^nfcllp,2 

V k = 1 

< Cp(||Z||p + - VnJ 2 )^. 

fc=l 

Therefore 



IMIp,2 < C7 P ||Z|| P . 

A< 
dt v 



Finally, we need to show that u>(i) = -^(e tcH Z) =: uz(t). For any it! > 0, by 
Proposition 2, we know that 

r R 



( J ll w w(0 - 

-^(f If <*«<•> -*?*>^ 



<CrJ q R ( jT E^WZ^s) - T s H Zf n ) 



dm(t , 5 ) 



dt 



ds)t dt 



-0, 

where Zn(s) = T T™ k Z Uk . Thus we obtain 

r R 



' ( J ||w(t) - u>z(t)||^t dt) = 0. 



Let R tend to infinity. Then lu = luz, which proves the second inequality. 
On the other hand, it is not hard to check that 

h H {Z)h = ||Z|| 2 , 

and, by duality, we obtain the other side of the inequality. 



□ 




66 



A.B. Cruzeiro and X. Zhang 



As a conclusion of this theorem, we have 
Theorem 5. For any f E C and p > 1, we have 

poo 

c p \\f - E^(f)\\ p < / ||n((V<5 t L 1/2 )/)||^ dt < C p \\f — E l/ (f)\\ p . 

Jo p 

Proof . From the Clark- Ocone formula, we know that 

l|n(v/)|| p ~ \\f - E u (f)\\ p . 

By the commutation formula of the semigroup, we have 

n ( v (s«') ') = 

Applying the above theorem, we derive the result. 



□ 
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Condition Numbers and Extrema 
of Random Fields 

J.A. Cuesta-Albertos and Mario Wschebor 



Abstract. Let A be an m x m random matrix with independent Gaussian 
entries having a common variance a 2 > 0. Denote by M the expectation 
of A. We give some bounds for the tails of the probability distribution of its 
condition number n{A), defined as n(A) = \\A\\ \\A~ X || when A is non-singular 
and k(A) = +oo otherwise, where |||| is Euclidean operator norm. 

An application is the obtention of inequality 



E (log k(A)) < log m + log 




+ 4 



+ C 



where C is some known constant. 

The approach is based upon the so-called Rice formula for the expecta- 
tion of the number of critical points of a random field. 



Mathematics Subject Classification (2000). Primary 15A12, 15A52; Secondary 
60G15, 60G60, 65F35. 

Keywords. Random matrices, condition number, smoothed analysis, Rice for- 
mula for random fields. 



1. Introduction 

Let A be an m x m real matrix. We denote by 

mil = sup \\Ax\\ 

11 * 11=1 

its Euclidean operator norm, where we denote by \\v\\ the Euclidean norm of v € 
TZ m . If A is non-singular, its condition number k(A) is defined by 
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The role of k(A) in numerical linear algebra has been recognized since a 
long time [11, 12, 13] as well as its importance in the evaluation of algorithm 
complexity [5, 7]. k(A) measures, to the first order of approximation, the largest 
expansion in the relative error of the solution of the m x m linear system of 
equations 

Ax = b (1) 

when its input is measured with error. 

In other words, log 2 k(A) is the loss of precision in the solution x of (1) due to 
ill-conditioning of A, measured in number of places in the finite binary expansion 
of x. 

A natural problem is trying to understand the behaviour of k(A) when the 
matrix A is chosen at random, that is, to estimate the tail 

P[k{A) > x], for each x E 7£ + , 

(where P is the probability defined on the probability space in which A is defined) 
or the moments of the random variable k(A). Of course, a priori this will de- 
pend on the meaning of “choosing A at random” , that is, which is the probability 
distribution of A. A typical result is the following: 

Theorem 1.1 (Edelman, 1988). Let A = (a*j) . - =l m and assume that the a^j ’s 
are i.i.d. Gaussian standard random variables. Then: 

E {log k(A)} = logm + C 0 + £ m , (2) 

where Co is a known constant (Co = 1, 537 ) and Em — > 0 as m — ► +oo. 

In [3] one can find some elementary inequalities for the moments of log k(A) 
when the entries of A are i.i.d. but not necessarily Gaussian. In a recent paper [9] 
bounds for P[k(A) > x] are given when the a^-’s are i.i.d. Gaussian with a common 
variance but may be non-centered (this has been called “smoothed analysis” ) . More 
precisely: 

Theorem 1.2 (Sankar, Spielman, Teng, 2002). Assume aij = mi j 4- g^j (i,j = 
1, . . . , m) where the gi j ’s are i.i.d. centered Gaussian with common variance a 2 < 
1 and the (non random) matrix 

M = (m l w 

verifies ||M||<mi. 

Then, there exists xo such that, if x > xo, then 

4.734m (l -f 4 (logx) 

P[k(A) >x}< ^ J ~. (3) 

xcr 

Remark 1.3. There are a few differences between this statement and the actual 
statement in [9]. The first one is that instead of 4.734 their constant is 3.646, 
apparently due to a mistake in the numerical evaluation. The second one, their 
hypothesis is sup^ |m^ | < 1 instead of ||M|| < m^, which they actually use in 
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their proof and which is not implied by the previous one. Finally, the inequality 
from [10], which is applied in their proof, does not apply for every x > 0. 



If one denotes Ai, . . . , A m , 0 < Ai < • • • < A m , the eigenvalues of the matrix 
A 1 A ( A 1 stands for the transpose of A), then 



where 



k(A) = 





Ma = max f(x); m,A = min /(#); f(x) = x t A t Ax (x € lZ m ). 

\\x\\ = l \\x\\ = l 

It is possible to study the random variable k(A) using techniques related to 
extrema of random fields. More precisely, if a > 0: 

P[M a >a] = P[M + (X,a) > 2] < ^E{M + (X,a)}, (4) 

where, if S m_1 is the unit sphere in the ra-dimensional euclidean space, then X is 
the real- valued random field 

X = f | 5 m_1 

and 

M + (X, a) — : x E 5 m_1 , X has a local maximum 

at the point x and X(x) > a} 

(note that since / is an even function, {M^>a} occurs if and only if {M + (X, 
a) >2}). 

The main point in making inequality (4) a useful tool is that the expectation 
in the right-hand side member can be computed - or at least estimated - using 
Rice formula for the expectation of the number of critical points of the random 
field X' (the derivative of X). 

In fact, we will only use an upper bound for E{M+(X, a)}, as will be ex- 
plained below. The upper bound thus obtained for P[Ma > a] will be one of 
the tools to prove Theorem 3.1 which contains a variant of (3) that implies an 
improvement if x is large enough. However Conjecture 1 in [9] which states that 
P[k(A) > x] < O(^t) remains an open problem. 

Inequality in Proposition 2.2 is a variant of results that have been known 
since a certain time (see for example Lemma 2.8 in [10]). 

Our main point here is the connection between the spectrum of random 
matrices and the zeros of random fields which makes useful Rice formulae for the 
moments of the number of zeros. In our context, inequality (13) is interesting for 
large values of a for which the classical inequalities are of the same order. Note 
also that in this case, the constant 1/4 in the exponent can be replaced by any 
constant strictly smaller than 1/2, if a is large enough. 
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On the other hand, for the time being, this method does not provide the 
precise bounds on the distribution of the largest eigenvalue of a Wishart matrix 
for values of a close to a = 2 (c.f. [4] or [8]). 

These inequalities permit to deduce inequalities for the moments of log k(A), 
as in Corollary 3.3, which gives a bound for E (logft(A)} for non-centered random 
matrices. This also leads to an alternative proof of a weak version of Edelman’s 
Theorem, which instead of (2) states that 

E {logtt(A)} < logm + C (5) 

for some constant C. 

Rice formulae for the moments of the number of zeros of a random field can 
be applied in some other related problems, which are in fact more complicated 
than the one we are adressing here. In [2] this is the case for condition numbers in 
linear programming. We briefly sketch one of the results in this paper. 

Consider the system of inequalities 

Ax < 0 (6) 

where A is an n x m real matrix, n > m, and y < 0 denotes that all the coordinates 

of the vector y are negative. In [1] the following condition number was defined, 

for the (feasibility) problem of determining wheather the set of solutions of (6) is 
empty or not. 

Denote by a\, . . . , the rows of A, 

fk(x) = |T^r (fc = !,•••,«), D(A)= min ma x f k (x). 

||U/c|| xeS™- 1 l<k<n 

The Cheung-Cucker condition number is 

C(A) = I DMr 1 , 

with the convention C(A) = +oo when D(A) = 0. [2] contains the following result: 
Theorem 1.4. Assume that 

m(l + log re) < 
n 

If aij, , i — 1 , . . . , n, j = 1 , . . . , m are i.i.d. Gaussian standard random vari- 
ables, then 

E {\ogC(A)} < max (logm, log log n) + K, (7) 

where K is a constant. 

To prove (7) one can also use a method based upon the formulae on extrema of 
random fields, since the problem consists in giving fine bounds for the probability 



min Z(x)\ 


< b 


xes™- 1 


_ 



where Z(x) = maxi<fc< n fk{x) and b is a (small) positive number. 

The difference between the proof of Theorem 1.4 and the study of k (A) for 
square matrices is that in the latter case the random function X that is to be 
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considered is the restriction of a quadratic form to the unit sphere, hence a nice 
regular function, while the study of the local extrema of Z is complicated. This is 
due to the fact that x — ► Z(x) is a non-differentiable piecewise affine function. 

The plan of the paper is as follows. In Section 2 we include some technical 
results which are required to state main results in this paper. Those results appear 
in Section 3. 



2. Technical preliminaries 

In this section, £ m -i(0, <5) is the Euclidean ball centered at the origin with radius 
5 in 7£ m-1 , |R m _i(0, <5)| is its Lebesgue measure, <r m _i the (m — 1) -dimensional 
geometric measure in S rn ~ 1 and T -< 0 denotes that the bilinear form T is negative 
definite. 



Proposition 2.1 (Kac’s formula). Let F : 5 m 1 ~^1Z be a C 2 function. Denote 

M. + (F,a) = [x : x G 5 m_1 , F has a local maximum 

at the point x and F(x) > a}, 

M + (F,a) = #[M + (F,a)]. 

We assume that 

{x:x£ S m_1 , F'{x) = 0, det (F"(x)) = 0} = </>, (8) 

i.e. that there are no critical points of F in which F" is singular. 

Then, 



M+<F ' a)=1 sn: 



-h— — f |det(F"(x))| 

-1 (0, 0) I J S m-l 

l{\\F'(x)\\<5 J F"(x)-<0,F(x)>a} cr m-l(dx). (9) 



Proof. The hypothesis implies that the points of A4 + (F, a) are isolated, hence, 
that M + (F, a) is finite. Put 

M+(F,a) = {x u ...,x N j. 



Then, for j = 1, . . . , N: 

F'(x j ) = 0; F"{x 3 )^ 0. 

If <5o is small enough, using the inverse function theorem, there exist pairwise 
disjoint open neighbourhoods U\, . . . , (7jv in 5 m_1 of the points . . . , xn respec- 
tively, such that for each j = 1, . . . ,7V the map x — > F'(x) is a diffeomorphism 
between Uj and <5o) and 

N 

\JUj = {x:x£ S m ~\ ||F'(a:)|| < S 0 ,F"(x) -< 0 ,F(x) > a} . 

j=i 
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Using the change of variable formula, 

\det(F" (x))\ a m -i(dx) = |B m -i(0, <5 0 )| , 



L 



it follows that 



N |B m _i(0, (5 0 )| = [ \det(F"(x))\(r m -i(dx) 



/ |det(F"(a;))|{|| F ,( ;i .)|| <( 5 0)F //( a .) XOiF ( x ) >0 } (r m -i(dx). 

J S m_1 



This proves (9). 



□ 



Suppose now that X(x) = x t A t Ax, A = x G 7 Z m and intro- 

duce the following notations: for x G 5 m “ 1 , let {ei, . . . , e m } be an orthonormal 
basis of IZ 171 such that ei = x. We denote A^ = the matrix asso- 

ciated to the linear transformation in TV 71 defined by y — > A?/, when one takes 
{ei, . . . , e m } as reference basis. 



Put also B* = (A*)* A* = 6^ = E)T=i<i<; 

Direct computations show that: 

X(z) = &f iX 
X'{x) = 2 



( 10 ) 

( 11 ) 



X"(x) = 2 



LX _ h X 
°2,2 °1,1 



u 2,m 



h x — h x 

°m,m ° 1,1 

(7 m _i is the (m — 1) x (m — 1) identity matrix). 



h x 

°m, 2 



= 2(^2, 2 — ^l,i^rn-l) (12) 



In the rest of this paper, G = (gi,j) i •_]_ m will denote a random matrix with 
i.i.d. centered Gaussian entries and common variance <j 2 and A = ( a *j)ij=i,...,m’ 
where = g^j + m^j and M = ( rriij) i . =1 m is a nonrandom matrix. 

Since our interest is in studying «(A), the fact that tt(^A) = /c(A), for every 
cr / 0, implies that we may assume that a — 1 if we replace the expected matrix 
M by \M. 

The next proposition is a variant of a known inequality (Lemma 2.8 in [10] 
and references therein). We give here an independent proof. 

Proposition 2.2. Assume G = (gij)ij=i,...,m where the gij’s are i.i.d. random 
variables, each one having standard Gaussian probability distribution. Assume 
m > 3. Then, for each a > 4 one has 

( 13 ) 

where C^a) = = C, * 0.008677 . . . 



P [||G|| > a\fm\ < exp 



rri 
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Proof. Step 1. We consider the quadratic form defined on TZ 171 : 

f G (x)=x t G t Gx. 

We have, for t > 0: 

p[||G|| 2 >t] <±E{M + (f G ,t)}. 

To be able to apply Proposition 2.1 to M Jr (f G ,t) we need to check condition 
(8). One way to do this is to use Proposition 4 in [2], applying it to the random 
vector field V — f G since the random variable f G (x) has a bounded density in 
lZ m ~ 1 . One can conclude that almost surely formula (9) holds true for F = f G . 

Step 2. For each x G S m ~ 1 let us compute the joint distribution of f G (x) and 
f G (x) mllxK 771 - 1 . 

Note first that due to the invariance under linear isometries, this joint dis- 
tribution is the same for all x G S' 771-1 . We compute it for x = w = (1, 0, . . . , 0)*. 
Notice that, in this case A w = A , B w = B, . . . 

Conditionally on (gi,i, . . . , f G {w) is constant and equal to 6 i 5 i — 

g\ 1 and the random variables 

m 

bi,i = 'Y^ i gh,i9h,\ (i = 2, . . . , m) 
h - 1 

are independent, each one being Gaussian centered with variance b\^. 

So, since the distribution of is x 2 with m degrees of freedom and on 
account of (10) and (11), the joint density of f G (w) and f G (w) is equal to: 



Pf G {w)J^(w)(y,z) — Xm{y) 



1 ^ .. TO — 1 



(2-7t) 2 2 m ~ 1 y 2 



exp -|(y+ J1 fjr 



2 a fi _ i r(m)(2 7 r)^ 

On the other hand, using Step 1 and Proposition 2.1, we obtain: 
2P(||G|| 2 > t) 

- E {te Jsm-1 1 {\\f^)\\<^fa^°’fo^)>t} 

cr m - l(cte)} 

~ L dy Is =yJb( x ) = °} 

Pf G {x)J' G {x){y ? o) &rn—l ( dx ) 
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— &m— 1 



(s m ~ x ) J °° e {|det(/^H)| i /g(tBH0 // G H = yJ'cH = 0} 

Vf G (w)j' G (w){y-> 0)dy. 



In the last equality we have used again the fact that the law of the random 
field {f G (x) : x G S 171 1 } is invariant under a linear isometry of lZ rn . Substituting 
the density from (14) and taking into account that 



Vm-liS™- 1 ) = 



27 r 2 

fxf)’ 



we obtain: 



P(||G|| 2 > t) 



< 



2V2n 



[2"T(f )] 



^7T 

Gg 2 J E{\det(f£(w))\l f » (wU o/(bi,i,---,bm,i) 



( s ,o,...,o)}22£B1^ (15) 



Step 3. From the expression (12) for /^(w), since #2,2 ls positive definite we have 
that 



|d et (Ig( W ))\ 0} — ^{f£(w)^o} - ( 2 ^bl) 

Replacing in the integrand in (15) we get: 



m— 1 



r +00 



||G|| 2 > t] < 2 - [ 

J 2 m [r(f )] Jt 



y 171 2 exp 



hll d> 



\Z2tt 



2 m [r(f )] 

For the remaining, we use the inequalities: 









and 



^m(0 < 2 t™ 2 f 1 + - H h 



m—1' 



exp 



< — exp 
“7 



the second one valid for t > 16m. 
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So, if a > 4: 



||G|| 2 > a 2 m 



< 



1/2 



iy/2e 



< 



< 



< 



7a 3 v / 7rm 

36y / 2e~ 2 

7a 3 y / 7rm 

36>/2e“ 2 



7 cfiyJ'Km 
36v/2e- 2 1 



^ 

7r y (m — 2) m_1 7 

-2 / 9 
(ea 2 ) m 1 + 



16 



(a 2 m) r 



exp 



a 2 m 



(ea 2 ) m exp 



m — 2 
a 2 m 



771—1 



exp 



a 2 rn 



exp 



-m [ y - 1 - log(a 2 ) 



7 aPy/n y/m 
which is the inequality in the statement. 



exp 



a 2 m 



□ 



Next we obtain an upper bound for the tail probabilities P [||A -1 || > x\. 
This was done in Theorem 3.2 in [9]. We include here a proof that in fact uses their 
technique and also provides a slight improvement in the numerical constant. 

We will employ the following lemma. 



Lemma 2.3 (Lemma 3.1, [9]). Assume that A = a^j — rriij + gi,j 

(i, j = 1, . . . , m), where the gij ’s are i.i.d. standard Gaussian r.v. ’s. Let v G S rn ~ 1 . 
Then 



P [WA-'vW > X < 




1 

x 



Lemma 2.4. Let U = (Ui , . . . , U m ) be an m-dimensional vector chosen uniformly 
on S rn ~ 1 and let t m _i be a real valued r.v. with a Student distributon with m — 1 
degrees of freedom. 

Then, if c E (0,ra), we have that 



P 



U{ > - 
m 



= P 



tm-l > 



m — 1 

c . 

m — c 



Proof. Let V = {V\, . . . ,V m ) be a m-dimensional random vector with standard 
Gaussian distribution. We can assume that 




Let us denote, to simplify the notation, K = V^ 2 H b Then the state- 

ment 



V? + K 



c 

> — 



m 
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where t m - \ is a real valued r.v. having Student’s distribution with m — 1 degrees 
of freedom. □ 



Proposition 2.5. Assume that A=(aij)ij=i^,^rn^ij =m i,j^~9ij (i,j = 1, . . . ,m), 
where the gij ’ s are i.i.d. standard Gaussian r.v. ’s and M = (rriij) i - =zl ^ m is non 
random. 

Then, for each x > 0 : 

rn 1/2 

-P[P _1 || > x \ < 

where 

C 2 (m) = ( — ^ ( sup ^rn—i > c 1 — ^ 2 ( 00 ) = ^2 ~ 2.34737. 

W \c€(0,m) L m — C \ J 

Proof. Let £7 be an n-dimensional random vector, independent of A with uniform 
distribution on 5 m_1 . 

Applying Lemma 2.3 we have that 

/2 \ 1 ^ 2 1 

^[P -1 ^ll >*] = E{P[\\A~ 1 U\\ >x/U]} < (16) 

Now, since if wa satisfies that ||A'" 1 n;^|| = ||A _1 ||, and ||m|| = 1, then, 
||A -1 u|| > ||A _1 || x | < wa,u > |, 
we have that, if c E (0,m), then 

P WA-'UW >x(ff) 1 ' 2 >p {|| J 4- 1 |l>^}and||<^,C/>|> (^) 1/2 J 
= E jp {p _1 || > x} and || < w A ,U > \ > ' | j A J 

= E |/{||A->||>*}' P I < w a, u > I > (— ) j A } 

= E |/ { | M -i||> x} P > ^ZTc C J | 

= P [*m-l > ^~ C ] P [H A_1 H ^ ^ > 
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where we have applied Lemma 2.4. From here and (16) we have that 







To end the proof notice that, if g is a standard Gaussian random variable, 

then 



sup c l / 2 P 

cG(0,m) 

> sup C 1/2 P > c] 

c€(0,l) 

> sup c 1/2 P \g 2 > c] 

c6(0,l) 

> 0.565 1/2 P [g 2 > 0.565] = 0.3399. □ 



> 



m — 1 



m — c 



> sup c 1/2 P 
ce( o.i) 



tm-l > 



m — 1 



m — c 



(17) 



Remark 2.6. Explicit expressions for C 2 (m) don’t seem to be easy to obtain. 
Therefore, we have carried out some numerical computations with MatLab in 
order to have approximations to this value. 

In the following table we include the results. 



m 


3 


4 


5 


10 


25 


50 


100 


OO 


C 2 (m) 

c 


1.879 

1.146 


2.038 

0.923 


2.086 

0.823 


2.244 

0.672 


2.309 

0.604 


2.328 

0.584 


2.338 

0.574 


2.347 

0.565 



Table 1. Optimal values for C 2 {m) and values of c in which they 
are reached. 



Notice from the table that restriction in (17) to that c G (0, 1) is not important 
as long as m > 4. 



3. Main results 



Theorem 3.1. Assume that A = (flij)ij=i,...,m, ^i,j — m i,j + 9i,j (b j = 1, • • • , to), 
where the gij ’s are i.i.d. centered Gaussian with common variance a 2 and M = 
( m ij)ij=i m i s non ran dom. Let m > 3. If logx > 4 m one has: 



F[a>:(^4) > x] < 



+ C 2 (m)V^ im + C 2 (ra)\/4ra (logx) 2 



y/rri 



where C\ and C 2 (rn) were defined in Propositions 2.2 and 2.5 respectively . 
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Proof. As we noticed above, we may assume that a — 1 and replace the matrix 
M by \M. Put G = From Proposition 2.2, if a > 4 : 



> — \\M\\ -f CLy/m 

<T 



c 

< P [||G|| > ay/m\ < — = exp 



a 2 m 



Using also Proposition 2.5: 



P[k{A) > x] < P 



> — \\M\\ + ay/m 



+ P 






\\M\\ + aVmJ 



£ — 7 = exp 

Jm 



a 2 m 



+ SM^fM +av ^). 

x \ a 



Putting 



a = 



41ogx 



the result follows. 



□ 



Corollary 3.2. With the notations and hypotheses of Theorem 3.1, m > 3, for any 
x large enough , 



777 

P(k(A) > x) < H — — 
x 



1 ||M|| ,1 

h — - + (logx) = 

m a 



where H is a constant. 

Proof. Apply Theorem 3.1. □ 



One can also use Propositions 2.2 and 2.5 to get bounds for the moments of 
lo gn{A). For example we can obtain the following corollary: 

Corollary 3.3. With the notations and hypotheses of Theorem 3.1. If m > 3, then 



E {log k(A)} < log(m) + 1 + log C 2 + log 



l|M|| 



G\/m 



G 

+ 4 ) + — - exp [-4m] . 
1 2 m 



Proof. We may assume that < 7=1 and replace the matrix M by \M. Let /3 = 
log(C 2V ^). Applying Proposition 2.5, we have that 



nO O 

E{log||^- 1 ||} < (3+ > e-] 

J(3 

< /3 + C 2 y/me~ (3 = log (C 2 y/m) T 1. 



(18) 
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Now, let 7 = log + Ay/m'j. Notice that, if x > 7, then ^e x 
4 y/m. Therefore, applying Proposition 2.2 we obtain 



MU) 



> 



/»oo 

E {log p||} <7+/ P[\\A\\>e x ]dx 

J 'y 



< 7 + 



< 7 + 



f 



Ci 



l|C|| > e x — 



[,j-\ 



l|M|| 






From here, if we make the change of variable y = e x — -L^-, we obtain that 



UMiiy 

l|M|| 



dx. 



POO / -j 

{lOg 11-4)1} < 7+^/ ® X P ( n 

v™ J \y/ra \ 2 

C 

< 7 -F - — exp (—4m) . 

2 m 

And the corollary follows from here and (18). 



V dy 



□ 



Putting M = 0, a = 1, the last Corollary provides a weak version of Edel- 
man’s Theorem of the form (5). 



Acknowledgement 

The authors want to thank an anonymous referee whose comments and suggestions 
have improved the paper. 



References 

[1] D. Cheung and F. Cucker, A new condition number for linear programming , Math. 
Programming, 91 (2001), 163-174. 

[2] F. Cucker and M. Wschebor, On the expected condition number of linear program- 
ming problems , Numer. Mathem., 94 (2003), 419-478. 

[3] J. Cuesta-Albertos and M. Wschebor, Some remarks on the condition number of a 
real random square matrix , J. Complexity, 19 (2003), 548-554. 

[4] K.R. Davidson and S.J. Szarek, Local operator theory, random matrices and Banach 
spaces , in: W.B. Johnson and J. Lindenstrauss, Eds., Handbook of the Geometry of 
Banach Spaces, Vol. 1, Ch. 8, Elsevier, 2001, 317-366. 

[5] J. Demmel, Applied Numerical Linear Algebra , SIAM, 1997. 

[6] A. Edelman, Eigenvalues and condition numbers of random matrices , SIAM J. of 
Matrix Anal, and Appl., 9 (1988), 543-556. 

[7] N. Higham, Accuracy and Stability of Numerical Algorithms , SIAM, 1996. 

[8] M. Ledoux, A remark on hypercontractivity and tail inequalities for the largest eigen- 
values of random matrices , 2002, preprint. 

[9] A. Sankar, D.A. Spielman and S.H. Teng, Smoothed analysis of the condition numbers 
and growth factors of matrices , 2002, preprint. 




82 



J.A. Cuesta-Albertos and M. Wschebor 



[101 S.J. Szarek, Spaces with larqe distance to and random matrices , Amer. J. Math., 
112 (1990), 899-942. 

[11] A. Turing, Rounding-off errors in matrix processes , Quart. J. Mech. Appl. Math., 1 
(1948), 287-308. 

[12] J. von Neumann and H. Goldstine, Numerical inverting matrices of high order, Bull. 
Amer. Math. Soc., 53 (1947), 1021-1099. 

[13] J.H. Wilkinson, Rounding Errors in Algebraic Processes , Prentice-Hall, 1963. 

J.A. Cuesta-Albertos 
Departamento de Matematicas 
Estadfstica y Computacion 
Universidad de Cantabria 
Santander, Spain 
e-mail: cuestaj@unicein.es 

Mario Wschebor 
Centro de Matematica 
Facultad de Ciencias 
Universidad de la Republica 
Montevideo, Uruguay 
e-mail: wschebor@cmat . edu . uy 




Progress in Probability, Vol. 58, 83-93 
© 2004 Birkhauser Verlag Basel/Switzerland 



Second-Order Hyperbolic S.P.D.E.’s 
Driven by Boundary Noises 

Robert C. Dalang and Olivier Leveque 



Abstract. We study a class of second-order linear hyperbolic partial differen- 
tial equations in spatial dimension d, driven by spatially correlated Gaussian 
noise that is white in time and concentrated in space on a hypersurface. For 
the case of isotropic Gaussian noise concentrated on a sphere, we give an ex- 
plicit necessary and sufficient condition on the spatial covariance of the noise 
which guarantees that the solution of the equation is a function- valued pro- 
cess indexed by time. In the case of spatially homogeneous noise concentrated 
on a hyperplane H , we provide a necessary and sufficient condition for exis- 
tence of a function- valued solution, defined everywhere outside of H, as well 
as a (different) necessary and sufficient condition for existence of a real- valued 
process solution, defined for all times and in all of space (including on H ). 
A sufficient condition for Holder continuity is provided, and existence and 
uniqueness for a non-linear form of the equation is established. 

Mathematics Subject Classification (2000). Primary 60H15; Secondary 35D10, 
35L10, 35R60. 

Keywords. Stochastic partial differential equations, hyperbolic, boundary 
noise. 



I. Introduction 

This paper surveys some recent developments in the study of stochastic partial 
differential equations (s.p.d.e.’s) driven by boundary noises, as developed in [10, 

II, 16]. We shall present the main results, along with some ideas and intuitions 
concerning the proofs, and point out other relevant results in the literature. 

S.p.d.e.’s are partial differential equations with random source terms, which 
are strongly irregular, both in time and space. They provide models for physical 
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phenomena with temporal and spatial variations that are too rapid to be well 
described by deterministic models. Examples of such phenomena are to be found in 
various domains, such as oceanography [1, 6], fluid mechanics [5] or mathematical 
finance [3]. 

There are several approaches to the study of s.p.d.e.’s. We follow mainly the 
approach of J. B. Walsh [28], who considers partial differential equations driven 
by additive noises (mainly space-time white noise). Solutions of such equations 
are described as random fields indexed by the time and space variables, and are 
expressed as generalized stochastic integrals with respect to a martingale measure 
constructed from the noise under consideration. A different approach is described 
in [13, 14], where solutions are processes indexed by the time variable with values 
in some functional space over the space variable, namely Banach or Hilbert spaces. 
We will also use some aspects of this approach. 

Our focus is second order hyperbolic partial differential equations driven by 
boundary noises. A typical example is the equation that describes wave propaga- 
tion in ordinary three-dimensional space perturbed by a noise concentrated on a 
surface. This type of situation might for example arise in the study of the sound 
wave produced by the noise of rain falling on the surface of a lake. This noise is 
composed of a large number of small contributions (namely the droplets of rain); 
on a large scale, it is therefore natural to consider that it is Gaussian. Moreover, 
it is concentrated on a surface (namely the lake surface), so the pressure wave 
emitted by this noise satisfies (in a first order approximation) a wave equation 
driven by an additive noise source concentrated on the surface of the lake. 

There is a growing literature on partial differential equations driven by bound- 
ary noises, though the noise is generally considered as a stochastic boundary con- 
dition. However, most studies concern either the case where the space dimen- 
sion is equal to one (see [12, 17]), or the case where the equation is parabolic 
(see [18, 27]). Here, we consider hyperboblic equations in higher- dimensional space, 
which presents specific difficulties because of the singularity of the Green kernel 
of such equations. 

Our generic equation will be of the form 



Lu(t,x) = F(t,x) Ss(x ), ( t,x ) g M+ x 

where L is a second order linear hyperbolic operator given by 



r 92 o 8 l 

L ~w +2a m + b ' 



A, with a, b E 



a) 

( 2 ) 



{F(£,x), (£,x) G R+ x 5} is a generalized Gaussian process, and Ss is the Dirac 
measure on some hypersurface S in 

Since this equation is linear, it always has a solution in the space of Schwartz 
distributions (which satisfies a weak formulation of the equation) , that is formally 
given by 

u(t,x)= ds da(y)F(s,y)G(t-s,x-y), 

Jo Js 
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where a is the uniform measure on S and G is the Green kernel of the operator 
L. Note that the above formal expression needs to be rigorously defined as the 
stochastic integral of a deterministic (Schwartz) distribution G with respect to 
a mart ingale- measure constructed from the noise F (the details are carried out 
in [ 8 , 16]). Under mild assumptions on the covariance of the noise, it is possible to 
show that for each t G R+, u{t, •) belongs to a space of distributions on R d . 

However, it is well known, at least in the case of s.p.d.e.’s driven by space-time 
white noise in dimension d greater than 1 (see [28]), that u is not a function- valued 
process. If we want u to be function- valued, we therefore need to consider other 
kinds of noises. The case of spatially homogeneous noises is now well understood [7, 
8 , 15, 19, 21, 22, 23, 24]. 

In this paper, we consider the question of existence of function- valued solu- 
tions to s.p.d.e.’s driven by boundary noises. Our aim is to find minimal conditions 
on the covariance of the noise F which guarantee that the solution u is a real- valued 
process (u(t,x), (t,x) G R + x R d }. Obtaining such conditions is interesting for at 
least two reasons: 

- since u is assumed to represent a physical quantity, we would like to have a 
model where this quantity can be measured at every time and point in space; 

- if we want to study related non-linear models, but wish to avoid defining the 
non-linear transformation of a Schwartz distribution, we also need u to be 
function- valued . 

In the following, we focus on two particularly simple examples of surfaces: the 
(hyper)sphere and the hyperplane in M. d . As we will see, the results obtained in both 
cases show significant similarities. The noise will be concentrated on one of these 
surfaces, and within the surface, will exhibit sufficient symmetry, such as isotropy 
or spatial homogeneity. In this way, it remains possible to use Fourier analysis 
techniques developed for hyperbolic s.p.d.e.’s driven by spatially homogeneous 
noises (see the references mentioned above). 

2. Isotropic Gaussian noise on a sphere 

For simplicity, we will consider here equation (1) in the spatial domain D = 
B(0, 1) C R d , driven by noise concentrated on the sphere S = dD . This equation, 
together with vanishing initial conditions and Neumann boundary conditions, is 
expressed as follows: 

Lu(t,x) = F(t,x) 5s(x), (t,x) G R+ x D, 

du 

< «(0,x) = — (0,a:) = 0, x £ D, ( 3 ) 

du m 

— (t,x) = 0, (t,x) G R+ x 5, 

V OV 

du 

where L is the operator defined in (2) and — — is the normal derivative of u at 

dv 

the boundary. It is possible to show that the weak formulation of this equation 
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(see [10] for more details) is the same as that of the equation 

[ Lu(t,x) = 0, (t,x) E R+ x D , 

du 

u (0,x) = —(0,x) = 0, xeD, ( 4 ) 

du 

l du^ t,X ^ = F ( t,x ^ (t,x) &R+ x S, 

so that the boundary noise can also be interpreted as a stochastic boundary con- 
dition. 

In any case, the weak solution is given by the formal expression 

rt 



i{t,x)= [ ds [ da(y) F(s,y) G(t - s,x,y), (t,x) 

Jo Js 



x D , 



(5) 



where G is the Green kernel of the operator L in the domain D. 

We now specify the precise assumptions to be made on the noise F. As men- 
tioned above, the process { F(t , x), (t, x) E M+ x S} is assumed to be a generalized 
centered Gaussian process with covariance 



E(F(t, x) F(s, y )) = 5 0 (t- s) g(x, y), 



(6) 



where £o is the Dirac measure at 0 and g is a symmetric non-negative definite 
distribution on S d x S d (which needs therefore not necessarily be a function). 
Our objective is to establish the minimal condition on g which guarantees that 
u is a function- valued process. For this, we need the classical spectral theorem 
which states that there exists an orthonormal basis {e n , n E N} of L 2 (D) and 
non- negative numbers {A n , n E N} tending to infinity asn->oo such that 

Ae n (x) + A n e n (x) =0, xeD, and ~ x E S. 

Let us now define the coefficients 




Js Js 

needed to state the first result. 



Theorem 2 . 1 . The unique weak solution u of equation (3) (or equivalently , equation 
(4)) is such that u(t , •) E L 2 (D ) for all t E R+ if and only if 



E 

nGN 



Tn 

1 + A n 



< (X). 



(7) 



Proof. We give a (formal) sketch of the proof, since details can be found in [10]. 
Assume for simplicity that a = b = 0. The Green kernel of the operator L can be 
decomposed in the basis {e n } as follows: 



G(t,x,y) = e n (x) e n (y), 

nGN 
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where the G n (t) are given by 



G n (t) = 



sin(y / A ~t) 



We can therefore rewrite u formally as 



u(t,x) = yZ ds da(y) F(s,y) G n (s ) e n (y) e n (x), 
ne N^° ** S 

and a formal use of formulas (5), (6) and Fubini’s theorem yields 



E 



/ dx u(t , x ) 2 j = 7 n / ds G 
Jd ' ne N ^ 



X *) 2 



It is straightforward to check that for fixed t G 






[ ds G n (s) ~ , 

JO n_> °° 1 + An 



from which the result follows. 



□ 



While condition (7) is necessary and sufficient, it is not as explicit as we 
would like. For instance, it is not immediately clear whether space-time white 
noise on the sphere satisfies this condition or not. So we would like to translate this 
condition into a more explicit form. For this, we need the following supplementary 
assumption on the noise : we assume that the covariance g is isotropic , that is, 
that there exists some function / on [— 1,-j-l] such that g(x,y) = f(x • y) (in a 
distributional sense) , where x • y represents the Euclidean inner product of x and 
y in R d . 

If the covariance function / is continuous, then it must have a very special 
form, given by Schonberg’s theorem [25]. 

Theorem 2.2. Let f : [—1,-j-l] — > R be a continuous function. Then f is non- 
negative definite on S, that is, 

n 

Ci Cj f(xi • Xj) > 0, for all n > 1, c\, . . . , c n G E, x\, . . . , x n G S, 

M = 1 

if and only if there exist non-negative numbers { ai , l G N} such that 

/(*) = £ at Pi(d,t), f€[-l,+l], and ^a; < oo, (8) 

;ew ieN 

where the Pi(d. •) are the (generalized) Legendre polynomials defined by 



Pi(d,t ) 




IW) 

r(/ + ^ 



i) 



, o — a 

(1 ~t ) 2 




(i -* 2 y+v 



and T is the Euler Gamma function. 



l£ N, t € [-1, +1], 
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In order to have at hand a more general class of isotropic covariances / 
which need not be continuous functions, we can simply replace (8) by the weaker 
condition that there exists some r > 0 such that 

f(t) = ^2 a i Pi(d,t), t (E. [—1, +l]i and X TTTTv < 00 ' ( 9 ) 

len len ' ' 

The following theorem is valid for any space dimension d > 2. 



Theorem 2.3. Equation (3) (or equivalently equation (A)) driven by isotropic noise 
with spatial covariance given by (9 ) has a unique weak solution u such that u(t , •) G 
L 2 (D) for all t G M+ if and only if 



E 



_aj_ 

it i 



< 00 . 



(10) 



The proof of this theorem relies on Theorem 2.1 and precise estimates of the 
eigenvalues A n and the eigenfunctions e n , which both involve Bessel functions. In 
particular, rather recent estimates [4] on the behavior of zeros of Bessel functions 
are needed. A second key ingredient is a trace theorem for Sobolev spaces [2]. For 
complete details, the reader is referred to [10]. 

Condition (10) is explicit, because given a particular covariance /, we can 
directly compute the coefficients a/ and check whether condition (10) is satisfied 
or not. For instance, a short calculation shows that the coefficients of white noise 
(which corresponds to f(cos0) = So(6)) are of order 

„ id- 2 

ai ~ l , 

l — >oo 



so when d > 2, condition (10) is never satisfied and the solution u is not L 2 (D)~ 
valued (recall that this is also the case of a space-time white noise spread over the 
whole domain D (see [28])). 

In the case where d = 2, the noise is concentrated on a circle. If we assume 
in this case that / (viewed as a distribution on the circle) is non-negative (and 
therefore a measure), it can be checked [10] that condition (10) is equivalent to 
the following integral condition on /: 

sup f f(d6) In ( - ) < 00. (11) 

tfel-TT.JT }J-n \\d-d\J 



Notice that Theorem 2.3 does not tell us when the solution of the equation is 
a real-valued process { / u(£,x), ( t,x ) G M+ x D}. Indeed, an L 2 (D)-valued function 
needs not necessarily be well defined at every point in D. We will obtain a precise 
answer concerning the difference between these two notions of solution in the 
following section, in the case of equations driven by noise on a hyperplane. 
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3. Spatially homogeneous Gaussian noise on a hyperplane 

3.1. The linear case 

In this section, we will often write an element x G R d as x = {x\, x 2 ) G E d_1 x E, 
where x\ denotes the first d — 1 coordinates of x and x 2 the last coordinate of 
x. We assume here that the boundary noise F is concentrated on the hyperplane 
X 2 — 0 and therefore we consider the following equation in R d : 

{ Lu(t,x) = F(t,x i) Sofa), (t,x) G E + x E d , 
u(0,x) = ^(0,x) = 0, x £ 

where L is the operator defined in (2) and {F(t, x\), (t, x\) G E + x E d_1 } is 
assumed to be a generalized centered Gaussian process with covariance 

E(F(£, xi) F(s , yi)) = 8 0 (t - s) f(x i - 2/i), (13) 

where / is a non-negative definite distribution in the Schwartz space <S(M d_1 ) of 
tempered distributions on R d ~ x . 

As in Section 2, we can formally write the weak solution u of equation (12) 
as 



u(t,x i,x 2 )= ds dyi F{s,yi) G(t- s,xi-yi,x 2 ), 

JO JR d ~i 

(t,x i,x 2 ) G R+ x M d_1 x E, (14) 

where G is the Green kernel of the operator L in R d . We would now like to 
establish an optimal condition on / which guarantees that the solution u of (12) 
is a real- valued process, indexed by (t,x) G R+ x R d . 

Let us respectively denote by FT, T\ T and T 2 T the Fourier transform of a 
distribution T G S(R d ), S( E d_1 ) or 5(E). We will need the following Bochner- 
Schwartz theorem (see [26, Chap. VII, Thm. XVIII]), analogous to Theorem 2.2. 

Theorem 3.1. T G <S(E d_1 ) is a non-negative definite distribution on R d ~ 1 if and 
only if there exists a non-negative tempered measure fi on E d_1 such that T = Fiji. 

The measure /i is called the spectral measure of the noise F; it is the contin- 
uous analog of the sequence ( ai ) of the preceding section. 

We can now state the following theorem. 



Theorem 3.2. Equation (12) has a unique weak solution u such that {u(t,x \,x 2 ), 
(t,x i,x 2 ) G E + x E d_1 x E*} is a real-valued process if and only if 




^(Mi) 

GTT17F 



< OO. 



(15) 



Proof We only sketch the main ideas. If u(t , x\,x 2 ) is a well-defined random vari- 
able, it is then certainly Gaussian, being the stochastic integral of a deterministic 
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integrand with respect to a Gaussian process, therefore its variance must be finite. 
We compute this variance, using formally (14) together with (13): 



E(u(t,xi,x 2 ) 2 ) = / ds / dyi / dz\ G(t - s, X\ — yi, X2) 

Jo JlRd - 1 J R d ~ 1 

f(yi - Zi) G(t -s,x 1 - Zi,x 2 ) 



fdsf ii(dZi)fiG(s,(; 1 ,x 2 ) 2 
Jo v'M d - 1 



(16) 



by Theorem 3.1. Assume for simplicity that a = b = 0. In order to compute 
T\ G(s, £1 , x 2 ), let us first note that for any dimension d > 1, we have the following 
expression for the Fourier transform of the Green kernel in R d : 



T G(s, 0 = (s, 0 e K+ X R d . 

So by the Fourier inversion formula and formula 1.5.83 in [20], we have 

FiG(s,Z u x 2 ) =^ 1 (TG(s,^,-))(x 2 ) = 1 Jo (|6I l{|x 2 |<s}> 

where Jo is the zero-order regular Bessel function. Using standard estimates on 
Jo, it is possible to show that (16) is finite for all x 2 7^ 0 if and only if condition 
(15) is satisfied. For complete details, see [11]. □ 



Theorem 3.2 provides a different type of statement than Theorem 2.3, since 
it gives the existence of a real- valued random field {u(t,xi,x 2 )} rather than the 
existence of an L(J))-valued random process {u(t, •)}. However, under condition 
(15), the random field {u(t, x\, x 2 )} need not be well defined on the hyperplane 
x 2 = 0. For this, a slightly stronger condition is needed, as the following theorem 
shows. 

Theorem 3.3. Equation (12) has a unique weak solution u such that (it(t,x), 
(t,x) € M + x M d } is a real-valued process if and only if 

[ ln(l + |Ci| 2 ) ^ (17) 

Jr*- 1 \/l + 16 i 2 

The proof of this theorem is also based on precise estimates of the Bessel 
function J 0 . For complete details, the reader is referred to [11]. 

Conditions (15) and (17) are both necessary and sufficient conditions and, of 
course, there exist noises F with a spectral measure /jl that satisfies (15), but not 
(17). Note that white noise, which has spectral measure £0, does not satisfy either 
of the two conditions (15) or (17) when d > 2, as was the case for white noise on 
the sphere and condition (10) in the preceding section. 

If / is non-negative (and therefore a measure on M d_1 ), then condition (15) 
can be expressed as an explicit condition on /. Indeed, (15) implies (and is “nearly 
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implied” [11] by) 



< oo, when d = 2, 



f f{dxi) In (J- 

J\xi\<i VFII, 

I f{dxi) - — < oo, when d > 3. 

J ki|<i Pil 



(18) 



Observe the similarity of the case d = 2 with condition (11) for a noise on a circle. 

Under a slightly stronger condition than (17), it is possible to establish some 
regularity properties of the solution u. This is the object of the following theorem. 



Theorem 3.4. Let (3 e ]0, |[. If 




(i + !6l 2 )^ 



< OO, 



(19) 



then the process u solution of equation (12) is a.s. locally Holder- continuous with 
exponent 7 < (3 A \ outside the hyperplane X 2 = 0. 



The proof of this theorem relies on the Kolmogorov continuity theorem and 
on precise estimates of the variance of the increments of the process u; it is related 
to the estimates of [24] concerning s.p.d.e.’s driven by spatially homogeneous noises 
spread over the whole space. Complete details are given in [11]. 



3.2. The non-linear case 

With the results of Section 3.1, it is now possible to consider the following non- 
linear equation, which was one of the objectives mentioned in the introduction: 

f Lu(t,x) = (a(u(t,x i,0)) + j3(u(t,xi, 0)) F(t,x 1 )) S 0 (x 2 ), (t,x) G R+ x R d , 

j «(0,a:) = = 0, x £ 

( 2 °) 

where a, (3 are Lipschitz-continuous functions on E. When d < 3 and the covariance 
/ is non-negative, a rigorous interpretation of this equation is given by its mild 
formulation: 



u(t,xi,x 2 )= ds dyi (a(u(s,yi,0)) 

JO jRd - 1 

+ (3(u(s,y i,0)) F(s,y i)) G(t - s,x i -yi,x 2 ). (21) 

The assumptions on d and / are needed to give a rigorous meaning to the stochastic 
integral on the right-hand side, which is an extension of the martingale- measure 
stochastic integral, as developed in [8, 16]. 

Theorem 3.5. Under condition (17) and the above assumptions, there exists a 
unique random field { u(t,x ), (t,x) G E + x R d } which is a mild solution of (20). 
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Proof. The key idea is to consider first the restriction of equation (21) to the 
hyperplane X 2 = 0, and to show, using Picard’s iteration scheme as in [8, 9], that 
there is a unique solution of this restricted equation. Then formula (21) defines 
the solution u(t,x) for X 2 ^ 0 and all t > 0. Full details are provided in [11]. □ 
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Stochastic Heat and Burgers Equations and the 
Intermittence of Turbulence 

Ian M. Davies, Aubrey Truman and Huaizhong Zhao 



Abstract. The Arnol’d-Thom classification of caustics ( shockwaves ) for Burg- 
ers equation suggests a similar one for the wavefronts of the corresponding 
Heat equation. We give here a general theorem for Hamiltonian systems char- 
acterising how the level surfaces of Hamilton’s principal function ( wavefronts ) 
meet the caustic surface in both the deterministic and stochastic cases. We fur- 
ther show how these results can be applied to the stochastic Burgers equation. 
The generic example of a caustic, appearing in the two-dimensional case, is 
the semicubical parabolic cusp with the corresponding zero level surface being 
a combination of a generalised hypocycloid and a line pair. Our results explain 
in terms of classical mechanics the properties of the caustic and wavefront for 
this archetypal example and characterise the caustic-wavefront intersection 
for the general stochastic case. We discuss the application of these results to 
turbulence for the Burgers velocity field. 

Mathematics Subject Classification (2000). Primary 60H15, 60H30; Secondary 
76M35, 35R60. 

Keywords. Stochastic PDEs, Burgers equation. 



1. Introduction 

Stochastic Burgers equations have attracted a considerable amount of attention in 
recent years, e.g. [1, 3, 7, 11, 12, 20, 21, 22, 23, 24, 29, 30, 31, 32]. See also [2, 4, 5, 
6, 18, 26] for related works. They have been used to give models of turbulence (see 
especially [11]) and to model the large scale structure of the universe [34]. Here 
we shall be interested in what has come to be called Burgulence. 



The authors and I.M. Davies in particular wish to thank the organisers for their support and 
for the opportunity to present their work at such an interesting and stimulating meeting. It is 
always a pleasure to visit Centro Stefano Franscini in Ascona. 

Received by the editors October 15th, 2002. 




96 



I.M. Davies, A. Truman and H. Zhao 



Consider the stochastic viscous Burgers equation for the velocity field v M = 
v^(x,t), x G R d , t > 0, e G M small, 

fly ^ iff 

— + K • VK = yA/ - Vc(x) - eXk(x,t)W t , 

with initial velocity t^(x,0) = VS , o(x) where fi 2 is the coefficient of viscosity. 
Here c and k are C 2 functions and W t is a Wiener process on the probability space 
{D,^ 7 , P}. We shall be interested in the ‘blow-up’ of v°(x,t) where 

v°(x,t) = lim v IJ '(x,t), 

fi — >-0 

i.e. the advent of discontinuities in v°. 

The corresponding heat equation for = u^(x,t) is the Stratonovich equa- 
tion 

= fL Au» + — c(*K + k(s, o W t , 

ot 2 fi z 

u^(x, 0) = exp (-5 0 (x)//k 2 ) , 

the connection between u M and being the Hopf-Cole logarithmic transformation 
v v = — yu 2 Vlnu M . 

Following Donsker, Freidlin et al. [17, 19, 30] we have as fi — ► 0, 

-/x 2 lnu M (x,t) — > inf [A(X(Q),x,t) + So{X(0))] = S(x,t), (1) 

X(0) 

with 

A(X{0),x,t)= inf A[X], 

X(s) 

X(t)=x 

where A[X] is the stochastic action 

A(X(0),x,t) = l f I X 2 (s)ds- [ c(X(s))ds — e / k(X(s), s)dW s . (2) 
2 Jo ' Jo Jo 

We require absolute continuity of X (c.f. Davies and Truman [9] and references 
therein) and note that we will have X continuous almost surely. 

S(x, t) is the minimising solution of the stochastic Hamilton- Jacobi equation 

dS t + dt + c(x) dt -F ek(x, t) dW t = 0, S(x, 0) = So(x), 

and so S(x,t) is Hamilton’s principal function for a stochastic mechanical path. 

From Equation (1), as fi — > 0, we expect that u M switches from being expo- 
nentially large to exponentially small across the level surface 

S(x,t ) = 0, ( zero level surface ) 

since ~ e -s(x,t)/^ 2 . jf we (j eman( j that x(t) — x, for fixed t and x, X(s) 
appearing in Equation (2) may not be unique. Hence, we expect that shockwaves 
for v arise from precaustics (in (xo,t) variables) when infinitely many of these 
classical mechanical paths from xq and a neighbourhood focus in a set of zero 
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volume centred on X(t). The condition for paths starting from xq focusing at a 
point X at time t is 



Det 




= 0. 



( precaustic ) 



2. Stochastic heat and Burgers equations 



We study the inviscid limit of the stochastic viscous Burgers equation, for the 
velocity field v fl (x,t), 

dv^ . U? 

-Tfi- + K ■ = - Vc - eVkWt + 

where 0) = V5o(x) for some given So, W t representing White Noise, by using 
the Hopf-Cole transformation, 

v * = — /i 2 V lnu M , 



with u' 1 satisfying the stochastic heat equation of Stratonovich type 



dut 



V 



A uj* + /i 



— 2 , 



dt + e/i o c/Wt, 



with Uq (x) = To(x) exp (— So(x)//jl 2 ), So as before and To a smooth positive func- 
tion. In general c and k are functions of We eventually take T 0 equal to 1 

in our study. 



Remark 2.1. For small e and general potentials, we are able to derive the shape of 
the random shockwave for the stochastic Burgers velocity field and are also able 
to give the equation determining the random wavefront for the stochastic heat 
equation correct to first order in e. 

The solution of the viscous stochastic Burgers equation, [30] , is for each m > 0 



l (x,t) = ^n 2j Vj(x,t) 



3 = 0 



— // 2 VlnE 



+ 2m „ 

+ E E l 






v h * v i2 (Vsit- s ) ds 



0<h ,Z2<m 1 

h+i2=j 



where Vj{x,t) — VSj(x,t), and the Sj satisfy 



9Sj_ 

dt 



2 E V5 il -V5 i2 = lAS' i _ 1 , 

U ,^2>0 
Zl+2 2 =j 
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for j — 0, 1, 2, ... , with the convention |A5_i = — c — ekW t , Wt being white noise 
and the Nelson diffusion process y % satisfying 

m 

d Vs = ftdB s - s)ds, 

i = o 

11 

Vo = x - 

The above is extremely brief and it is important to note that Si , and hence all Sj , 
are T 0 dependent [30]. 

We now begin to introduce the familiar terminology of dynamics starting with 
the flow for the stochastic case. The stochastic action will be intoduced shortly. 
Define the random map <F S : R d — > R d corresponding to the classical flow by the 
second order stochastic differential equation 

d s $ s = - Vc(<F s ) ds - eVk(^ s ,s) dW s , 

with <h 0 = I and <i>o = VSo. 

We then have X(s) = 4> s 3>7 lx ? where we accept that xq (x,t) = $t l x may 
not be necessarily unique. Given some regularity, the global inverse function theo- 
rem gives a caustic time T(lj) such that, for s < T(w), $> s is a random diffeomor- 
phism [33]. Therefore, as we shall see, 

v°(x,t) = = VS(x,t) 

is a formal solution of Burgers equation with fi = 0, which is well defined up to 
the caustic time because xo(x,t) is unique. 

Non-uniqueness of xq ( x,t) is associated with discontinuities in v°(x,t) and 
u°(x, t) and, as mentioned previously, this occurs when infinitely many paths X(s) 
focus in zero volume centred at x. For a non-degenerate critical point, when the 
multiplicity of xq (x,t), n = n{x,t ), is finite so that 

$ t _1 {a;} = {xo(x,t),xl (x,t),...,x%(x,t)} , 

we can deduce that 

n 

^(x^) ~ y^6>iexp{-5o(a:,0//i 2 } , 

2=1 

where Sl(x,t) = So{x l 0 (x,t)) + A(x l 0 (x,t),x,t) for i = 1,2 ,...,n and 0i is an 
asymptotic series in /j, 2 whose detailed structure may be developed by drawing on 
the papers of Davies and Truman [8, 9], Ellis and Rosen [14, 15, 16]. Needless to 
say the dominant term in the above comes from the minimising xo(x, t) so that 

S(x,t) = min 5 q(x,^) 

2=1,2,. ..,n 

in line with the results of Freidlin et al. [17, 19]. Of course u°(x,t) can switch 
discontinuously from being exponentially large to exponentially small as we cross 
parts of the caustic since the minimising Sq can disappear. 
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3. Stochastic general case 

We now define our main structures and state without proof some of the impor- 
tant lemmas which lie behind our key results. The familiar objects from classical 
dynamics are easily recognisable. 

Define A(xo,po,t), the stochastic action, to be 

l [ X 2 (s)ds- [ [c(X(s))ds + e)k(X(s),s)dVr s ], a.s., 

^ Jo Jo 

with X(s) = X(s, xo,Po) satisfying 



dX(s) = -Vc{X{s)) ds - eVk(X(s), s ) dW s , 

s £ [0 , £], X(0) = xo, X(0) = po> xo,Po £ We shall assume that X s is unique 
and as usual is T s measurable. We also allow for po to be an as yet unspecified 
function of xq. Then, for Vc, Vk Lipschitz, with Hessians V 2 c, V 2 k and all sec- 
ond derivatives with respect to space variables of c and k bounded, according to 
Kunita [25], dX s /dx g satisfies 



d (dX s 



ds 

Moreover, 



dXo 

dx% 



f 



V 2 c(X(r)) 



dXjr) 

dx'fi 



dr + eV 2 k(X(r),r) 



oxir) 

dXn 



dW r 



x s = Xu - [ S [Vc(V(r)) dr + eVk(X(r), 

Jo 



r) dW r 



(3) 



Lemma 3.1. Assume So , c G C 2 and k € C 2i °, Vc, Vfc are Lipschitz, with Hessians 
V 2 c, V 2 fc and all second derivatives with respect to space variables of c and k 
bounded. If X s satisfies Equation (3) and we have po, possibly xq dependent, then 
almost surely 



dA 

dxg 



(xo,Po,t) = X(t) • 



dX(t) 

Oxq 



x a (0). 



Remark 3.2. Observe that, if we fix X(t), we obtain almost surely 

dA 

— (x 0 ,p 0 ,t) = -X a (0), 

for a = 1, 2, . . . , d. 



Let 

X(^S,X 0,#) X^S) Xo, Po) Ipo— p{xo,x,t) 

where po = p(xo,x 1 t) is the ( assumed unique random) minimiser of A(xo,po,t) 
with X(t,xo,po) = x. Set A(x 0j x,t) = A(x 0 ,po,t)\ po=p ^ XOyX ^ and define Hamil- 
ton’s principal function corresponding to the initial momentum VSq(xq) 



A(xo,x,t) = A(x 0 ,x,t) + S 0 (x 0 ). 
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We define a prelevel surface of Hamilton’s principal function for real constant 
c by eliminating x between the equations 

dA 

A(x 0 ,x,t)=c and — — (xo, x, t) = 0, 

ox Q 

a = 1, 2, . . . , d, and a level surface H t by eliminating #o- So the prelevel surface is 
1 Ht • Similarly we define the caustic C t and the precaustic $^ 1 C t by eliminating 
xq or x between 



/ Q 2 v 4 



dA 

0 and Q-z( x o, x ,t) = 



a 



1 , 2 ,. 



Lemma 3.3. The classical flow map x — 4> t (^o) is a differentiable map from $> t 1 Ht 
to H t with Frechet derivative 



D$ t (x 0 ) 



_1 

~{ x o ,M) 



dxdxo 






if A is C 3 in space derivatives . 



Proposition 3.4. We consider the random prelevel surface obtained by eliminating 
x between the equations 

dA 

A{x 0 ,x,t) = c and — — (x 0 , x, t) — 0, 

o x 0 

a = 1, 2, . . . , d. Then the normal to the prelevel surface at the point xo is to within 
a scalar multiplier given by 

nM = ■ (£) (£s) ji ’ (, ' i ‘" vSo<io) )' 



Corollary 3.5. In three dimensions at any point xq € 1 C't fl 1 
n(x o) ^ 0 and 



Ker 




(x 0 ,x,t) 



= ( e o)> 

x=& t (x o) 



H t where 



eo being the zero eigenvector, T Xo the tangent plane to the prelevel surface is 
spanned by eo and (n(xo) A eo). 



Having discussed the properties of the surfaces C t and H t we now illustrate 
what is perhaps the archetypal case with 5o(x 0 ,2/o) = ^oW2 and zero potentials. 
Figure 1 illustrates the critical case A = 0 where the precaustic is a parabola and 
the prelevel surface consists of an ellipse and a line pair. Figure 2 illustrates the 
level surface H t (omitting the line pair) and the caustic C t which is seen to be 
a semicubical parabola. The number of solutions xo(x,t) is also indicated for the 
three different regions (within, on and outwit h the semicubical parabola). 

We now show the stochastic case where e is chosen small and k(x,y,t) = x. 
Figures 3 and 4 illustrate the case where we have positive A and Figures 5 and 6 
consider the case of negative A. 
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Before we state the main theorem we must carefully define generalised cusps 
on curves and the cusped part of a level surface of Hamilton’s principal function. 

Definition 3.6. A curve x — x(j), 7 € IV (70, 5), is said to have a generalised cusp 
at 7 = 70, 7 being arc length if 

dx{ 7) I _ n 



N( 7o, 5) represents a neighbourhood of radius S centred on 70. 

Definition 3.7. The cusped part of the level surface H t in three dimensions is 
given by 

Cusp(tf t ) = {* € H t : x € {^CtDQ-'Ht) ,x = $ t (ar 0 ), n(x 0 ) ± o}. 

Theorem 3.8. Any point x on the level surface H t , x = 0) with xo = ^f 1 (x) 

on the prelevel surface, can only be a generalised cusp of a curve on H t if xq is 
a generalised cusp of the precurue on the prelevel surface or if xo E $>^ l Ct the 
precaustic. 

In three dimensions the planar cross section with normal e p of the level sur- 
face H t through a point x where it meets Ct the caustic surface, will have a genuine 
cusp at x if x E Cusp (Ht) and there is a non-zero solution Sx to three simple equa- 
tions. 

The complete proof of this Theorem and its underpinning lemmas can be 
found in the recent paper of Davies, Truman and Zhao [10] which develops the 
ideas presented herein in full detail for both the deterministic case and stochastic 
case. The prolific appearance of cusped surfaces arising from apparently simple So 
in both two and three dimensions is fully explained and the power of studying the 
problem under the action of is developed. We also tabulate So correspond- 
ing to the first few archetypal catastophes of Thom and present the archetypal 
structure for three-dimensional systems, the aptly named Butterfly and Fish. 

We refrain from presenting a gallery of two and three-dimensional images 
herein but such can be found in the recent doctoral theses of B.T. Reynolds and 
C.N. Reynolds [27, 28]. 

4. The Burgers fluid 

We now give a simple application of the above results to the Burgers fluid in 
two dimensions. For smooth So, in two dimensions, we can divide one side of 
the caustic into hot and cool parts. We consider points of intersection a with 
the level surface S(x,t) = S(a,t) cusped at a: if the part of the level surface 
cusped at a corresponds to the minimising xo(ct,t) then the Burgers velocity field 
v°(x,t) = \7S(x,t) —* VS(a, £) = 0 as x — > a from the cusped side of the caus- 
tic. This is since the condition for S(x,t) = S(a,t) to have a cusp at x — a is 
J VS(a,t) = 0. Moreover, this entails the minimising surface changing as we cross 
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the caustic. Indeed the cusp occurs because the minimising surface on the cusped 
side of the caustic cannot be continued across the caustic. So u°(x, t) is necessarily 
exponentially discontinuous as we cross such parts of the caustic. This is because 
two xq(x, ty s coalesce to a common minimiser at the cusp and then disappear. 

We call such points a cool because the Burgers fluid has zero velocity on one 
side of the caustic at a. The whole of one side of the generic semi-cubical parabolic 
Cusp is cool. The exponential discontinuity in u° can be seen by inspecting the 
Figure 7 which gives the number of negative S^s in the different regions. For this 
particular example, calculation gives the discontinuity in S(x,y,t) to be ^|x| 4 / 3 
Similar results apply in three dimensions. 



0 




We conclude this section by showing the results of a numerical simulation for 
the archetypal deterministic case of So(x o, yo ) = x^yo/2 for small /x. Figure 8 shows 
a plot of lu^l 2 and the beginnings of the singularity are quite clearly seen. Figure 9 
shows the excellent agreement between the numerical simulation and the exact 
curves giving the positions of the caustic and wavefront. We have demonstrated 
such agreement in our three-dimensional simulations where the archetypal So is 
given by S 0 (x 0 , Vo, z 0 ) = ZqJ/o/S + xlz 0 /2. 




Stochastic Heat and Burgers Equations 



107 



5. Singularities and turbulence 

Recall that our random map 3> s (o;) : satisfies 

dA - -VcA) - eVk A) dW s , 
with d> 0 = I and 4> 0 = V5 0 . 

Proposition 5.1. The random Burgers velocity field in the limit of zero viscosity is 
v°(x, t ) = v°($^ 1 x, 0) — f Vc(<f> s &^ 1 x) ds 

Jo 

eVk^s^x) dW s , 

with v°(x,0) = VSo{x). This u° is finite almost surely 0 < t < T(lo). The 
corresponding solution of the continuity equation, the random density p(x,t) = 
Det(V^^ 1 x) 7 is finite for 0 < t < T(lu) but ‘blows up’ on the random caustics. 
Evidently V A v° = 0, almost surely. 

Remark 5.2. More detailed information on the behaviour of v° and p on the caustic 
is given in Elworthy, Truman and Zhao [13]. 

After the caustic time T(cj), we have seen how to characterise in terms of 
the stochastic action where the level surface meets the caustic in cusps. In two 
dimensions, this enables one to divide the caustic into hot and cool parts depending 
on whether or not the speed of the Burgers fluid is zero on one side of the caustic. 

We now emphasise that new features emerge if one tries to use the above ideas 
to analyse the “intermittence” of stochastic turbulence as opposed to deterministic 
turbulence. The reason for the sharp contrast between stochastic and deterministic 
turbulence can already be seen here if we associate turbulent behaviour with a 
change in the number of cusped curves on the level surface. The times t when 
this occurs are just the times when the prelevel surfaces touch the precaustic. The 
times t when this number of curves changes in the deterministic case are simply 
the zeros of a deterministic function £, usually isolated zeros. 

In the stochastic case ( is a stochastic process whose zeros usually form a 
perfect set i.e. an infinite set containing no isolated points. At these times the 
number of cusped curves changes with infinite frequency because of the infinitely 
rapid oscillation of the stochastic process (. This is in line with what one would 
expect for turbulent behaviour. When the stochastic process C is recurrent this 
turbulent behaviour is “intermittent” so that the scale of turbulent fluctuations 
varies in a random periodic way. 

The main object lesson of the present study is that the number of cusped 
curves on the wavefront will change infinitely rapidly in the stochastic case when 
the presurfaces touch and that this behaviour will recur in a random periodic way 
if a certain stochastic process is recurrent. This is the “intermittence” of turbulence 
in our model. There is no analogue of this for the deterministic Burgers equation. 
We shall discuss this in more detail in a future publication. 
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Averaging of a Parabolic Partial Differential 
Equation with Random Evolution 

Mamadou Abdoul Diop and Etienne Pardoux 



Abstract. In this paper, we study the homogenization problem of a semilinear 
parabolic second order partial differential equation of the type 



(<)X) = (!’ -^ e “) 9 (f 



du £ , . 9 / x \ du e 

with periodic coefficients rapidly oscillating both in space and time variables. 
We extend to a < 2 and a > 2, the results by Pardoux and Piatnitski [11] 
(the case a = 2), and show that the structure of the limit problem depends 
crucially on a. 



Mathematics Subject Classification (2000). Primary 35K57; Secondary 60H15. 
Keywords. Homogenization of periodic PDEs, homogenization of random 
PDEs, stochastic partial differential equations. 



1. Introduction 



In this paper we study the limit as e — > 0 of the solution u £ of the second order 
semilinear parabolic PDE 



du e 

~dt 



(t,x) 



O' 




(t,x) e (0 ,T) x R n u £ ( 0,x) = uq(x). 



The main assumptions are the periodicity (of period one in each direction) of 
dij and g with respect to their first variable, the fact that {£*, t > 0} is a d- 
dimensional ergodic diffusion process with a unique invariant measure 7r, and a 
centering condition for g : 

[ [ g(z , y, u)dz ir(dy) =0, \/u G R. 

J T n JR d 

Here and further below, T n denotes the n-dimensional torus, T n = R n /Z n . We 
shall identify periodic functions with functions defined on T n . 
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As in Pardoux, Piatnitski [11] the equation is a particular model of random 
homogenization, where the stochastic perturbation fluctuates as time evolves, in 
contradiction with the more traditional model where the coefficients are time in- 
variant stationary random fields. The equation is nonlinear and the nonlinear term 
is highly oscillating. For the basic results on homogenization of periodic and ran- 
dom equations, we refer respectively to Bensoussan, Lions, Papanicolaou [1], and 
Jikov, Kozlov, Oleinik [6]. 

The homogenization of such equations, with g linear, has been studied quite 
widely by Campillo, Kleptsyna, Piatnitski [4]. Note also that the same problem, 
without the appearance of the process {£*}, has been studied by Pardoux [9], and 
without the dependence upon x/e, by Bouc, Pardoux [3]. Recently the same prob- 
lem, in the case a = 2 has been studied by Pardoux, Piatnitski [11]. The present 
work is very much inspired by the methods developed in [4] and [11]. The layout 
of the paper is as follows. In Section 2, we state the problem and the assump- 
tions made throughout the paper concerning the diffusion process {£*}, and recall 
the results from Pardoux, Piatnitski [11] about its associated Poisson equation. 
In Section 3 we prepare the ground for tightness for the family of functions u £ 
by obtaining some a priori estimates. In Section 4, the homogenization results for 
the parabolic PDE are proved. To this end we use the techniques developed in 
Viot [13], Bouc, Pardoux [3], Campillo, Kleptsyna, Piatnitski [4] and Pardoux, 
Piatnitski [11]. 



2. The setup and statement of main results 

We consider the asymptotic behavior of the solution of the following Cauchy prob- 
lem as £ — > 0 



du £ 



_d_ 

dxi 



( £ >&/£<*) Q X .^ X ) 



+ 



9 , 

(t,x) G (0, T) x E"; u £ ( 0,x) = uo(x), (1) 






where u 0 € L 2 (M n ), a > 0 is a fixed parameter, {£ t ,f > 0} a stationary diffusion 
process with values in R ci . 

Let us introduce the following operators: 

• the infinitesimal generator of the diffusion process {£t}: 



L = 




d 2 

dyidyj 



+ Mv) 



d_ 

% 



• and 

A £ h(x) = div (a( — , y)Vh(x)^ 
A will denote A £ for £ = 1. 
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2.1. Notation 

• a ( z >•) = f R d a (z,y)p(y)dy. 

• (a(I + V z x)> stands for E / T „ a(z,£ t / £Q )(I + V z x{z,£t/e<*))dz. 

The other uses of the notation (.) in the paper can be made precise in a 
similar way. In order to avoid confusion, we shall use below in Section 4 the 
notation {((M))(t); 0 < t < T} to denote the increasing process associated to 
the continuous martingale {M t ; 0 < t < T}, i.e t — > (( M))(t ) is continuous 
and increasing, and M 2 — ((M)) (t) is a continuous martingale. 

• 9(z, u) = f Rd g(z, y, u)p(y)dy. 

• In M n ; x.x ’ will denote the scalar product and |.| the corresponding norm. 

• In the space L 2 ( M n ), (., .) will denote the inner product, and ||.|| the norm. 

• For a function or process (t,x) \ — > u(£,x), u(t) will denote the application 

i 

x i — > u(t,x). Hence ||u(£)|| = ^ J Rn \u(t, x)\ 2 dx^ 2 . This notation is also used 

for u £ (t,x) and for the gradient Vu £ (£,#). We use, as well, the contracted 
notation: 

a £ = <z( £_t_) and for a generic function g(z , y, u) : g £ = , £_|_ , u) 

• L 2 ( T n xl d ) denotes the weighted space with the norm: 

ll/llp=/ [ f(z,y) 2 p(y)dzdy. 

J T n JR d 

• We introduce the spaces: 

L 2 p (T n xR d ) = {f£L 2 p (T n xR d y, [ [ f(z,y)p(y)dzdy = o}, 

L J T n JR d } 

H l v { T" x R d ) = { / e L 2 p (T n x R d y,VJ,W v f e L^fT* x R d )}. 

2.2. Hypotheses 

In this section, we provide the precise assumptions on the coefficients of (1) and 
on the generator of the process £ t : 

HI The functions dij(z,y) and g(z,y,u) are periodic in z of period 1 in all the 
coordinate directions; the matrix {a^(z,y)} is uniformly positive definite: 

0 < AI < CLij(z,y) < A -1 I; 

moreover, the gradient of a %3 both with respect to y and z exists and is 
uniformly bounded: 

\W z aij(z,y)\ + \V v aij(z,y)\ < c (2) 

H2 The following bounds hold 

0 < cl < qij(z, y) < c _1 I, 

\V qij (y)\ < c, \b(y)\ + |V6(y)| < c(l + \y\Y\ for some Mi > 0 
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and there exist M, C > 0, (3 > — 1 such that whenever \y\ > M, 

^ i -CM*; 

\y\ 



(3) 



here 6(y) • y stands for the inner product in R d . 

It follows from these assumptions that the process {£*} possesses a unique 
invariant probability measure n (dy) = p(y)dy whose density decays at infinity 
faster than any negative power of \y\ (see [10]). 

H3 g(z ,y,u) satisfies the estimates 

\S7 z g{z,y,u)\ < c(l + |w|), 

\V y g(z,y,u)\ < c( 1 + |u|), 

\g(z,y,u)\ < c\u\, (4) 

I g' u (z,y,u)\<c, (5) 

(1 + W\)\g'uu(z,y,u)\ < c; 
and g, g' u . g" u are jointly continuous. 

H4 The identity 

/ / g(z,y,u)p(y)dzdy = 0 

JT n JR d 

holds for any uGi 

By our assumptions the diffusion process {£*} is a solution of the stochastic equa- 
tion 

d£ t = <T(£ t )dW t + 

where a(y) = q 1 ^ 2 {y)- > and {W t } is a standard d-dimensional Wiener process. 

It is convenient to decompose g(z,y,u) as 

g{z , y, u) = g(z, y, u) + g{y, u), 

where 

9 (y,u)= / g{z,y,u)dz , 

J T n 

so that 

[ g{z, y, u)dz = 0, Vy € R d , wel; [ g(y , u)p(y)dy = 0, Vu, G R. (6) 

./T n 

The first relation here implies in a standard way the existence of a vector function 
G(z,y,u) such that 

g(z , 2 /, u) = div z G(z, 2 /, u). (7) 

We choose G = Vu, where for each (y, iz) G ?;(•, y, u ) solves the PDE Av = g 

on T n . Then the function G(z,y,u) satisfies the estimates (4) and (5). For any 
u{x,t) we have now 

~ X \ X ~ X 

dxv x G{-,y,u{t,x)) = -g{-,y,u{t,x)) + G' u {-,y,u{t,x))V x u(t,x) (8) 

£ £ £ £ 
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According to [10], under assumptions H2 and H4 the second relation in (6) ensures 
the solvability of the Poisson equation 

LG(y, u) + g(y, u) = 0, Vu £ M (9) 

in the space W^(R d ). Moreover the solution G(-, u) has polynomial growth in \y\ 
for all u £ M. The solution is unique up to an additive constant, for definiteness 
we assume that it has zero mean w.r.t. the invariant measure n (dy) = p(y)dy. 

2.3. Main results 

Here we formulate the main results of the paper; the proof will be given in the fol- 
lowing section. It should be noted that for a < 2 we obtain the weak convergence 
of the law of u £ (t , x) towards the non trivial limit law which solves a proper mar- 
tingale problem, while for a > 2, the limit law is a Dirac measure concentrated on 
the solution of the Cauchy problem for the limit deterministic parabolic equation 
with constant coefficients. 

We define V T := L 2 ( 0, T; H x ( R n )) n C([0, T]; L 2 (M n )) and let V T denote the 
space Vt, equipped with the sup of the weak topology of L 2 (0, T; H 1 (M n )), and the 
topology of the space C([0, T]; L^(IR n )), where L 2 (R n ) denotes the corresponding 
L 2 space equipped with its weak topology. The space Vt is a Lusin and completely 
regular space, see Viot [13]. We denote by 9 its Borel a- field. For any 5 > 0, let 
Q £ be the Radon probability measure on (Vr,S), which coincides with the law 
of {u £ (t); 0 < t < T}. The asymptotic behavior of the solution u £ (t ), as e — » 0, 
depends on whether a < 2 or a > 2. The main results of the paper are summarized 
in the following theorems. 

Theorem 2.1. Let a < 2, then under the Hypotheses Hl-nH4, the family of laws of 
the solutions { u £ } to problem (1) converges weakly, as s — » 0, in the space Vt, for 
all T > 0, to the solution of the martingale problem with the drift A(u(s)), where 

A(u) — V x • (a(I -f V^x))V cc w + ( G u g)(u ), 

and the covariance R(u(s)), where 

(R(u)<p, p)= (- q(y)(V y G(y , u), ip), (V y G(y, u ), <p))p(y) dy, 

JR d 

where the functions \ k £ Hp( T n x R d ) and G(.,u) G Wj* 0 f(R d ) are the solutions 
of the equations 

LG(y, u ) + g(y, u) = 0 VwgM, 

d 

A x k i z ,y) = --Q^ a ik{z, y), 

for ( z , y) € T n x R d , 1 < k < n. 
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Theorem 2.2. Let a > 2, then under the Hypotheses H1-H4, the family of laws of 
the solutions { u e } to problem (1) converges in probability in the space Vt, for all 
T > 0, to the solution of the following limit Cauchy problem : 

— ^ — = A(u(t, ar)) + B(u(t, x)), 

with (t,x) G (0, T) x R n u E (0,x) = uo(x) and 

A(u) = V x • (a(I + \7 z E))S7 x u - V* • ( aV x N)(u ) 

B(u) = (Eg)(u) + (N u g)(u), 

where the functions E k G F k G h\{ T” x R d ), N(.,u) G W 2 ’ p ( T n ), 

G W^(R d ) are solutions of the equations 

AE k (z) = -J2<(^), 

i 

LF k (z, y) = ~{AE k (z) + £ a£(z, y)], 

i 

AN(z, u) = -g(z,u), 

L^>(z, y, u) = ~[g(z, y, u) + AN(z, u)], 

for z G T n and 1 < k < n, where the operator A is defined by 

Af(z) = div(a(z, .)V/(z)). 



3. A priori estimates and tightness 

In this section we obtain uniform a priori estimates for the solution u e and then 
use them in order to show tightness of the distributions of u £ . 

First, considering (6) and (8) one can rewrite the nonlinear term #(f 
u £ (t,x)) on the right hand side of (1) in the form 

~ (Ia «j 9(^,£t/e«,u E (t,x)) = £ 1 ~ {1A %'>dW x G(^,£ t/ea ,u e (x,t)) 

- , u E (x, t))V x u £ (t, x) + e- (1A %(&/ £ « , u E (x, t)) (10) 

For u G L 2 (W l ) and y G R d denote 

V £ (u,y) = l||u || 2 + s p (u,G(y,u)), 



where p = a — ( 1 A |). 
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From ltd- Krylov’s formula (see [10] for justifications), using (1), (10), we get 
d9 £ (u £ (t),£ t/ea ) = (A £ u £ (t),u £ (t))dt 

- £ 1_ < 1A f )(V x u s (i), G(-,£ t/e <*,u £ (t)))dt 
£ 

+ £ p (A £ u £ (t),G(^ t/£a ,u £ (t)))dt 

+ £ a ~ 2{1A ^\g (-, £ t/e « ,u E {t)),G{f, t/ea ,u £ {t)))dt 
+ e p (A s u £ (t), G' u (t t/e o, , u e (t))u £ (t))dt 
_ £ l-(lAf )(G' u (-,£,t/e° , U e (t))V x U £ (t), u £ {t))dt 

+ (u £ (t), V„G(C t/e a , u £ (t))Md t/ea )dW £ 

+ £ a - 2(1A f ^ )((,(-, £ t/ea , u e (t)), G' u {Z t/ea , u £ {t))u £ (t))dt, 

where Wf = e% W_t_ is a standard Wiener process. 

We first state the 



Proposition 3.1. Under our standing assumptions , if moreover (3 > 0 ( where (3 is 
the exponent in (3)), there exists a constant C such that for all £q > 0, 

rT 



E 



sup K(t)|| 2 + [ \\V x u £ (t)\\‘‘ 
,0 <t<T Jo 



dt < Cye > So 



□ 



Proof See [11]. 

If /? < 0 then the function G(y,u ) admits polynomial growth in y and, as a 
result, the above method fails to work. In this case the expectation of ||w £ || might 
explode, as e — > 0, but we shall control the moments of a slightly different sequence 
{»}• 

Let 6 > 0 be a constant to be chosen below. For each e > 0, let 
r £ = inf {0 <t<T\ e p (l + |& /e « |)" > 0}, 
and define {u £ (t), 0 < t < T} as the solution of the PDE 

/ £ f) np f)q,£ 1 rp 

— (t,x) + 1[0 ,r e ] (t) £ (ia^) ^ 

(*, x) G (0, T) x R n ; u £ ( 0, x) = u 0 (x). (11) 

It follows from Corollary 1 in [10] that for all p > 0, y G R, 

e p sup (l + |6 /£ -l) M ->0 

0<t<T 

in probability, as e — > 0. Hence, as £ — > 0, 

P(r e =r)-1, 

and consequently 

P (u £ (t) = u £ (t ), 0 < t < T) — ► 1. 
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Hence tightness (resp. weak convergence to a limit u) of the sequence u £ is equiv- 
alent to tightness (resp. weak convergence to the same limit u) of the sequence u £ , 
for any topology. 

We now state the 

Proposition 3.2. Under our standing assumptions, if 6 > 0 is small enough, then 
there exists another sequence of stopping times {T £ , £ > 0}, satisfying P (T £ = 
T) — > 1, as e — > 0, and a constant C such that for all £ > 0, 

E ( sup \\u £ (t)\\ 2 + \\V x u £ (t)\\ 2 dt) <C, 

\0 <t<T £ Jo ) 

and also 

e ( sup ||« e (t)|| 4 ) < c. 

\0 <t<T e J 

Proof. See [11]. □ 

From now on, 6 will be chosen as indicated in the above proof. Note that, for 
the same reasons as above, tightness (resp. convergence) of the sequence {u £ (-AT e )} 
is equivalent to tightness (resp. convergence) of the sequence {u £ } (resp. of the 
sequence {u £ }). 

We next establish the (here and in the rest of the paper Cq 3 (W 1 ) denotes 
the class of mappings from R n into R, which are of class C°°, and have compact 
support) 

Proposition 3.3. For any p E Co°(R n ), the collection of processes {(u £ ,p), £ > 0} 
is tight in C([0,T]). 

Proof. See [11]. □ 

It follows from the results in Viot [13], Proposition 3.2 and Proposition 3.3 the 
Proposition 3.4. The collection {u £ , e > 0} of elements ofVr is tight in Vt- 



4 . Passage to the limit 

The aim of this section is to pass to the limit, as £ — > 0, in the family of laws 
of {u £ } and to determine the limit problem. In view of the tightness result of the 
preceding section it is sufficient to find the limit distributions of the inner products 
(p, u £ ) with p E Co°(M n ), see [13]. We study the cases a < 2 and a > 2 separately. 
We now prove Theorem 2.1 and Theorem 2.2. 

Proof of Theorem 2.1. We introduce the equations 

, 

where the z-periodic functions \ k € H p (T n x W { ). 



( 12 ) 
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According to Hypotheses HI and H2 the function on the right-hand side 
of (12) is uniformly bounded in |y| and by Lemma 2.5 in Campillo, Kleptsyna, 
Piatnitski [4] the solutions \ k admit a polynomial estimate. We assume for a while 
that a(x,y) is three times differentiable in x and y, and that all its derivatives up 
to the third order admit polynomial estimates. Then, \ k 1S differentiable and we 
have for some m > 0 

\x k (z,y)\ + \V zX k (z,y)\ + \VyyX k (z,y)\ < C(1 + \y\r, 

For any arbitrary p E Co°(M n ), we consider the real valued stochastic process 
{4> £ (t), 0 < t < T} defined as 

= (y(t)^) + £(x e (t)u s (t)y x ^ + £HG(^ Te ,u e (tAr £ )), l p), 

where % £ (t) and ££ stand for x(~ ? ^_t r ) and respectively. Let a £ (t) := l[o,r e ]W- 
By the ltd formula: 

d^{t) = + s l - a {L X e m{t)y x ^) + e{ X e {t)^{t)y x ^) 

— — j £ 

+ e~^a e (t) (LG (£ t £ ,u £ (t)),<p) + £%a e (t)(G' u (g ,u £ (t)) — (t),<p)j dt 

+a E (t)£ 1 ~^{W y x e {t)u e {t)a(^),V x y>)dW^ + a E (t)(X/ y G{^,u e {t))a{^),ip)dWt. 

Considering (12), after multiple integration by parts and simple rearrangements, 
we obtain 

d$ £ (t) = ^(u £ (t),a £ V x V x p) + £~ 1 (u £ (t),V z a £ \/ x p) 

+ £-%a E (t)(g(tf,u £ (t)),y>)+£-%a e (t){g(tf,u e (t)),<f) + £ 1 ~ a (Lx e (t)u £ (t)y x tp) 

+ £-\V z (ay zX £ )(t)u%t)y x v) + (a e X7 zX e (t),u £ (ty x V x <p) 
-e(a e V x u e (t)y{tyy x Lp) + a E (t)e 1 ~%(x £ {t)g e (t,u £ {t))y x ip) 

+ £-%a e (t)(LG £ ,<p)-a e (t)£% (G £ uu a e V x u e (t)y x u £ (t)y>)-e? (G e u a £ 'V x u £ (t)y x ip) 
+ (G £ u g £ ,cp)}dt + a e (t)£ 1 ~% y vX £ (t)u e (t)<r{$ )y x y>)dW t £ 

+ a s (t)(V v G £ a(e t ),v)dW £ . 

The functions x k satisfy the relation f Jn x k (z,y)dz — 0, thus 

f Lx k (z,y)dz = L f x k (z,y)dz = 0, 

J T n J T n 

and in the same way as in (7) we have 

Lx k (z,y) = div z K k (z, y), 
with continuous K k (z,y) of polynomial growth in |y|. 
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Taking into account (9), (8) after simple transformation we get 
d$ £ {t) = (u £ {t),a £ (I + V z x e (t))V x V x ip)dt + a s (t){G £ u g £ ,ip)dt 
+ a e (i)(V w Go(£), g,)dW £ + a £ (t)e 2 - a (K £ (t), V(V x cpu £ (t)))dt 

- e 1 - 1 (y xV >, G(-,t ; t/ea , u £ (t)))dt - e 1 -? (G'J-, £ t/s a , u £ (t))V x u £ (t), V x p)dt 

- e(a e \7 x u e (t),x E {t)S7 x ^ x ip)dt + e 1 ~^(x e (t)g E (t,u e (t)), V x ip)dt 

- a £ (t)e*(G £ u a £ V x u £ (t), V x ip)dt - a £ (t)e* (G £ uu a £ V x u £ (t),V X u e (t)<p)dt 
+ a e (t)e 1 -Hv yX e (t)u e (t)<T(Z £ ),V x v)dW t £ . 

Now it is natural to rewrite the above expression as follows 

(u £ (t), ip) = («o, <p) + j\ {(«'(«), <0(1 + V*x))V x V x¥ >) + < G' u g)(u £ (s )), 

+ [\ V y Gv(a), <p)dW £ + K £ (t) (13) 

Jo 

where 

^ e (*)= £ (x e (°) u oVx^) + e^(G(£o> u o),¥>) 

-e(x £ (t)u%t),V x ip)-e%(G(g AT€ ,u £ (tAT E )),<p) 

+ [ (u £ (s),[a £ (l + V z x e (s))-(a(I + V zX ))}V x V x <p)ds 
Jo 

+ f {(a e (s)G £ u g £ - (G' u g)(u £ (s)),ip) + a e (s)e 2 - a (K £ (s)y(V x ^u £ (smd^ 

Jo 

+ / {-e 1 -«(V x ^G(-^ /e «,,« e ( s )))- e 1 -^(G , tt (-,C a / e a,« e ( S ))Vx« e (s),Vx V ) 

Jo ^ £ 6 

-e(a £ \' x u £ (s),x e (s)V x 'V x <p) + e 1 ~%(x e (s)g £ (s,u £ (s)),V x <p) 
-a £ (s)e%(G £ u a £ V x u £ (s)y x g>)-a £ (s)e%(G £ uu a £ V x u £ (s),V x u £ (s)v)}d^ 

+ a £ (s)e 1- ^ f (\' yX e (s)u £ (s)a{^ £ )y x ip)dW £ . 

Jo 

We rewrite (13) as 

F^t, u £ ) = f a £ (s)(V y Ga(£ £ ), ip)dW £ + K £ (t) = M^(t) + K £ (t), 

Jo 

where, for u G Vt, 

F v (t, u) := (u(t),<p) - (u 0 , <p) ~ f (u(s), <o( I + V z x))V x V x ^)ds 

Jo 

- / ((G u g)(u(s)),<p)ds, 

Jo 
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and the bracket of the local martingale M ' E is given by 



WM) 



f 



a e {s)(VyGa(^ s ),ip) 2 ds. 



By H3, Proposition 7 in Pardoux, Piatnitski [11], Proposition 3.1 and Burkholder- 
Davis-Gundy inequality, K E (tf\T £ ) tends to zero uniformly in t , in L 1 (0), as e — ► 0. 
Let 0 < s < t, and ©J be any continuous (in the sense of the topology of Vt) and 
bounded functional of (w £ (r), 0 < r < s}. We have that 

E \(F^(t A T e , u £ ) — F (p (s A T e , u £ )) 0 £ ] = E [(K £ (t A T e ) - K £ (s A T e )) 0 £ ] , 

i = n; if/ /i,_ , 

<p/ 



E 



(M°(t A T e ) - M£(s A r e )) 2 Qfl = E [«M‘>(i A T e ) - (M*)(s T e )) 0'] . 



Let w E Vj be any accumulation point of the sequence as e — ► 0. Taking the 
limit along the corresponding subsequence in the two last identities, using weak 
convergence and uniform integrability - see Proposition 3.2, we conclude with the 
help of Propositions 6, 8, and 9 in Pardoux, Piatnitski [11] that 

F<p(t, u) := (u(t), ip) -(uo,<p)~ [ ( u(s ), (a(I + Vzx)}V x V x <^)ds 

Jo 

t 

((G u g){u(s)),ip)ds 

is a square integrable martingale, if we equip Vt with respect to the natural fil- 
tration of u, with the associated increasing process given by 

t 

(R(u(s))ip, ip)ds, 

where 




{R(u)ip,ip) = f ({q(y)(V y G(y,u),Lp),(y y G(y,u),p))p(y)) dy. 

J R d 

We have shown that the law Q° of any accumulation point of the sequence u e 
solves the following martingale problem, which we shall denote problem (MP). 
For all (p e CQ°(R n ), 



where 



F<p(t,u) := (u(t),(p) - (uo,ip) 



Jo 



u(s)),(p)ds, t > 0, 



M v ) = Vx • (a(I + V z x)V x v + (G u g)(v), 



is a martingale with the increasing process 

( F <p(-,u))(t) = [ (R(u(s))<p, cp)ds. 

Jo 

This completes the proof of Theorem 2.1 in the smooth case. For a general matrix- 
valued function a satisfying the Hypotheses HI and H2, we approximate a(x, y) 
with smooth functions, see e.g. Proof of Proposition 4.2, p. 71, in [4]. □ 
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Proof of Theorem 2.2. The approach used in this case is quite similar to that of the 
preceding case. We define the functions JV(.,n) G W 2:P (T n ) nC^(F), \£(z, .,u) G 
to be solutions of the system of equations: 

AN(z,u) — —g(z,u), (14) 

M(z,y,u) = ~[g(z,y,u) + AN(z,u)], (15) 

and the functions E k e H 1 ( T") and F k € H ] p (T n x R d ), k = 1, .... n. To satisfy 
the system 

AE k (z) = -J2W^)’ ( 16 ) 

i 

LF k (z, y) = —[AE k (z) + £ a%(z , .)] (17) 

i 

k — 1, . . . , n. Having defined G(y, u), E(z), N(z, u), F(z, y) and ^{z, y, u), for any 
arbitrary ip € C^°(M"),we consider the real valued stochastic process {S £ (t), 0 < 
t <T} defined as 

S £ (t) = (u e (t),f) + e(E £ u £ (t),V x f) +s a - 1 (F £ (t)u%t), V x <p) 

+ e(N £ (^,U £ (t A T e )),f) + ff“ - 1 (\I> e (t A T e,U £ (t A Te)),f) 

+ £ a -\G(^ Te ,U £ (t A T e )),<fi), 

where E e , F £ (t), N £ (-,u), <b £ (t, u) and stand for E{~), F(-,£ t/ea ), N(-,u), 
4 , ( j, , u) and G/s a respectively. Let a e (t) := l[ 0]Ts ] (t). By the Ito formula, 

dS £ {t) = {( — (t),f)+£{E £ ^{t)y x f)+e-\LF £ {t)u £ {t)y x f) 

x du e , . „ . ,dN £ , / u du £ . . . 

+ £ +£ ^~du^ t,u 

+ e l a e (t){L'b £ {t,u £ (t)),f) + £ a - l a e {t){ (t,u £ (t)) — (t),p) 

— — f)lJ £ 'l 

+ £- 1 a £ (t)(LG(^,u £ (t)),^)+e“- 1 a £ (f)(G' u (^,« e (f))^(0^)}^ 

+ ^-\u £ (t)W y F £ (t)a(e t )y x f)dW t +£^- 1 (V y ^%t,(u £ (t))a^ t ),f)dW t 

+ a e (t)£^- 1 (V y G(£f,u e (t))a(£t), f)dW £ . 

Considering (11), after multiple integration by parts and simple rearrangements, 
we obtain 

dS £ (t) = {(u e (i),a e V x V xV >) +£- 1 {u e (t),V z a £ V x f) 

+ £- 1 a e (f ) (</(£* ,u £ (t)),f)+£~ 1 a e (t) (g{$ ,u e (t)),ip) 

+ £~ 1 ('V z (a £ V z E £ )u £ (t),\/ x if) + ( a £ S7 z E £ ,u £ (t)\7 x V x f ) 

- e(a £ V x u £ (t ), E £ V x V x ip) + a e (t)(E £ g £ (t, u e (t)), V x p) 

+ £ a ~ 2 (V z (a £ V z F e )(t)u £ (t), V x f) + £ a - 2 (a e V z F £ (t),u e (t)V x V x f) 
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-e a 1 (a £ V x u £ (t),F £ (t)V x V x ip) +a £ (t)£ a 2 (F £ (t)g £ (t,u £ {t)),V x <p) 

- a e (t)(V z N £ (s,u £ (t))a £ V x u £ (t),<p) - ea £ (t)(N £ uu a £ V x u £ (t),V x u £ (t)p) 

- £a £ (t)(N £ a e V x u e (t), V x p) + a e (t)(N £ g £ , ip) + £~ 1 a s (t)(L'i! £ (t, u £ {t)), ip) 

- « E (t)e“- 2 (V z r u (t,w £ (t))a £ V x « £ (t)^) - (t), V x u £ (^) 

- e a ~ 1 a e (t)('& £ u a £ V x u £ (t), V x <p) + a e (t)e Q ~ 2 (^g £ , <p) + £~ l a e (t){LG £ , tp) 

- a e {t)s a ~\G £ uu a £ \/ x u £ (t ), V x u £ (t)<p) 

- £ a -\G £ u a £ V x u £ (t), V x <p) + £ a - 2 (G £ u g £ , p) 

+ £-\LF £ (t)u £ (t),V x p)}dt + e%-\u £ (t)V y F £ (t)<T($),V x p)dW t £ 

According to (9), (14), (15), (16), (17) and in view of the relation 

(a £ V Z N £ S7 x u £ , p) = — (a £ V z N £ ,^7 x p) — e _1 (V 2 • (a £ V z N £ ), p), 

the following terms on the right-hand side are mutually cancelled: 

£-\u e (t)y z a £ V x p) + £- 1 (V z (a £ \7 z E e )u £ (t)y x cp) + £- 1 (LF £ (t)u £ (t),V x <p) = 0, 
£_1 (ff(£t ,u £ (t)),ip) + £- 1 (\7 z -(a £ 'y z N £ ),ip)+£- 1 (LV £ (t,u £ (t)),<p) = 0, 
LG(y,u) + g(y,u) = 0, Vug M. 

Then the above expression can be simplified further as follows 
dS £ (t) = {(u £ (t)),a £ (I + V z E £ )V x V x p) 

+ a £ (t)(E £ g £ (t,u £ (t)), V x p) + a £ (t)(a £ V z N £ ,\7 x p) + a e (t)(N £ g £ ,<p)}dt 

+ {£ a - 2 (a £ V z F £ (t),V(u £ (t)V x g>)) - e(a £ V x u £ (t),E £ V x V x p) 

- £ a -\a £ V x u £ (t), F £ (t)V x \7 x p) + a £ (t)e a - 2 (F £ (t)g £ (t, u £ (t)), S7 x p) 

- ea e (t)(N^ u a £ V x u £ (t),V x u £ (t)p) - £a £ (t)(Nla £ S7 x u £ (t),S7 x p) 

- a £ (t)£ a - 2 (V z V £ u (t, u £ (t))a £ V x u £ (t), p) - £ a ~ l (x e {t){<i! £ uu a £ V x u £ {t), V x u £ (t)p) 

- s a - l a e (t)(y £ u a £ S7 x u £ (t), V x p) + a e (t)e a " 2 (*=ff £ , <f) 

+ £ a ~ 2 (a £ V z F £ ( t ) , u £ (t)V x V x <p) - a e ( t)e a ~ 1 (G £ uu a £ V x u £ {t) , S7 x u £ (t)p) 

- £ a ~\G £ u a £ V x u £ (t), \7 x p) + £ a ~ 2 (G £ u g £ , p)}dt 

+ £^\u £ (t)\/ y F £ (t)a(e t ),V x p)dW t £ (u £ (t))a(e t ),v)dW £ 

+ a £ (t)£^- 1 (V y G(Gt,n £ (t)Me t ),p)dW £ . 
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Now it is natural to rewrite dS £ (t) as follows 

( U € {t ), ip) = (u 0 , <p)+ f (u £ (s), (a ( I + V Z E)) S7 x v x (p)ds 
Jo 

+ J {((aV x N)(u £ (s)), V x¥ >) + ((^)(« e (s)), V^) 
+ ((A^)(6 £ ( S ))^)}<te + R £ (t) + et-'M'it), 



where 



R £ (t) = {e(S £ ti 0 ,V x¥ >)+e a - 1 (f ,£ (0)tio,V I v?) + e(Ar e (^uo),v) 

+ £ a_ 1 (’J e (0, «<,),¥>) + £ a_1 (G(Co, no), <p) - e(E £ u £ (t), V x <p) 

- £ a ~ 1 (F £ (t)u £ (t), V x </>) - e(N £ (t A r e , u £ (f A r e )), <p) 

- e Q_1 (^ £ (i A t £ , u £ (t A r e )),<p) - e a ~ l (G{^ £ t ^ Tc ,u £ (t A r e )),^)| 

+ J' { - e(a £ V x ti £ (s), E £ V x V x g>) + s a ~ 2 (a £ V z F £ (s), V(u £ (s)V x y>)) 

+ e a - 2 (a £ V z F £ ( s ),u £ ( s )V x V :cV )-e“- 1 (a £ V x « £ ( S ),F £ ( S )V x V xV ) 

+ a £ (s)£ 0 ‘^ 2 (F £ (s)g £ (s, u £ (s)), V x <^) - £a s (s)(N^ u a e V x ii £ (s), V x u £ (s)ip) 

- £a e (s)(N £ a £ V x u £ (s), V x <p) - a e (s)£ Q - 2 (V^ £ (s, u £ (s))a £ V x u £ (s), 9 ) 

a e (s)(4’' 1 i a e V x « e (s), V x u e (s)p) - e“- 1 a £ (s)(^'o e V x « e (s), V x¥ >) 



_a — 1 



- a e (s)e a ~ 1 (G £ uu a £ 'V x u £ (s),S/ x u £ (s)(p) - e“- 1 (G e u fl £ V I ii E (s) ) V x ^) 

+ £“ _2 (G £ ff £ , y>) + a e (s)e Q_2 (4' £ g £ , <^)}ds 

+ / V(s), K(I + V 2 £ £ (s)) - (a(I + V z E))]V x V x <p)ds 
Jo 

+ J { a E( s ){E £ (s)g £ (s,u £ {s)) - (Eg)(u £ (s)), V x </>) 

+ a e {s)(a £ V z N £ (s,u £ (s)) - (a\7 z N)(u £ (s)),S7 x <f)}ds 

+ J {(<Xe(s)N £ (s,u £ (s))g £ (s,u £ {s)) - (N^g)(u £ {s)),<p)}ds 

and M £ (t ) is the stochastic term on the right hand side of the latter formula. 

By H3 and Proposition 7 in Pardoux, Piatnitski [11], R £ (tAT £ ) tends to zero 
uniformly in t in L 1 (f2), as e — > 0. 

We have also 



E sup 

0<t<T 



M £ (t) 



<C, 



this limit relation follows from Proposition 3.1 and Burkholder-Davis-Gundy in- 
equality. 




Averaging of a Parabolic Partial Differential Equation 



125 



Finally for any test function (p E Cg°(M n ) the following limit relation holds: 

lim E sup (u £ {t),p>) - (u 0 ,(p) - [ (u £ (s),(a(I + V z E))V x V x (p)ds 
£ i° t<T Jo 



+ 



J* {((aV x N)(tf( s ))y x v) 

(Eg)(u £ (s)),V x <p) + (A^ 5 )(m £ (s) ),<£)} 



= 0. 



Let us introduce the bounded functional 



$<t>( u ) = 1 A sup (u(s), <p) - (uo, ip) - f (u(s),(a(I + 'V z E))'V x 'S7 x ip)ds 
t<T Jo 

- £ {((aV x N)(u £ (s)),V x p) 

+ (Eg)(u £ (s)) y V x <p) + (Kg)(u e (s)),p)} 



ds\ = 0. 



From the above relation we get lim e jo E3>^(u e ) = 0, so for any limiting point 
Q of the family of laws of u £ in Vf we obtain E = 0. 

The proof is complete. □ 



5. Appendix 

In this appendix we study the kind of Poisson equations: 



where 



LSfr(z, .,u) = —$( 2 , .,u 




$(z,y,u)p{y)dy = 0, 



$ = \g(z, y, u) + AN(z, u)}. 

In particular we aim to study regularity of the function ^ with respect to the 
variables z and u (see also [10] for related results). 



Lemma 5.1. Let us consider 4> : T n x M d x R »-> E such that for every p > 1, the 
function (z, u ) i— > u) is continuously differentiable from T n xR into L p (W i ). 

Then for every p > 1 the function (z, u) i— > ^(z , ., u ) is continuously differentiable 
from T n x R into R d ) and: Vp > l,Vi E {1, . . . ,n},V(z,u) E T n x R d , 



( cW 

dzi 

dV 
du 
d\p 2 
l duu 



(z,.,u)eW^(R d ), 

(z,.,u)eW^(R d ), 



(z,.,u)€W^(R d ). 




126 



M.A. Diop and E. Pardoux 



Moreover, V(z, u) G T n x M, Vi G {1, . . . , n}, 



L a^’' 


;U) = 


a$ 

OZi 




,,u) = 


9 *. , 


a« v ’ 


a ^ 2 

L— — (z, , 


,,u) = 


a * 2 , . 


<9rm ' 



Proof. We just detail the proof related to the partial differentiability with respect 
to the variables z. Following [10] we use extensively the representation 



rOO 

ty(z, y, u) = / E y$(z,Y t ,u)dt. 

Jo 



Differentiability with respect to the variable z 

Let us fix i G {1, ... , n}, p > 1 and (z, u,5) e T n x 1 x M. We set z + S = z + 5ei. 
Then, 

L (9(z + 5, y , u) - ^(z, y, u)) T ($(z + 6, y, u ) - &(z, y, u)) = 0, 

so that 



We deduce 



/ ($(z + <S, ,,u) -$(2,.,u))p(y)d2/ = 0. 

./Rd 

/ -^-( z iyi u )p(y) d v = 



Moreover, we know that 






Therefore there exists ^(z, .,u) G W 2,p (E d ) such that 



Lvi(z,.,u) + —(z,.,u) = 0. 



Our aim is to prove that 



|- (\£(z + 5, .,u) - ^(z, .,u)) - vAz , .,u)\\ W 2 , P — » 0 as 5 — > 0. 
0 



We have 



iX ( ^ +< ^ ,M) -|f )]<**= fr+fr, 



where 

h = 



${z + 5,y ,u) - &{z,y ,u) d$ 



(z,y ,u) \pt(y,dy ) dt, 



'$(z + S,y ,u) - $(z,y ,u) d<& . > \ 

k j — --foM-’y >“)) )- p(dy )J <*2. 
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With the help of the dominated convergence theorem we deduce I\ 
as 5 — ► 0. 



V 2 |< 



n p(z,y' ,u,5)\p t (y,dy) - p(dy)]dt 

l d 

nOO 

<2(7/ var(p t (y , .) — p) 

Jm 






0 when M — > oo. 



Finally we obtain 



lim sup 

< 5— >0 



rj ( 

JO J R d v 



$(z + 6, y,u) - $(z,y,u) 



d$_ 

dzi 



{z,y ,u)^[p t {y,dy) - p(dy)]dt 



from which we deduce the result. 

For the differentiability of $ with respect to u the proof is the same as 
above. □ 
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Random Currents and Probabilistic Models 
of Vortex Filaments 

Franco Flandoli and Massimiliano Gubinelli 



Abstract. The content of this note is a review of some parts of the papers [4, 
5, 6], with some additional remarks. We describe the notion of random 1- 
current following [5] and then we relate it to vortex filaments, in a new way 
with respect to [4, 5, 6], but we also recall some facts from these works for 
comparison. Finally, we describe some attempts to define Gibbs measures on 
vortex lines. Related problems to random currents are: 

1) pathwise integration, 

2) integration outside semimartingales, 

3) geometric measure theory. 

Mathematics Subject Classification (2000). Primary 60H05; Secondary 76F55. 

Keywords. Pathwise stochastic integrals, vortex filaments, geometric measure 
theory. 



1. Random 1-currents 

We denote by V 1 the space of all infinitely differentiable and compactly supported 
1-forms on R d . Notice that such forms can be identified with vector fields (f : R d — > 
R d . A 1- dimensional current is a linear continuous functional on V 1 . We denote 
by V i the space of 1-currents. 

Example 1.1. Given a C 1 -curve (AC t [o,i] m the mapping T : T>i — > R de- 
fined as 

T(<p)= [ (<p(X t ),X t )dt 

Jo 

is a typical example of 1-current. 
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Definition 1.2. Given a complete probability space (Sl,A,P), a random 1-current 
is a continuous linear mapping from the space V 1 to the space L°(SY) of real valued 
random variables on (SI, A, P), endowed with the convergence in probability. 

Example 1.3. Given a continuous semimartingale (Xt) tG [ 0 ,i] in the Ito and 
Stratonovich integrals 

I(<p) = f\<p(X t ),dX t ) , S(ip) = [\<p(X t ),odX t ) 

Jo Jo 

are typical examples of random 1-currents. 

Definition 1.4. We say that the random 1-current <p S(<p) has a pathwise real- 
ization if there exists a measurable mapping 

lu i — * S(uj) 

from (SI, A, P) to the space V i of deterministic currents (endowed with the natural 
topology of distributions), such that 

[S(^)](a;) = [«S(u;)](<p) for P- a.e. lj E SI. (1) 

for every cp EV 1 . 

The problem of existence of a pathwise realization of a random 1-current is 
a particular aspect of the problem of pathwise integration. 

It is also a problem of existence of a continuous version of a random field 
S ((p) depending on an infinite-dimensional parameter (p. Since our random fields 
S((p) are linear, we may apply a general theorem of Minlos in nuclear spaces 
and deduce from it that the usual Ito and Stratonovich integrals have a pathwise 
realization. This general approach is not entirely satisfactory for our subsequent 
purposes since it does not identify so strictly the Sobolev topologies which give 
us a continuous pathwise realization. For this reason we give now a more specific 
result. 

Let us also remark that an answer in Holder topologies is given by the the- 
ory of rough paths of T. Lyons: for a continuous semimartingale (X t ), Ito and 
Stratonovich integrals have a continuous pathwise realization on (p E C 1,£ for 
every e > 0. 

Theorem 1.5. Let (X t ) be a continuous semimartingale in of the form Xt = 
M t + Vt, with martingale part (Mt) and bounded variation part (Vt). Consider the 
random 1-current S((p) defined by the Stratonovich integral 

S{p)= [\<p(Xt),o dXt) 

Jo 

and the stochastic 1- current I(p) defined by the ltd integral 

m= A <p(x t ),dx t ). 

Jo 



( 2 ) 
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Then tp i— > S((p) has a pathwise realization S(uf), with 

S(uj) g H- s ^(R d , R d ) P-a.s. 
for all s > | , and h- > I(<p) has a pathwise realization I(w), with 
I(w) G H~ s {R d ,R d ) P-a.s. 

If in addition 

[M- 7 , M l ] = 0 for i j and [M l ] = m t for all i (3) 

for some increasing process (m t ), then 

S(u>) eH~ s (R d ,R d ) P-a.s. 

(the same result holds true for reversible semimartingales, see the next theorem). 
Moreover, if (M t ) is a square integrable martingale and ||F||^ ar G L l (Ft), then 

S{.) G L 2 {n,H- s ~ 1 {R d ,R d )) 

J(.) G L 2 (n,H~ s (R d ,R d )) 
and, under the additional assumption (3), 

S(.) G L 2 (n,H- s (R d ,R d )). 

Finally, except for the result under assumption (3), the same results hold true for 
the ltd integral 

m= f T {p(x t ),dx t ) 

Jo 

and the analogous Stratonovich integral, when (Xt) is another semimartingale in 
R d (with integrability assumptions similar to those of ( X t ) for the last results on 
summability) . 

A similar result holds true for L-Z processes. The concept of process with 
Lyons-Zheng structure has been introduced and studied by [8, 9, 11], among other 
references. We follow the presentation of [11]. We say that (X t )te[o,T) is a Lyons- 
Zheng process if it has the form 

X t = M t (1) + M t (2) + V t 

where (M^) is a continuous local martingale with respect to a filtration {Pt}, 
(M^), defined as is a continuous local martingale with respect to 

a filtration {Ht}, (V) is a bounded variation process, ( X t ) is adapted to {Pt} and 
(X t ) is adapted to {Tit}, and finally we have 

[MW Q - M (2 )“] = 0 for all a = 1, .... d. (4) 

These processes arise in the theory of Dirichlet forms and relevant examples are the 
reversible semimartingales. For these processes it is possible to define stochastic 
integrals in the sense of Stratonovich, taking advantage of cancellations coming 
from assumption (4). 
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Theorem 1.6. Let (Xt) be a continuous Lyons- Zheng process of the form 

Xt = M t (1) + M t (2) + Vt, 

as above. Then the random 1-current p S(p) defined by (2) has a pathwise 
realization S(u), with 

S(uj) G H~ s (R d ,R d ) P-a.s. 
for all s > | . If in addition 

[M w ] t , [MW] t , \\V\\ 2 var G L 1 ^), 
then we also have the integrability property 

S{.) G L 2 (n,H- s (R d ,R d )). 

In particular these results hold true for reversible semimartingales. 

Remark 1 . 7 . From certain estimates of [10] it follows that if (Xt) is a fractional 
Brownian motion with Hurst parameter H > 1/2, then S(u>) G L 2 (£l,H~ s (R d , R rf )) 
for all s > (d + 1/H — 2)/2. 

Except for a number of details related to localization or to aspects of the 
Lyons-Zheng integration, the proof of these results is based on the following idea, 
very much suggested by the viewpoint of currents: 

S(lf)(lxj) = {S(w),y) Vl ' V r 

= (S{w),<p) VuV i = / (. Z k (u),<p(k))dk 
J R d 



where ^ 

Z k = [ e ^ k ’ Xt >0 dX t . 

JO 

A rigorous lemma in this direction is the following one. 

Lemma 1.8. Let 

(. M t ) be an L 2 bounded continuous martingale fsup tG [ 0jT ] E'flMtl 2 ] < oc), 

(X t ) be a continuous adapted process, and ip be in V 1 . 



[ (<p(X t ),dM t )= [ (<p(k), Zk) dk 
Jo Ju d 



Z k : = / e l{k ' Xt) dM t . 

Jo 

A similar result holds true for (V^) in place of (M t ), when ||E|| 2 ar G 
Moreover, a similar result holds true for the Stratonovich integral when (Xt) is 
a semimartingale where the martingale and bounded variation parts satisfy the 
same integrability assumptions of (M t ) and (Vi) (so in particular for A = M + V). 



The previous theorems follow from this lemma and some, not difficult, esti- 
mates. 




Random Currents and Vortex Filaments 



133 



2. Vortex filaments 

2.1. Brownian currents in R 3 and their mollifications 

Let us specialize the results of the previous section to d = 3 and a 3-dimensional 
Brownian motion (Wt). From the previous theorems it follows that the random 
distribution 

£°(x)= [ 6{x-Wt)odW t 
Jo 

is a pathwise distribution of class H~ s for all s > §• Here we have used a more 
informal but expressive notation to denote £°, whose rigorous definition in the 
lines of the previous section is 

£V)= [ (<p(W t ),odWt). 

Jo 

We are quite sure that the result (s > 3/2) is optimal, on the basis of the computa- 
tions of [4] , even if a complete proof has not been written down. The consequence 
is that we do not have £° G H~ 1 with probability one. This lack of regularity has 
a technical relevance in the sequel of this section. 

If we want to define a random 1-current similar to £° but with a pathwise 
realization in H~ 1 , a natural idea is to mollify the S Dirac, just to the needed 
extent. Geometrically it means that in place of a single curve, namely a path of 
(Wt), we consider a sort of Brownian sausage, with a cross section that is not 
necessarily a ball. In place of a set-theoretic sausage we prefer to work with a 
smoothing based on a measure p. Here is the definition. 

Given a probability measure p on R 3 , consider the random current 

£(*) = [ ( f Six - (y + Wt)) O dm) p{dy) 

Jr 3 \J 0 / 

or in more rigorous terms, the mapping 

V ~ m = [ ( f Mv + Wt), odWt) 

Jr 3 \J o 

defined over all ip G V 1 , with values in L°(Q ). With the same arguments that yield 
the results of the previous section we have the following theorem. 

Theorem 2.1. Assume that the measure p has finite energy, in the following sense: 

^ p(dx)p(dy) < oo. (6) 

\ x y I 

Then the random current ip £(ip) just defined has a pathwise realization £(co), 
with 

£€L 2 (n,H- 1 ( R 3 ,R 3 )). 

Remark 2.2. If A is a closed Borel set in R 3 with Hausdorff dimension > 1, then 
there exists at least one measure p supported on A (for instance the so called 
equilibrium measure of potential theory) which satisfies the previous condition. 
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Therefore, if we want H 1 samples, it is sufficient to mollify the current £° just 
by means of a fractal cross section with Hausdorff dimension > 1. 



Remark 2.3. A different proof of the theorem, not based on random currents, 
has been given in [4], where an explicit expression of the if -1 - norm of £ is given 
in terms of double stochastic integrals and the self-intersection local time of the 
Brownian motion. With such approach the previous hypothesis on p is necessary 
and sufficient. This is why we believe that the regularity results of the previous 
section are optimal in Sobolev spaces with square integrability. A further proof by 
spectral analysis has been given in [6]. 



The previous result can be extended to other processes than Brownian mo- 
tion, as it is clear from the previous section. We mention here another interesting 
generalization. One aspect of stiffness or artificiality of the previous model in view 
of real geometric structures in 3D fluids is the fact that the cross section p is the 
same along the whole filament. An easy generalization consists in taking a random 
time-dependent measure {pt)te[ o,i]> namely a measure- valued stochastic process in 
M 3 on (ft, A, P), adapted to W. Define the random current 

<P ~ TM(<p) := f\c Pt <p)(W t ) o dWt 

JO 

where ( C Pt ip)(y ) = f <p(x + y) dp t (x). Formally T^(ip) = (£,<p) where 

£(*) = f p t (x-W t ) odW t . 

Jo 

If (p t ) has finite energy in the mean, namely 



E [ (Jhra 

then, by the previous methods which produce pathwise continuous realizations of 
random currents, we have £ E L 2 (ft, i7 -1 (IR 3 , M 3 )). 



dp t (x)dpt(y) ) dt < oo 



2.2. Vortex filaments in 3D fluids 

The previous set-up and results are motivated by probabilistic models of vortex 
filament structures observed in 3D fluids and first introduced by Chorin with 
the help of processes on the lattice Z 3 . We interpret the random distribution £ 
as a vorticity field of a fluid, concentrated in a tubular region around the curve 
(. X t ), a region having a possibly fractal cross section p (or even a variable cross 
section (p t )). Such filamentary structures are widely observed in numerical and 
physical experiments on turbulent fluids and their relevance in the understanding 
of turbulence is under investigation. See [3] and [7] for an extensive discussion of 
this point. 

The previous regularity property of £ implies that it defines a velocity field 
with finite kinetic energy. To explain this, consider a 3D fluid, in the whole space 
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R 3 , with velocity field u(x) (we do not consider the time dependence here). The 
kinetic energy is 

H{u) = )r [ \u(x)\ 2 dx. 

£ J R3 

The vorticity field is defined as 

£(x) = curl u(x). 

The relation between the regularities of u and £ is that u E L 2 implies £ E iJ -1 , 
and given £ E H ~ 1 one can reconstruct (by Biot-Savart law) a velocity field u E L 2 . 
Therefore the requirement H(u) < oo is equivalent to £ E H~ l . 

After these preliminaries, the viewpoint of this paper is that we introduce 
random vorticity fields £ with a tubular structure phenomenologically suggested by 
observations of turbulent fluids (we say that they are phenomenological objects in 
the sense that they are not derived from solutions of the Navier-Stokes equations). 
We need to impose certain conditions on the cross section in order to have that the 
single realizations of £ belong to H~ 1 y so that the single realizations of the velocity 
field u have finite kinetic energy. Here the relevance of the pathwise realization 
becomes clear: we could not define the energy H ( u ) for a random current cp i— > £ (cp) 
unless we can treat it pathwise, because H(u) corresponds to the H ~ x - norm of 
the single realizations of £. The existence of H(u) corresponds to the existence of 
a pathwise realization of £ with paths in H -1 . 



3. Gibbs measures over vortex filaments 

On the space of vortex filaments it is possible to define natural measures which 
weight every configuration of the vortex according to the corresponding energy 
norm. In [6] we showed that if we consider the measure po on H~ l given by the 
law of a vortex filament 

£(*)= [ T p(x-x t )dX t 

J 0 

where A is a (Brownian-) semimartingale process with suitable integrability and p 
is a mollifier satisfying (6) then Gibbs measures of the form 

= Zpe-^MdO (7) 

exist for all /?>/?*, for a certain /?* < 0. This is an easy byproduct of the proof 
that the square H ~ 1 norm of £ is exponentially integrable wrt. po, i.e. that there 
exists 7* > 0 such that 

E Mo e 7 *^!!- 1 < + oo ; 

on the other hand, in the same work we show that, at least in the case where X 
is a 3 d Brownian motion, this cannot hold true for all 7 and indeed exists 7* > 0 
such that 

e 1 = +00. 
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3.1. Analogies with the 3d polymer measure 

The 3 d polymer measure is a measure over continuous paths from, e.g., [0,T] 
to R 3 given formally by the following density with respect to Wiener measure VjJ: 



dVg°T = exp 




X s ) dtds 



dv™ 



( 8 ) 



where S is the (3d) Dirac ^-function and g > 0 is called the coupling constant of 
the model. The rigorous definition of this measure is the topic of various works 
of Westwater, Bolthausen, Albeverio and Zhou (see [12, 2, 1]). Essentially the 
approach starts by regularizing the ^-function e.g. letting S £ (x) = (27 re) 3 ^ 2 e~^ ! 2e 
and defining 



£ = exp Kf S £ {X t -X s )dtds'j du^ 



( 9 ) 



with the aim of proving that there exists a unique weak limit point of the sequence 
{^,T,e}e ^ e 0- Indeed this limit exists and defines a measure over continuous 
paths which is singular with respect the Wiener measure (moreover measures ob- 
tained with different values of g are singular one to each other). The name comes 
from the fact that this kind of models were introduced in the physical literature 
to study the statistical properties of polymer molecules in good solvents where it 
is expected that the allowed configurations are limited only by excluded volume 
constraints. 

There is an analogy between the Gibbs measure (7) and the (regularized) 
polymer measure (9) which can be fully revealed if we transpose the polymer 
problem in the language of distributions (and currents). 

First, observe that the (regularized) polymer energy can be written in Fourier 
space as 

. . |2 

jp I I r- / ^ X . . . I dk __ c, I M 2 j 

■^po\,£ 



[ [ S £ (X t -X s )dtds= [ 

Jo Jo Jr 3 



D -e I*IV2 



(27 r) 3 



/ 



2 ikXt dt 



and it is easy to show that the function 



Ce(fc) = |fc|e- £|fc|2/4 [ T e ik Xt dt 

Jo 

is the Fourier transform of a (random) distribution ( e which belongs to ^“^R 3 ) 
and obviously E po = \\C £ \\ 2 _ 1 . In the limit ^ — > 0 this distribution can be shown 
to belong to H~ s for s > 3/2 and not to belong to H~ 1 . So that the regularity of 
the distribution Co is comparable to that of a vortex filament with the trivial cross- 
section p = S. Indeed, following Yor [13], we have the following representation for ( £ 



Cs(k) 



= e ~ £ l fe l 2 / 4 l — e ' m /2 +2 ife-e~ g|fc|2/4 



1*1 



f l 

Jo 



e -\k\ 2 (T-s)/2 

~~]k\ 



e ik X ‘dX s (10) 
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from which it appears that the random distribution ( £ is not very different from 
the distribution of a vortex filament whose cross-section p is such that p{k) = 
exp(— £|A;| 2 /4): 

£(*) = e “ £|fc|2/4 [ e ikx °dX s . 

J 0 



3.2. On the renormalization of the Gibbs measure for a vortex filament 

Given these similarities it is natural to attempt to prove the existence of a (unique?) 
limit point of the family of Gibbs measures for a vortex filament 

fj,/ 3 <e (dx) = ii e (dx) 



where /i £ is the law of 6 H-i, as e — > 0. However, after some preliminary 
explorations in this direction, it seems that a proof of the existence of this limit 
cannot be modeled on the previous approaches devised for polymer problem. This 
is because some positivity properties which hold in that case (i.e. the interaction 
energy between different portions of the polymer are always positive) and which are 
marginally needed in the approach by Westwater [12] and crucial in the approach 
of Bolthausen [2], here do not hold. In the approach of Westwater the positivity 
property can be substituted by a direct proof of the exponential integrability of 
the random variable which represents the interaction energy of two independent 
filaments. Let us be more precise. 

Let (X t ) and (Y t ) be two independent 3-dimensional Brownian motions, with 
t G [0,T]. Assume for simplicity of exposition that they are defined on two copies 
of the Wiener space, with expectations denoted respectively by Ex and Ey; then 
we consider the two processes on the product space. 

The interaction energy between two vortex filaments without cross-section 
based resp. on X and Y is 



U h 



=fl 



dX t dY s 

\X t -Y a \ 



This r.v. is well defined and has finite moments of all orders: 
twice the BDG inequality we get 



indeed, applying 



EyE X 




< C n EyEx 



f T f T ds dt 

Jo Jo \X t - Y s 



. ( 11 ) 



We deduce the finiteness of these expectations from the fact that there exists 
a positive constant A such that 



Ex Ey exp 




dtds \ 

\Xt-Y,\2) 



< 00 . 



( 12 ) 



However, as in [4], the estimates for EyEx |£Ant| n coming from such argument 
gives constants C n which are of the form n 2n , and from which we cannot infer 
directly the exponential integrability of U- mt . Since £/j nt is not necessarily positive 
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(the interaction energy between different parts of a vortex field may be positive or 
negative), we do not have the finiteness of Ee~^ Uint for positive (3 which would be 
an essential step to adapt the method of Westwater to our purposes. 

At the end of this section let us give a short proof of (12). The following It 6 
formula applies 



log \X t - Y t \ ~ log \X t - Y 0 \ = [ dY s 

Jo 



Xt-Ys 1 



\X t -Y a \ 2 2 J 0 \X t -Y s 



f 



ds 



calling 



we have 



Z t = 



-/ 



ds 



\X t -Y s \ 2 



T r T 



Ex Ey exp I A 



j j 



dt ds 



f T dt 

<E X J -Eyexp(A TZ t ) 



\X t — Y s \ 2 ' 

and using Holder inequality we can obtain the recursive bound 
Ey e XTZt = Ey e A 



o AT(log|X t -y T |-log|X t |)-AT; 0 T 



< 



< 



Ey 



Ey 



\Xt - Yt \ A 

\Xt\ J 

\Xt - Yt\ 
\Xt\ 



2AT' 



V2 r 



Ey e 



- 2XT JodYsj0E^ 



1/2 



2AT" 



1 1 / 2 



Ey e 



4(A TfZt 



1/4 



where the last inequality is obtained using again Holder inequality after having 
added and subtracted the appropriate compensator for the stochastic integral in 
the exponent. For 0 < XT <1/4 



Ey 



i* t i ) 



2AT' 



“I 1/2 



[Ey e 



A TZt l 1 / 4 



Ey e XTZt < 
which means that 
Ey e XTZt < 

Taking the expectation over X and integrating over t we obtain 



Ey \~m~) 



1/2 



n 2/3 



< ( Ey |X | X ^ tI ) ' < 



Ex [ |e ye m <<c/ §E x |X t |- 1 /3 < 

Jo 1 Jo 1 

so that Eq. (12) is justified. 



oo 
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Stochastic Resonance: A Comparative Study 
of Two-State Models 

Peter Imkeller and Ilya Pavlyukevich 



Abstract. We consider a dynamical system describing the motion of a particle 
in a double well potential with a periodic perturbation of very small frequency, 
and an additive stochastic perturbation of amplitude e. It is in stochastic 
resonance if the solution trajectories amplify the small periodic perturbation 
in a “best possible way” . Systems of this type first appeared in simple energy 
balance models designed for a qualitative explanation of global glacial cycles. 
Large deviations theory provides a lower bound for the proportion of the 
amplitude and the logarithm of the period above which quasi-deterministic 
periodic behavior can be observed. However, to obtain optimality, one has 
to measure periodicity with a measure of quality of tuning such as spectral 
power amplification favored in the physical literature. In a situation where 
the potential switches discontinuously between two spatially antisymmetric 
double well states we encounter a surprise. Contrary to physical intuition, the 
stochastic resonance pattern is not correctly given by the reduced dynamics 
described by a two state Markov chain with periodic hopping rates between 
the potential minima which mimic the large (spatial) scale motion of the 
diffusion. Only if small scale fluctuations inside the potential wells where the 
diffusion spends most of its time are carefully eliminated, the Markov chain 
gives the correct picture. 

Mathematics Subject Classification (2000). Primary 60H10; Secondary 60J60, 
60J27, 86A04, 35P15, 37A30, 37N10. 

Keywords. Stochastic resonance, spectral gap, stochastic differential equation, 
energy balance model, potential diffusion, effective dynamics. 



1. Background and paradigm 

The paradigm of stochastic resonance (SR) emerged from papers by C. Nicolis [15] 
and Benzi et al. [2, 3, 4] which were devoted to the mathematical explanation of 
the phenomenon of glacial cycles. The model they created is based on the following 
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Figure 1 . Earth’s albedo (1.) and incoming and outgoing radia- 
tive energies (r.). 




observations. Modern measurement techniques allow to determine concentrations 
of an oxygen isotope in deep sea core sediments which in turn provide rough 
estimates of the global mean temperature of the earth at the time they were de- 
posited. This way at least seven changes between “cold” and “warm” periods were 
detected during approximately the last 700,000 years. They occur abruptly and 
with roughly the same period of about 10 5 years. The quoted papers aimed at 
suggesting a simple mathematical model to account for this deterministic-looking 
periodicity. 

The proposed model just appeals to conservation of radiative energy and 
supposes that the earth’s temperature T satisfies a simple energy- balance equation 
(for an extended review see [11]), i.e. the instant change of the global temperature 
is proportional to the difference between incoming and outgoing radiative energy: 

c^ = Qm-a(Tm-*nt)\ c> o. « 

In the simplest case considered here it is assumed that the total energy flux emitted 
by the earth is given by the Stefan-Boltzmann law which in fact is valid only for 
a black body radiator. 

The absorbed energy depends on two factors. The global solar function Q(t) 
describes the flux of the solar energy which reaches the earth at time t. Assuming 
that the solar activity is a constant Qo, the function Q depends on the distance 
between the earth and the sun as well as on the inclination of the earth’s axis, and 
due to the gravitational influence of Jupiter exhibits a slow periodic variation of a 
period of about 10 5 years. The variation is estimated to be 0.1% of Qq. Thus we put 

Q(t) = Qo - bsinut, b « O.OOlQo, v ~ (27rl0 5 ) -1 [yr -1 ]. 

On the other hand, not all the solar radiation reaching the atmosphere is absorbed: 
the proportion of absorbed radiation is determined by the earth’s albedo a which 
depends locally on the earth’s average surface temperature T. The simple albedo 
model used here appears in the papers by Budyko [5] and Sellers [18], see Fig. 1 
(1.). a(T) is chosen to be a constant close to 1 for low temperatures T < T. In this 
temperature regime all surface water is supposed to be frozen and to cover a big 
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portion of the planet by a bright ice layer making the reflection ratio relatively high. 
For high temperatures T >T the green-brown vegetation results in a low reflection 
ratio. In the regime between T and T the function a(T) is interpolated linearly. 

Thus, the right hand side of (1) is a difference of two functions, see Fig. 1 
(r.). For appropriate values of parameters the dynamical system (1) has two meta- 
stable equilibrium states Ti and X 3 separated by the unstable state T 2 . The lower 
metastable state T\ is interpreted as describing ice age temparatures whereas X 3 
determines warm ages. 

This model of climate has major shortcomings and therefore cannot picture 
reality. Indeed, solutions of (1) converge to either Ti or T 3 and oscillate with peri- 
ods of 10 5 years with relatively small amplitudes, due to the smallness of b. Most 
importantly, however, the typically observed spontaneous and rapid transitions 
between “cold” and “warm” states are impossible. 

To overcome this difficulty C. Nicolis and Benzi et al. added a noise term 
to the energy-balance equation ( 1 ) and obtained the following simple SDE for the 
global temperature: 

c < ^=Q{t){l-a{T{t)))-aT(tY + yTeW u c > 0 , ( 2 ) 

where IT is a standard one-dimensional Brownian motion and e > 0. In this setting, 
transitions between meta-stable states become possible, and - most importantly 
- transition times are small (of the order 10 2 years) and much more realistic. 

In the one-dimensional setting of the system (2) one can always represent the 
drift term as a gradient in the variable T of some potential function f7, i.e. we can 
find U such that 

= Qm __ a{Tm _ aT{t) *' 

Of course, the potential depends on time. Fig. 2 shows the incoming and 
outgoing radiation, their difference, and the corresponding potential function at 
times when the solar constant takes its minimum (left column) and maximum 
(right column). In terms of the potential U , equation (2) describes the dynamics 
of an overdamped Brownian particle in a double well potential, where the minima 
of the potential wells correspond to the “cold” and “warm” global temperatures. 
The depths of the potential wells vary periodically in time, and the left well is 
deeper for approximately 5 x 10 4 years. Clearly, this periodic and deterministic 
variation of the wells’ depths is the most important feature of the potential U. 

To catch the essentials of the effect and at the same time to simplify the 
problem we will work with a time-space asymmetric double well potential. In the 
strip ( x,t ) G 1 x [0, 1) it is defined by the formula 



ftM*), *e[0,|), 

\U2{x) = t/i(— x), te[\, l) 



It is periodically extended for all times t by the relation £/(•,£) = {/(•,£ + 1), see 
Fig. 3. We assume that the potential has two local minima at ±1 and a local 
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Figure 2. The drifts of (2) and the corresponding potentials at 
times when the solar constant takes its minimum (1.) and maxi- 
mum (r.). 




Figure 3. Time-periodic potential U . 

maximum at 0, that Ui(-l) = — U\(l) — | < y < 1, and Ui(0) = 0. We 

also suppose that the extrema of U are not degenerate, i.e. the curvatures at these 
points do not vanish. 

A trajectory of a Brownian particle in this potential is described by the SDE 

dX e t ’ T = -U'(X e t ’ T , dt + VedW u X^’ T = i£R, (4) 

where e > 0 is the noise intensity, and T > 0 the period. 

The problem of finding an intensity characterizing stochastic resonance now 
consists in determining an optimal tuning e = £(T), i.e. the noise intensity for 
which the trajectories X £ ' T look “as periodic as possible”. Of course, in these 
terms stochastic resonance is a rather unprecise concept. To make it precise at 
least requires measuring periodicity in diffusion trajectories. 
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2. Freidlin’s approach 

Using large deviations theory, M. Freidlin [8] explains periodicity as a quasi- 
deterministic property of diffusion trajectories for very large period lengths. 

Consider, for example, a Brownian particle in the time homogeneous double 
well potential U\ described by the SDE 

dX e t = -U[{X e t ) dt F^dW t . (5) 

For small e, this stochastic system can be considered as a small white noise pertur- 
bation of the deterministic dynamical system x = — U[{x). The Freidlin- Wentzell 
theory of large deviations [9] allows to study asymptotic properties of (5) as ► 0 
in terms of the geometric properties of the potential U\. It is intuitively clear 
that for small noise intensities the sample paths of (5) spend most of the time in 
small neighborhoods of the meta-stable states ±1. Jumps between the wells occur, 
but very rarely. The probability of these transitions can be estimated in terms of 
the so-called quasipotential which measures the work to be done by the diffusion 
in order to travel between points in the potential landscape. Let, for instance, 
Xq — — 1 and x belong to the left well. Then the quasipotential V{— l,x) can be 
found explicitly and equals 2(U\{x) — Ui(— 1)) and thus twice the height of the 
potential barrier between —1 and x. If x belongs to the right well and 0 < x < 1, 
then V(— l,x) = 2(Ui(0) — Ui(— 1)). Only the way “up” in the potential land- 
scape contributes to the quasipotential; the way “down” requires no work and is 
free. Quasipotentials are defined for rather general classes of stochastic systems by 
means of action functionals , for details see [9] . 

Let us define the first entrance time 

T y = inf{i > 0 : X\ = y }. 

Then the quasipotential at x and y determines the exponential order of Ty if the 
diffusion starts in x (under the law P^) in the limit of small noise, see [9, 8]. 

Theorem 2.1 (“Transition law”). For all 5 > 0 the following holds: 

limP ;r (e? (v/(x ’ !/) - 5) < r® < = 1. 

The most important statement of the theorem is that the system (5) has two 
exponentially different intrinsic time scales: the exit time from the left well is of 
the order e v / £ whereas the exit time from the right well of the order e v ! e . This 
results in the following observation: if we consider the trajectories of (5) on the 
exponentially long time intervals T e oc e A//£ , then for 0 < A < v the trajectory 
typically does not leave its initial well, and for A > v it spends most of its time 
near —1 (in probability). In other words, on the different time scales the system 
(5) has different meta-stable states. 

This description of meta-stable behaviour can be transferred to the time inho- 
mogeneous system (4). Let the period T = T e be such that lim e jo £ logT £ = A > 0. 
Then for A u the diffusion does not have enough time to leave even the shallow' 
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well during one half period, and therefore, as in the time homogeneous case, does 
not leave its initial well. However, if A > v , a new effect appears. 

Theorem 2.2 (Freidlin [8]). Let the process X £,T satisfy (4), and 

lime log T £ > v. (6) 

elO 

Then for all A > 0 and S > 0 the following holds true: 

A {t e [0, A] : \X$ - 4>(t ) I > <5} -> 0 

in P x - probability as e — > 0, where A{-} denotes Lebesgue measure on R, and 

m = t(modl ) e M)' 

\l, t (mod 1) e [5, 1), 

is the coordinate of the global minimum ofU{-,t), see Fig. 4. 




Figure 4. On time intervals satisfying condition (6) the diffusion 
X £ ' t is close to the deterministic periodic function <j). 

Theorem 2.2 suggests a measure of periodicity of diffusion trajectories: take 
the Lebesgue measure of those times the trajectories spend outside of a J-tube 
around the deterministic discontinuous periodic function </>. Condition (6) on pe- 
riod T e and noise intensity £ provides a family of tunings, without, however, sug- 
gesting an optimal one to determine the resonance point. This is illustrated by 
Fig. 4 (r.) which clearly suggests that for large T e excursions to the “wrong” well 
are not very long but frequent and destroy a periodic picture. 



3. Spectral power amplification 

The coefficient of spectral power amplification (SPA) is one of the physicists’ fa- 
vorite measures to measure periodicity of random trajectories, see e.g. [1, 4, 10, 
14, 19]. For the diffusion (4) it is defined by 




Jl'Kis 



ds 



V X (e,T) = 



2 



(7) 
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Figure 5. SPA coefficient as a function of noise amplitude has a 
well pronounced maximum depending at the frequency of periodic 
perturbation [1]. 

The function rj x having noise intensity and the period of time variation of the 
potential as arguments has a clear physical meaning. It shows how much energy 
is carried by the averaged path of the diffusion with noise amplitude e on the 
frequency ^ • The expectation E M indicates that averages are taken with respect 
to the time-periodic equilibrium measure of X e,T . This will be explained in detail 
later. 

Fig. 5 borrowed from [1] where ft corresponds to our ~ and D to the dif- 
fusion intensity £ shows that physicists expect a local maximum of the function 
£ i— > rj x (e, •). The random paths have their strongest periodic component at the 
value of £ for which the maximum is taken. In fact, Fig. 5 depicts not the SPA 
coefficient of the diffusion itself, but of its so-called “effective dynamics” . This “ef- 
fective dynamics” of the diffusion in a double well potential is a two-state Markov 
chain living in ±1 which reflects only the interwell dynamics of the diffusion while 
it neglects fluctuations inside the wells. It is a priori believed in the physical lit- 
erature that the “effective dynamics” adequately describes the properties of the 
diffusion in the limit of small noise. 

To determine the “optimal tuning” or stochastic resonance point if periodic 
tuning is measured by SPA means to find the argument e = e(T) of a local maxi- 
mum of £ I — > T] X (£, •). 

The key to the solution of this problem lies in determining the time- dependent 
invariant density ji of (X^) t >o. From now on we follow [17] and [13]. Although the 
diffusion is not time homogeneous, by enlarging its state space we can consider a 
two-dimensional time homogeneous Markov process (mod 1)) which pos- 

sesses an invariant law in the usual sense. By definition we identify the time- 
dependent equilibrium density pi of (X^ T ) t >o with the invariant density of the 
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two-dimensional process. Indeed, with respect to fx and for fixed t , the law of 
the real random variable has the density ix(-,t (mod 1)). The invariant den- 
sity /x is a positive solution of the forward Kolmogorov (Fokker-Planck) equation 
A* T n — 0, where 



4* . — 



18 e_&_ d_ 
Tdt' + 2dx 2 ' + dx 




is the formal adjoint of the infinitesimal generator of the two-dimensional diffusion. 
Moreover, from the time periodicity and time-space antisymmetry of the potential 
U (3) one concludes that /i(x, t) = /x(—x,t + |) and = /x(x,t 4- 1), (x, t) G 

E x E+. 

This results in the following boundary- value problem used to determine fx. 
It is enough to solve the Fokker-Planck equation A* T /x = 0 in the strip (x, t) G 
E x [0, |] with boundary condition /i(x, 0) = fx(— x, |), x G E. 



4. The spectral gap 

We have assumed in (3) that the time dependent potential U is a step function 
of the time variable. In the region (x,£) G E x (0, \) it is identical to a time 
independent double well potential U\, and therefore the Fokker-Planck equation 
turns into a one-dimensional parabolic PDE 

f + S ('‘ <I ’ t) S C ' ,(l) ) ’ (8> 

Let L* denote the second order differential operator appearing on the right hand 
side of (8). 

To determine fx we shall use the Fourier method of separation of variables 
which consists in expanding the solution of (8) into a Fourier series with respect to 
the system of eigenfunctions of the operator L* . It turns out that under the condi- 
tion that U\ is smooth and increases “fast enough” at infinity (for example, as fast 
as x 4 ), the operator L* is essentially self-adjoint in £ 2 (E, e~~^~ dx), its spectrum is 
discrete and non-positive, and the corresponding eigenspaces are one-dimensional. 
Denoting by || • || and (•, •) the norm and the inner product in £ 2 (E, e~^ dx) we 
consider the following formal Floquet type expansion 

v( x X) = Yl ak lS Y e ~ TXkt ’ OM) e R X [0, i], (9) 

k = o l|Wfc|1 

where {— A^, }fc>o is the orthonormal basis corresponding to the spectral de- 
composition of L*, where A 0 < Ai < A 2 < • • • , and the Fourier coefficients a k are 
obtained from the boundary condition fx(x, 0) = fi(— x, |),x G E. 

Here is the key observation opening the route towards finding local maxima of 
the SPA coefficient. The terms in the sum (9) decay in time exponentially fast with 
rates A&, and therefore the terms corresponding to larger eigenvalues contribute 
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less than the ones belonging to the low lying eigenvalues. This underlines their 
key importance. Fortunately, in the case of a double well potential the following 
theorem holds. 

Theorem 4.1 (“Spectral gap”). In the limit of small noise, the following asymp- 
totics holds: 

2U 1 

Ao = Ao(e) = 0, and 'Fq = e~ e ? 

Ai = Al(e) = ^\/ C7 "(l)l^ , (0)|- e-" /£ (l + 0(e)), 

X 2 = ^ 2 ^) > C > 0 uniformly in e. 

The result of Theorem 4.1 plays a crucial role in our analysis. There is a 
spectral gap between the first eigenvalue and the rest of the spectrum. Conse- 
quently, only the first two terms of (9) can have an essential contribution to the 
SPA coefficient rj x . 



5. Asymptotics of the SPA coefficient 

The following theorem gives the asymptotics of the first two Fourier coefficients 
ao and a\. 

Theorem 5.1. 

ao = ||*o||, 

a _ llttlll {M~W 

1 ll*o|| 2 ||$i||2^-irAi (*!(-.), ^Tj) 

where r vanishes in the limit of small noise and for T > exp{fy T 5)/e}, S being 
positive and sufficiently small. 

Recall the definition (7) of the SPA coefficient. Denote 

n 

S x {e,T)= E m X £ ’J • e 2ms ds. (10) 

Jo 

Then we identify g x — A\S X \ 2 . 

Theorem 5.2. Let T > exp{(u + d)/e} for 5 positive and sufficiently small. Then 
the following expansion for S x holds in the small noise limit e — > 0 
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where the rest term r\ tends to zero and the coefficients are given by 
bn 



= 



2U 1 (y) 

J ye e dy 



2 U 1 (y) 

Je e dy 



1 + e 2 ta i f y^i (y) dy 



bi=- 






/< 



2Ui(y) 



dy ||VI>i|| 2 — e-i TAl <vM-),*i> 



Finally , 



y x = b 2 0 - 



(AiT) 2 



■ 2 4t r 2 + (Ai ry 



+ R. 



where R tends to zero with e. 



ai) 



Let us now study the resonance behaviour of the SPA coefficient rj x , i.e. in- 
vestigate whether it has a local maximum in e. We formulate the following Lemma 
which is obtained by application of Laplace’s method of asymptotic expansions of 
singular integrals, see [7, 16] or also [17, 13]. 



Lemma 5.3 (“Laplace’s method”). In the small noise limit, the following holds 
true: 



bo = 



bi = 



_ ltfVi) 
4 £/{'(— l) 2 
— 1 4- 0{e), 



e 4 - 0(e 2 ), 



and consequently 

6 5 = 1 + 5^IF £ + c,(£2) ' (12) 

{bo - h) 2 = 0(s 2 ). 

Now we can formulate our main theorem. 



Theorem 5.4. Let us fix S positive and sufficiently small and A > v 4- S. Let also 
U\(x) — 2U\(—x) < v + V for all x E R (no strong asymmetry!). Then for T — ► oo 
and e from the domain 

v+S < < A 

logT — — logT 

the following asymptotic expansion for the SPA coefficient holds: 



V X (e,T) = 



\ . i ^c-iQ 

, 2 U?{-1)* , 



+ o 



log 2 T 



This result has the following surprising consequences. 

Corollary 5.5. For T — > oo and £ £ l^frl ^ e &PA coefficient is a decreasing 

function of £ if u[ 3 \— 1) < 0 and an increasing function of £ if u[ 3 \— 1) > 0. 
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Thus, the SPA coefficient as quality measure for tuning shows no resonance 
in a domain above Freidlin’s threshold for quasi-deterministic periodicity (The- 
orem 2.2). This contradicts the physical intuition for the “effective dynamics”. 
The reason for this surprising phenomenon can only be hidden in the intrawell 
behaviour of the diffusion neglected when passing to the reduced Markov chain. 
We return to this question later. Let us next study mathematically the “effective 
dynamics” of the diffusion (4). 



6. The “effective dynamics”: two-state Markov chain 



The idea of approximation of diffusions in potential landscapes by appropriate 
finite state Markov chains in the context of stochastic resonance was suggested 
by Eckmann and Thomas [6], and C. Nicolis [15], and developed by McNamara 
and Wiesenfeld [14]. In this section we follow [17, 13]. The discrete time case was 
studied in [12]. 

In order to catch the main features of the interwell hoppings of the diffusion 
(4) we consider the time inhomogeneous Markov chain T £,t living on the diffusion’s 
meta-stable states ±1. The infinitesimal generator of T £,t is periodic in time and 
is given by 

f (mod 1) G [0, \), 

^ (mod 1) G [5, 1). 

The transition rates (p and xp which are responsible for the similarity of the two 
processes are chosen to be exponentially small in e: 

V = T V / C/"(-l)|[/"(0)| • e~ v ' c and * = T^£/"(1)|C/"(0)| - e~^. 

To exponential order they correspond (as they should) to the inverses of the 
Kramers’ transition times (see Theorem 2.1). The invariant measure of can 
be obtained as a solution of a forward Kolmogorov equation and is given by 




V (t) 

v + (t) 



ip ip — ip e 

ip + ip~^if-\-tp\-\- e -i(‘P+i’) Tt ’ 

V V Z t e~^ + ^ Tt r 11 

(p xp (p + xp 1 -j- e --§(^+V0 Tt ’ ’ 2 ’ 



and z/ ± ( t ) = v^(t + |) for t > 0. 

We define the SPA coefficient rj Y for the Markov chain Y e,T analogously to 
(7). In the much simpler setting given it can be found explicitly. 



Theorem 6.1. For all e > 0 and T > 0 the following holds: 



V Y (e,T) 



4 T 2 (<p - xp) 2 

7 r 2 47 r 2 + T 2 ((p + xp) 2 



(14) 
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Figure 6. Function g designed to cut off diffusion’s intrawell dynamics. 



Compare (14) with (11). Since (ip ± ip) 2 « X 2 in the limit of small £, the 
formulae for rj x and rj Y differ only in the “geometric” pre-factor b 2 and the asymp- 
totically negligible rest term R. 

The exact formula (14) allows to study the local maxima of r} Y as a function 
of noise intensity for large periods T. 



Theorem 6.2. In the limit T 
mum at 



— > oo the function £ 



s(T) 



v+V 1 
2 logT’ 



rff (e,T) has a local maxi- 



The “resonance” behaviours of rj x and r] Y are quite different. Whereas the 
diffusion’s SPA has no extremum for small e, the Markov chain’s always has. What 
can be responsible for this discrepancy? Note that the Markov chain mimicks only 
the interwell dynamics of the diffusion. Thus, the SPA coefficient r] Y measures only 
the spectral energy contributed by interwell jumps. On the other hand, rj x also 
counts the numerous intrawell fluctuations of the diffusion. These fluctuations 
have small energy. But since the diffusion spends most of its time near ±1 the 
local asymmetries of the potential at these points become important and destroy 
optimal tuning. 

To underpin this heuristics mathematically, let us now make the idea of ne- 
glecting the diffusion’s intrawell fluctuations precise. For example, we cut off those 
among them which have not enough energy to reach half the height of the potential 
barrier between the wells. Consider the cut-off function g defined by 



9i x ) 



' -1, x£[xi,x 2 ], 
< 1, x £ [j/ 1 , 2 / 2 ], 

x , otherwise, 



where x\ < — 1 < X 2 < 0 and 0 < y\ < 1 < 2/2 are such that U\(x\) = Ui(x 2 ) — 
— \ and Ui(yi) = U\(y 2 ) = see Fig. 6. Now we study the modified SPA 
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coefficient of a diffusion defined by 



V X (e,T) = 



j\,[g{X^) 



/2nis 



ds 



Following the steps of Section 5 we obtain a formula for rj x which is quite 
similar to (11) and (14): 

~ 4 (Ai T) 2 



v ( £ >T) = &o 



where R is a small rest term, and 



7 r 2 47r 2 + (Ai Tf 



+ R , 






= ( /g(y) 



2C/i(y) . \ 2 

e £ dy \ 



““V /«- 



2I/-I (») 



= 1-4, 



dy 






(compare to (12)). 

The modified geometric pre-factor 5 q is essentially smaller than its counter- 
part 6 q. This has crucial influence on the SPA coefficient rj x : in the limit of large 
period and small noise its behaviour now reminds of rf Y . 



Theorem 6.3. Let the assumptions of Theorem 5.4 hold. Then for any 7 > 1 in 
the limit T — ► 00 the function e 1 — > rj x (e,T) has a local maximum on 



'lu + F 1 ^v + V 1 
7 2 logT’ 7 2 logT ' 

In other words, the optimal tuning for the measure of goodness rj x 
given approximately by 



e(T) 



v + V 1 
2 logT 



exists and is 
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Sample Holder Continuity of Stochastic 
Processes and Majorizing Measures 

Stanislaw Kwapien and Jan Rosinski 



Abstract. We show that for each weakly majorizing measure there is a natural 
metric with respect to which sample paths of stochastic processes are Holder 
continuous and their Holder norm satisfies a strong integrability condition. 
We call such metric a minorizing metric. The class of minorizing metrics is 
minimal among all metrics assuring sample Holder continuity of processes 
satisfying certain integrability conditions. The later result is in the spirit of 
Talagrand [4] who studied sample boundedness rather than Holder property. 

Mathematics Subject Classification (2000). Primary 60G17; Secondary 60G15. 
Keywords. Sample path properties, Holder continuity, majorizing measures. 



1. Preliminaries 



Let (T, d) be a separable metric space and let p be another metric on T. Let xp be 
a Young function. We investigate when the following implication holds: for each 
stochastic process {X(t) : t G T} 



if 



sup Exp 

s,teT 



V d(s,t) ) 



< (X) then 



sup 

s,teT 



1 * 00 -*(*)! 

p(s, t) 



< oo a.s. 



(i) 



We introduce a concept of a minorizing metric in this context. We show that if 
xp satisfies certain growth condition (see (2)), then (1) holds and the supremum 
on the right hand side has finite ^-moment whenever p is a minorizing metric 
(Theorem 2.1). Moreover, for every metric p satisfying (1) for all processes X, 
there exists a minorizing metric which is smaller than p, up to a multiplicative 
constant (Theorem 3.1); this justifies the qualifier “minorizing”. The latter result 
is in the spirit of Talagrand 5 s paper [4] which is concerned with sample boundedness 



The research of the first author is supported, in part, by the Polish Grant KBN 2P03A 02722. 
The work was conducted during his visit at the University of Tennessee, Knoxville. The research 
of the second author is supported, in part, by a grant from the National Science Foundation. 
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of stochastic processes rather than Holder property. We conclude the note with a 
couple of examples illustrating usefulness of the concept of minorizing metrics. 

Definition 1.1. A function 0 • that is strictly increasing, convex and 

0(0) = 0 is called a Young function. 

The assumption on the growth of the function 0 is the following 

0(x)0(2/) < 0(if(x + y)) for all x,y > 0 and some K > 1, (2) 

which can also be written in an equivalent form 

^~ l {xy) < K(^ 1 {x) + ip~ 1 (y)). (3) 

The condition (2) is obviously implied by the condition 0(x) 2 < 'ip(Kx) for all 
x > 0. Hence it is easy to see that a Young function of the form 0(x) = exp(0(x)) — 
exp(0(O)) satisfies (2) whenever 2 cj)(x) < (j)(Kx) for some K > 1 and all x > 0. 
Clearly the latter condition holds for any convex function 0 as well for some 
nonconvex functions. On the other hand, 0(x) = x p fails (2). 



Definition 1.2. A probability measure m on T is said to be weakly majorizing 
measure relative to 0 and d, if for each s,<gT 





dr < oo, 



where Bd(s,r) = {v e T : d(s,v) < r}. If m is a weakly majorizing measure then 
the function r = on T xT defined by 




will be called a minorizing metric , relative to 0, d and m. If r is uniformly bounded 
on T x T, then m is said to be a majorizing measure. 



Remark 1.3. 

1. The class of weakly majorizing measures can be quite large. For example, if 
T = N with the usual metric d, then every non vanishing probability measure 
is weakly majorizing. However, there are no majorizing measures on N. 

2. Suppose that J(S) = f* 0 _1 (A'(r, d; r)) dr < oo for some (all) 6 > 0, where 

N(T,d;r) denotes the minimum number of closed d-balls of radius r that 
cover T. In addition to (3) assume that J o 0 _1 (x _1 )dx < oo. Then there 
exist a majorizing measure m and a constant C depending only on 0 such 
that f* 'll )~ l r )) ) dr < CJ(5), for all s E T and 5 > 0 (see [3], Section 

11.2). Hence 

( s , t) < CJ(d(s , t)). 
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3- T^,d,m dominates d. More precisely, for every s,t £T 

m (s,t)>ip X (1 )d(s,t). 

For any constant a > 0, 



'^~'ip,ad,m — ,d,rri’ 

4. T^,d,m is a metric on T. 



Only the last statement of Remark 1.3 needs an explanation. We have to 
show that r = satisfies the triangle inequality. Indeed, let s,u,t £ T and 

suppose that t(s, t) = / Q d(s,t) V’ -1 ( m( b^Y ) ) dr • If 0 < d (s, u), then r(s, t) < 
r(s, ix) < t(s, ix) + r(u, £). If d(s, £) > d(s, u ), then 



pd{s,u) 1 x pd(s,t) / 1 v 

(M) = / 75-7 \\) dr + V , ~ 1 ( T 5 ~( 

Jo \m(Bd(s,r)) / J d(StU) \m(B d (s,r))J 



< T 



pd(s,t) — d(s,u ) 

(S '“ )+ X r ‘(; 

pd(u,t) 



■) 



dr 



< T 



m(B d (s, d(s, u) +r))> 

(s,u)+ / 0 M— — -r) dr < r(s,ix) +r(w,f). 

Jo \m{B d (u,r))J 



The second inequality follows from that Bd(u , r) C d(s, w) + r) and d(s, tx) — 
d(s, t) < d(u , t). 



2. Holder continuity 

Throughout this note the supremum of an uncountable family {Y{u)} u ^u of ran- 
dom variables will be understood as a random variable Z taking values in (— oo, oo] 
such that Y(u) < Z a.s. for each u £ U and such that, for any other random vari- 
able Z' with this property, Z < Z f a.s. It is well known that such Z can be chosen 
as snp ueUo Y(u) for some countable subset Uq C U. 0/0 = 0 by a convention. 



Theorem 2.1. Let ^ be a Young function satisfying (2). Let m be a weakly ma- 
jorizing measure relative to ip^d on T and let r = be the corresponding 

minorizing metric. Then there exists a positive constant c depending only on 0 
such that for each stochastic process {X(t) : t £ T} 



£0 



I c sup 

V s,t€T 



!*(*)- *001 \ 

r(t, s) ) 



< 1 -h sup E\p 

s,t€T 



/ |X(Q-X(s)| \ 

V s ) / ’ 



Recall that the Orlicz space P) is defined as 

L^(Q,P) = {£ £ L°(Q,P) : F/0(|£/a|) < oo for some a > 0}. 
P) is a Banach space with the norm 

Ilf IU = inf i a > 0 : ^Klf/ a l) < !}• 
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Corollary 2.2. Let {X(t) : t G T} be a stochastic process such that 



||X(s) - X(t) U < d(s,t) for all s,teT 

for some Young function satisfying (3). Then , for any weakly minorizing metric r 
and a constant C depending only on ip, 



sup 

s,teT 



\X(t)-X(s)\ 



T(t,s) 



< C. 



Theorem 2.1 is a consequence of Lemma 2.3 given below. The proof of this 
lemma is based on Fernique’s arguments concerning majorizing measures in case of 
Gaussian processes. We obtain a slightly stronger conclusion by making a stronger 
use of property (3). 



Lemma 2.3. Let ip be a Young function satisfying (2) . Let m be a weakly majorizing 
measure relative to ip,d on T and r = be the corresponding minorizing 

metric. Then there exists a constant c depending only on ip such that 



iplc sup 

' s,ter 



m-m s 

T(t,s) ) 



< 1 + 




I f(u)-f(v)\ \ 

d(u,v) / 



m(du)m(dv) 



for each continuous function f on T . 



Proof Let A,BcTbe such that m(A),m(B) > 0. We have 



f m. m (du) - r = / 

J a m{A) J B m(B) J AxB 



i A m(A) 

< d(A, B) [ 

J A 

< d{A,B)iP~ 1 



f{u) - f(v) 
m(A)m(B) 



m(du)m(dv) 



| f(u) - f(v) | m(du)m(dv) 



AxB d(u,v) m(A)m(B) 

\f {u) - f(v ) K m{du)m(dv) \ 
) m(A)m(B) J 



AxB 



d(u,v) 

< k 2 <i(a,b) (t-nu) + r ' 1 (A^) + r 1 (^)) , 



JtxT^( 



\f(u) - f(v ) I 



^ m(du)m(dv). The second inequality follows 



where U- JTxT ^ ^ 

from Jensen’s Inequality and the last one is a consequence of (3). 
Fix t,s E T. For u G T and r > 0 put 



f(u,r) = 



1 



yT f /( 

b w) J B d {u,r) 



m(B d (u, 

The above estimate yields that for every r\ , r 2 >0 
\f{u,n) - f(u,r 2 ) | 



v)m(dv). 



( 4 ) 



< K- 



! (ri +r 2 ) ip 1 (U) + ip 



m(B d (u,r i)) 



) + r‘( 



m(B d (u,r 2 )) 



)]■ 
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Let a = d(t , s ) Hence for each nonnegative integer n we obtain 



< K‘ 



3a 

2 n+1 



< 3 K‘ 



r ' [u) + r 1 + ’"'‘(mi B,kw))). 

a 

f 2 n+l / 1 \ 

- T ip-\U) + 2 V’ -1 (- — — — ^)dr 

1 V ' 7^ Vm(£ d (t,r))7 

/ ^?r / 1 \ 

^ \m(B d (t,r))) 



dr 



Therefore 



oo 

l/( 0 -/M)l<£l/(*,~)-/( 0 ^)l 



n=0 



<3iC 

Changing t to s we get 

|/(s) -/(a, a) | <3if 2 



<a*-‘(U) + 3j\-'( m(B ^ r)) ) 



dr 



+ 



m(Bd(t,r)) 

^ if 1 \ 

a ^ \m(B d (t,r))J 



dr 



Clip 1 (U) + 3 [ Ip 1 ( , 7 rr) 

/o \m(B d (s,r))J 



dr 



m(Bd(s,r)) 

+ r^H—Fwi — 

7§ \m(B d (s,r))J 

From the estimation (4) we also obtain 

|/(L a) — /(s 5 a) I < 3 ai^ 2 / 0 _1 (C/) + ^ -1 f — — — ^ r-) + '0~ 1 f — 7777 77) 

1 V ' M “ L \m(B d (t,a))J r \m(B d (s, a)) ) 



< 3if : 



; aip 1 (U)+ 2 [ ip 1 ( 7 W + 2 [ ip 1 ( 1 rr) dr 

[ /a \m(B d (t,r))J /a \m(Bd(s,r))/ 



Combining these three estimates and using the bound of d by r from Re- 
mark 1.3 we obtain 



1/(0 - /00l < 1/(0 - f(t,a ) I + I/O, o) - /(s,a)| + |/(s,a) - f(s)\ 
<9K 2 aip~ 1 {U) + V> _1 ( 1 



m(B d (t,r))) dV + Jo ^ im(B d (s,r))) dr _ 
<9K 2 [(iP~ 1 (l))- 1 iP~ 1 (U) + 2]T(s,t). 
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Thus, if c — 



4 [ U 1 ) 

27K 2 



then 



c sup 

s 



1/(0 ~ /( g )l 

r{t,s) 



<^' 1 (t/) + ^“ 1 ( !)• 



Applying function xf to the both sides of this inequality and using its convexity 
we conclude the proof of Lemma 2.3. □ 



The following lemma is well known in the context of majorizing measures. 
It allows the reduction to the case of finite T. We formulate this lemma in the 
language of minorizing metrics. Since its proof is similar to Lemma 11.9 in [3], we 
omit it. 



Lemma 2.4. Let r = r^^m- Let Tq be a finite subset of T and let do denote the 
restriction of d to Tq xTq. Then there exists a probability measure mo on Tq such 
that the minorizing metric tq on Tq, relative to if, dQ, m q, satisfies 

Tq ( s,t) < 2 r(s,t) for all s,t G Tq. 



Proof of Theorem 2.1. Consider {X(t) : t G To}, where To C T is finite. By Lem- 
mas 2.3 and 2.4 we have 

\X(t)-X(s)\' 

Nil ii i \ //; I f si I II 

,2 






C sup IXW-XMI 

s,ter 0 T{t,s) 



) s K 
< 1 + 



c sup 

s,teT 0 






T 0 {t, s) 

[ 4>{ } X ^ U } ( — 4^) m 0 (du)m 0 (dv). 

Jt 0 xT 0 v d(u,v) ) 



Hence 



hi 



sup 

s,teT 0 



\X(t)-X(s)\ 



) < 1 + sup Ex/. b 



|X(t)-X(a)| 

d(t, s) 



□ 



r (M) ' s,ter 0 

The Monotone Convergence Theorem completes the proof. 

Remark 2.5. It is interesting to find the best constant c = c^ in Theorem 2.1. We 
have shown that • Using a method from [4] instead of Lemma 2.4 in 

the proof of Theorem 2.1, we can also get 



3. The minimality 

The next theorem gives a converse to Theorem 2.1 and also explains the meaning 
of “minorizing” of the metric 



Theorem 3.1. Let (T, d) be a compact metric space and let xf be a Young function 
satisfying (2). Suppose that for each stochastic process {X(t) : t G T}, 



if sup 

s,teT 



E4’( 



d(t, s) 



< oo then 



sup 

t,seT 



l* («) -*(*)! 

p{t, s) 



< oo a.s. 
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Then there exists a weakly majorizing measure m on T relative to ip,d and a 
constant C such that for each G T 

m (s,t) < Cp(s,t). 



Proof. Using a slight modification of an argument of Talagrand (proof of Theorem 
2.3 in [4]), which in turn is based on a result of Assouad [1] and others, we prove 
that there exist a constant C and a continuous positive linear functional A on 
Cb(T 2 \ A) (the space of bounded continuous functions on T 2 \ A = {( u,v ) G 
T x T : t;}) with A(l) = 1 such that for each / G C(T ) with / G Cb(T 2 \ A), 

it holds 

sup <ca(i + V>(/)) , (5) 

s,ter ' ' 

where /(u, . Let C and A be as above. Following Talagrand [4], we 

define a probability measure m on T by the requirement 

g(t) m(dt ) = A (g), g e C(T) (6) 

where g{u,v) — We will prove that m is weakly majorizing measure and 

that the corresponding minorizing metric T^^,m dominates p (as in Theorem 3.1). 
In fact we will show that for all s, t G T 



Mm) / i x 

/ m 7 u ) dr ^ 1 0 KCp(t,s). 

J o \m(B d (s,r))J 



^m(B d (s,r))< 

Let s, t G T be fixed. Fix also e > 0 and define / G C(T) by the formula 

pd(s,x) 



(7) 



fd{s,x) 1 

f(x) = / ( —====== ) dr. 

Jo W e + m ( J B d ( 5?r ))7 



Observe that 



'<•■» s &«)- _ »■« v . ( 



'•\/e + m(S d (s,d(s,w) A d(s,t;))) 



) 



< 



r'(; 



v \/ e + m (B d (s , d(s, u) A d(s, v))) 
Hence / G Cb(T 2 \ A). Applying (3) and (5) we get 

1 Ms,*) 



)• 



1 MM , i x 

p{s,t) J 0 ^ \e + m(B d (s,r))) dr 



(8) 



< 2K 



L r d ( s d) , i \ 

: >*) Jo ^ '\/e + m(Bd(s,r))' 



p(s 

= < 
p{t, s) 

< 2KCA{1 + h) 



dr 



2KC\(l + ^(f)) 
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where 
h(u , v) 

By (6) 



1 

\fe + m(Bd(s,d(s,u) A d(s,v))) 
1 

+ 



^e + m(Bd(s,d(s,v))) 

A (h) < 2A (g) = 2 [ -= 1 

Jt V e + m(Bd(s,a(s,u ))) 

•X 1 



0(w) + s(v)- 

m(du) (9) 



< 2 



t y/m(B d (s,d(s,u))) 

r°° i 

- 2 / — = dF(r) < 4 

io " 



m{du) 



where F be the distribution function of the random variable £ defined on the 
probability space (T,m) by £(w) = d{s,u) ( s is fixed). Combining (8) and (9) we 
get 

pd(s,t) 



p{ 



1 , 
hL *"( 



) 

Letting 6 — > 0 we obtain (7) and conclude the proof. 



e + m(B d (s,r)) 



dr < 10 KC. 



□ 



Remark 3.2. If we take as the metric p in Theorem 3.1 the discrete metric (i.e. 
p(x,y) = 1 for x 7 - y), then Holder property with respect p coincides with the 
boundedness. The measure m obtained in Theorem 3.1 is a majorizing measure 
(because is bounded). Therefore, Theorem 3.1 gives also the necessary con- 

dition on sample boundedness established in [4]. 



A minorizing metric can be chosen to describe global or local properties of 
trajectories of a stochastic process. An advantage of the method presented in the 
paper is that usually it is easier to compute the minorizing metric for a given 
measure m than to find a majorizing measure for a given metric. We illustrate this 
point by the following two examples which contain quick proofs of some well-known 
results. 



Example 3.3. If we take T = [0, 1] with the metric d(s, t) = y/\s - t\, the Young 
function ^(x) = exp(x 2 ) — 1 then we check quickly that the Lebesgue measure on 
[0, 1] is weakly majorizing measure relative to x/j, d and the corresponding minoriz- 
ing metric satisfies it holds 

Cy/\s - t\ ln(e/|s - t\) < T^ t d t m{s,t) < C \/|s — £| ln(e/|s — t\), 

where c and C are positive constants. As an immediate consequence of Theorem 2.1 
we get that for the Brownian motion W ( t ) ,<>0 and for some C > 0 
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By the same argument, 



Eex p I C sup 

y [0,1] 



\X{t)-X{s) I 5 



\\s-t\\^\n(e/\\s-t\\) 



< oo 



for a fractional Brownian motion X(t), t G 
0<H<1. 



with the self-similarity index iJ, 



Example 3.4. Let T, d, and ip be as at the beginning of the previous example but 
we take m given by m{dt) = t~ l In _2 (e/t) dt. Then 



^,d,m(0,i) < C \J\t\ ln(ln(e/|£|)) 
As an immediate consequence of Theorem 2.1 we get 



jUexp I C sup 



\W(t) I 2 



< OO. 



\ te [o,i] t ln(ln(e 2 /t)) ^ 

Similarly we can deduce an analogous result for a fractional Brownian motion. 

In the forthcoming paper [2] we apply the method of minorizing metrics to 
obtain new results on sample boundedness of sequences of Levy integrals. 
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Abstract. We give a definition of the canonical Killing vector field associated 
to a hypoelliptic bridge. 

Relation with cyclic cohomology is given, by using stochastic Chen iterated 
integrals. 
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1. Introduction 

Let us consider a compact manifold M, endowed with a circle action, that is a 
periodic group of diffeomorphisms. Its generator X is called the Killing vector field. 
Jones-Petrack ([31]) motivated by the works over the loop space of Bismut ([10, 11]) 
and the localization formulas of Berline-Vergne ([8]) and Duistermaat-Heckman 
([16]) have considered the equivariant de Rham complex. It is constituted of the 
space of invariant even forms and invariant odd forms under the circle action and 
of the complex (d + %x) where d is the exterior derivative and %x the interior 
product by the killing vector field. It is a complex because the Lie derivative of an 
invariant form a is 0 and is equal to (d -f ix) 2 &- The fixed point set of the circle 
action, that is the points where the vector field is 0, is a submanifold of M and 
Jones-Petrack have shown that the equivariant cohomology of M is equal to the 
cohomology of the fixed point set. 

The theorem of Jones-Petrack works for the smooth free loop space Lqo(M) 
of smooth maps 7 from the circle 5 1 into M. It inherites clearly a natural circle 
action. The Killing vector field is Xoo,det(7)(s) = d/ds^y(s) (A vector over a loop is 
a section of 7 *T(M), the pullback bundle of T(M), the tangent space of M, by the 
map 7). Since, we consider smooth loops endowed with its natural topology of a 
Frechet manifold, Xoo is a smooth vector field on Loo(M). Jones-Petrack state that 
the equivariant cohomology of the smooth loop space is equal to the cohomology 
of the manifold, because the fixed point set of the smooth loop space under its 
natural circle action is nothing else than M. 
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We are motivated in this work by an extension to the continuous case. A 
previous work was done, by considering the B.H.K. measure over the free loop 
space, associated to the Brownian loop over a Riemannian manifold. In [50], we 
established a stochastic equivariant cohomology associated to the Brownian loop 
and show that the stochastic equivariant cohomology groups are equal to the de 
Rham cohomology groups of the manifolds. For that, [50] used a refinement of the 
stochastic Chen-Souriau calculus, which allows to define the speed of the curved 
Brownian loop. Let us recall that the first who have defined the speed of the 
(flat) Brownian motion is white noise analysis ([25]). Leandre ([36]) for the curved 
Brownian bridge, by using a technique analogous to Hida calculus has defined a 
kind of interior product by the stochastic Killing vector field. 

Getzler-Jones-Petrack ([23]) have established a link between equivariant co- 
homology of the smooth free loop space and cyclic cohomology, by using Chen 
iterated integrals. [50] has shown that the result remains true for the stochastic 
equivariant cohomology related to the elliptic B.H.K. measure associated to the 
Brownian motion on a manifold. 

In order to understand the B.H.K. measure, we need two ingredients: 

- A heat kernel. 

- A bridge between x and x of the diffusion which is a semi-martingale. 

There are heat kernels in other situations than the classical elliptic situation: it is 
the subject of Hoermander’s theorem ([28, 53]). Jones-Leandre ([30]) have shown 
that the bridge of a hypoelliptic diffusion is a semi-martingale. 

So the goal of this paper is to replace the elliptic B.H.K. measure by a hy- 
poelliptic B.H.K. measure in [50]. We establish first the existence of an equivariant 
stochastic calculus in the hypoelliptic Chen-Souriau sense, and establish the link 
between the hypoelliptic stochastic equivariant complex and the cyclic complex. 
In the first part, we use the standard stochastic diffeology on the free loop space 
of [46] . But in order to show a fixed point theorem by using the method of Jones- 
Petrack, we have to show that a convenient tubular neighborhood of M in the free 
loop space retracts on M. This has to be seen at the level of stochastic plots. A 
stochastic plot of the standard diffeology does not retract equivariantly on a plot 
on M. We have to introduce a refined stochastic diffeology in order to get the 
requested invariance by retraction of stochastic plot in this tubular neighborhood 
of M in the freee loop space. By doing as in [50] a refinement of the stochastic 
diffeology used, we can establish the requested hypoelliptic fixed point theorem: 
the hypoelliptic equivariant cohomology is equal to the cohomology of M. 

For the deterministic Chen-Souriau calculus, we refer to [13, 27, 59] and some 
works of Froelicher ([21]). For the stochastic Chen-Souriau calculus, we refer to 
the works of Leandre [40, 43, 44, 46, 47, 50]. 

We refer to the surveys of Leandre [42] and [49] for the relation between 
infinite-dimensional analysis and topology. 

We thank the warm hospitality of the Institute of Mathematics, IMPAN, 
Warsaw where this work was done. 
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2. Study of the first diffeology 

Let us consider the smooth free loop space L 00 (M ), that is the set of smooth maps 
7 from the circle S 1 into M. They are in particular of finite energy: 

d/ds'y(s)\ 2 ds < oo. 

Loo(M) is a Frechet manifold. We can consider a deterministic form a det over 
it. Let us precise a little bit what it is: a tangent vector of a loop is given by 
s — » X s £ T 7 ( s )(M) which is smooth. If r s is the parallel transport over the 
smooth loop, X s = t s H s where s — > H s is a smooth path in T 7 ( 0 )(M) such that 
t\Hi = Hq. Therefore, a k- form appears as a fc-antisymmetric distribution which 
depends smoothly on 7. 

We can define the exterior derivative of a form a det as usual, if it is a n — 1- 

form: 

da det (X u ...,X n ) = <d(a de t(X 1 ,...,X i - 1 ,X i+u ...,X n )),X i > 

+ £(" iy +j a det ([X i ,X j ],...,X i-lj-^i+1, • • • , • • • > AT n ), 

i<j 

where Xi are smooth vector fields on L ^ (M) for the Frechet topology. 

On the free smooth loop space, the natural circle action ^ : 7 — > {s 
7 (t + s)} is a smooth transformation spanned by a vector field, called the canonical 
vector field X^^et • ^oo 4 et{l){s) = d/ds^(s). We can define the set of r- forms 
A inv,det invariant under rotation over the free loop space, and we can define det 
the set of formal series of odd forms invariant by rotation and A^ v det the set of 
formal series of even forms invariant under rotation. 

(d + ixoo.deJ permutes the two previous spaces of forms invariant by rotation 
over the smooth loop space. Moreover, it defines a complex: namely if a form a det 
is invariant by rotation, its Lie derivative (d -F ix det ) 2(7 det is equal to 0. The big 
difference with the equivariant complex and the traditional de Rham complex is 
that d adds one degree to the form and ix ^ det substracts one degree. So it operates 
from odd forms into even forms and reciprocally. Let us recall the theorem of Jones- 
Petrack ([31]): the equivariant cohomology of the smooth free loop space is equal 
to the cohomology of the manifold. 

It is a fixed point theorem, because the fixed point set under the natural 
circle action of the smooth free loop space is the manifold itself. 

Let us consider some smooth vector fields Xi over M, such that in all x, 
the Lie algebra spanned by the Xi is equal to the tangent space of M in x. We 
introduce Hoermander’s type operator ^ X f. The semi-group spanned by it has 
got a smooth density p t {x , y ) (see [28, 53]) and it is represented by the solution of 
the stochastic differential equation in Stratonovitch sense: 




dx t (x) = yX t {x t {x))dBl ; x 0 (x) = x 
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where B\ are independent flat Brownian motions. If we constrain the diffusion 
x t (x) to come back at time 1 at x, we get still a semi-martingale ([30]), and the 
law of continuous loops starting from x and coming back at x is called Pi ?x . We 
put (see [10, 11, 18, 26]): 



d/i = 



Pi (x,x)dx 0 dP\^ x 

f M pi( x ’ x ) dx 



It is a measure over the continuous free loop space, L(M ), which is invariant under 
rotation. We can consider that the hypoelliptic bridge is in fact Hoelder, such that 
we can work over the Hoelder free loop space L a (M). 



Definition 2.1. A stochastic plot of dimension m, 4> st = (C/, fa , &i)ieN is given by 
the following data: 

- A fixed open subset U of R m . 

- A countable partition O* of L(M). 

- A family of smooth applications (u, s,y) Fj(u,s,y) from U x S 1 x M 
bounded with bounded derivatives of all orders, with values in where the 
compact manifold M is imbedded. 

- Over fa(u) = {s — > Fi(u,s, 7 (s))} belongs to L(M). 

Let Cl N be the set of loops such that sup^^^/jv d(y(s), ^(t)) < r where 
d is the Riemannian distance over M and r a small positive real number. By 
considering the partition D Cl N , we can suppose in Definition 2.1, that each 
Q,i is included in some Sl N . We have imbedded M into R d . We can consider the 
regularization of a loop 7 by convolution 7 ^, and since we are in £l N , 7 ^ is not 
far from M: we project it on M, and we get = *y N where 7 r is the projection 
from a small open neighborhood of M in R d into M. Let </> st = (U,fa,fli) be a 
stochastic plot. We define the approximated plot in the deterministic loop space 
(j)^ t of length N associated to (j) st by: 

- <$ ( u ) = {s — > Fi(u, s,~/(s)) N } over ^ 1 D iV where we approximate the plot 
by convolution and project it on M. 

Let us remark that 0“ 1 D iV is included into 0“ 1 n iV+1 and their union is equal 
to U over Since over (j)~ l Vt N , u — ► (f>^{u) is a smooth random map from 

into Loo(M), we can take the pullback of a deterministic form Gd&t by it. We get 
a random form (fr^ctdet over (j)~ 1 Q N . 

Definition 2.2. A stochastic form a st is given by the following data: 

- A deterministic form a det over Loo(M) which is called the squelettum of the 
stochastic form. 

- To each plot 4> st = (U,fa,Sli)i e N, 4>^ t *(Jdet tends in probability to a random 

form fastest for the smooth topology with compact support. This means that 
over each over each <fi^'*<7det = <t>^t a det for N' > N tends for the 

smooth topology to the restriction of (jf st a st to the open subset of (j)~ l £L N of U. 
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Remark 2.3. There is only one a det which determines a s t , because we can consider 
the plot u — > {s — > F(u, s)} with values in Loo(M) for some convenient F. 

Remark 2.4. A stochastic form satisfies the two main properties of stochastic 
forms in the sense of Chen-Souriau in [40, 43, 46]. These are the followings: let 
j : U\ — * U 2 be a deterministic map from U\ into U 2 • let (j) 2 st — a 

stochastic plot, and let <f)\ t = {U\,(j) 2 o j, Q*) be the composite plot. We get almost 
surely as random forms: 

j*<t> 2 s*tP st = 4> l s * t <Jst- 

Moreover, let (f) l st = ([/, <^,0*) and (p 2 t — ([/, be two stochastic plots: let 

us suppose that there exists a random transformation from some Qj into some 
Vt 2 such that <fij — 4>j 0 ^ over a set of probability not zero. Then, almost surely 
on this set of probability not 0 

as random forms over U. 

A stochastic form is said invariant under rotation if its squelettum a det is 
invariant under rotation. By the second property of Definition 2.2, if a st is a 
stochastic form with squelettum a det , d<j st is still a random form with squelettum 
da det- Therefore, the stochastic exterior derivative defines a complex over the set 
of random forms. It is not the same for ix&,°st, where Xoo is the stochastic Killing 
vector field, which formally generates the circle action over the free loop space. 
We put: 

Definition 2.5. A stochastic form with squelettum a det has an interior product ix ^ 
by the stochastic Killing vector field if ix ^ det 0 ' det determines a stochastic form, 
where ix^^et denotes the interior product by the canonical Killing vector field on 
the smooth loop space. 

Clearly, if ix^st exists, ix^ix^st = 0. If ix^st exists, di Xoo °st exists, 
but it is not clear that ix^dagt exists. 

Definition 2.6. A 2 ^ v st is the set of even stochastic forms which are invariant under 
rotation and which admit an interior product by Xoo, the stochastic Killing vector 
field- is the set of formal series of odd stochastic forms, which are invariant 

under rotation and which admit an interior product by the stochastic Killing vector 
field Xoo. 

If a form of given degree is invariant under rotation and admits an interior 
product by the stochastic Killing vector field, its squelettum a det satisfies 

+ ix o 0 , det d<Tdet = 0. 

Therefore, ix^dast exists and we have the relation: 

dix^ ° st + ix^dast = 0 . 



We get therefore: 
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Theorem 2.7. d+ix^ defines a complex from A k nv st into A k ^ st working k mod 2 . 
It is called the stochastic equivariant complex over the free loop space . 

Its cohomology groups H°£y st and Hf£ v s t are ca ^ e d the stochastic equivariant 
cohomology groups with respect to this diffeology. 

Let us give an example, which comes from the works of Getzler-Jones-Petrack 
[23] (see [50] too). 

Let uj n be an element of the algebraic tensor product Q(M) 0 
Q(M) denotes the set of smooth forms over M and fi.(M) denotes the space of 
smooth forms of degree not equal to 0. If u n = oq 0 • • • 0 u; n , we denote its total 
degree 

n 

deg Q n = degwi + ^(deg(w,) - 1 ). 

2 = 2 

In the sequel, we will denote by C 2k the set of formal series of elementary tensor 
products of even degree. We get an analoguous definition of C 2k+1 . 

As example, we can consider the case of exponential form sum of u n = 
1 0 ou 0 • • • 0 a;, where we take the same uo. This exponential form belongs to 

(j2k 0 £*2fc+l 

Let be u) n = uo\ 0 • • • 0 uj n . Let us introduce the Hochschild boundary: 



71—1 

b(6j n ) = €iUJi ® ® Wi A u>i + 1 <g> • • • <g> u n 

1 = 1 

n 

+ € n UJ n A UJi 0 (jJ 2 • * • 0 0J n - 1 + t'i^ 1 ® “ ' CUi ~ 1 ® ® ^+1 * * * ® U n - 

2=1 

The signs ei and e' are given in [23] . The Hochschild boundary increases the degree 
of one unit. Let us define the cyclic boundary B of Connes ([14, 23, 52]): 

72 

B(w n ) = ^2 0 OJi 0 UJi + 1 0 • • * 0 U) n 0 UJi 0 UJ2 • • • 0 OJi- 1 . 

2=1 

The signs e”* are given in [23]. B decreases the degree of one unit. If uj\ is a function, 
B(cu n ) — 0. B(Cu n ) belongs to fl(M) 0 Sl.(M)® n if Co n belongs to QfM)® n . 

Let us recall (see [23]) that b + B realizes a complex from C k into C k+1 called 
the cyclic complex. 

Let e s be the evaluation map 7 — > 7 (s). Let uj be a r- form over the manifold. 
e*a> is the form over the free loop space which to r vectors A x (.), . . . , X r (.) over a 
loop associates u(j(s))(X 1 (s), . . . ,X r (s)). ix ^ det ^J(^) is the form over the free 
loop space which, to r — 1 vector fields A x (.), . . . , X r-1 (.) over the free loop space, 
associates uj( / y(s))(d/ds^y(s) 1 X 1 (s), . . . ,X r_ 1 (s)). Getzler-Jones-Petrack have in- 
troduced the equivariant Chen iterated integral ^ d) n defined by: 
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£(D n realizes a smooth form over L 00 (M). The Hochschild boundary corresponds 
to the exterior derivative of the iterated integral [23] . The Connes operator corre- 
sponds to the interior product of the iterated integral by the canonical determin- 
istic Killing vector field (see [23]). We can write the iterated integrals in another 
way (see [50]). 

Sw n = f e^widsiA f e* 2 ui 2 (d'j(s2),...)/\---^e* Sn ui n (d'y(s n ),...) 

Jo j Si<^S 2 < C" ‘ < Cs n <CSi~\-l 

. (1) 

where we have writen d/ds r y(s)ds = d / y(s). This expression is more appropriated 
to stochastic calculus. (1) allows us to state, as in [50] the following theorem: 

Theorem 2.8. Dd; n defines a random form T, st oj n . 



Let us explain a little bit Theorem 2.8. Let us consider u 
where dega^ = r x . We extend the forms uji with forms with bounded derivatives 
of all orders over R d . Let <f>i(u) = {s — > F x (u , 5,7(5)} be a stochastic plot and (j)f 
its regularized plot. Let X{. some vector fields over U, ij G [1,77 — 1] if i > 1 and 
1 j G [1,7*1]. We have, modulo some antisymmetrizations we don’t write, 



= ui(Fi(u, .,7) w (si), d Xll Fi(u , s,7) iV (si), . . . , d Xlri Fi(u, .,i) N {s 1 ))ds 1 



L 



<S 2 <-<S n <S 



n ^ f ^ ( u > ■ > 7) ^ ( s j ) > p i (u, . , 7) ■ n {sj ) , 

1+1 V 

dx n Fi(u, ., 7 ) N (sj), • • ^dx^.^Fiiu, -n) N (sj)J + cc. 



The counterterm appears when we schuffle the vector fields Xj i over the parameter 
space U. This stochastic integral converges for the smooth topology in U over the 
limit non-anticipative Stratonovitch integral: 



$st ^stOJn (-X- 1 1 5 • • • 5 Xl ri 5 • • • 5 •) • • • 5 X Ur n x ) 

= wi(Fi(u, s 1 , 7(si)), d Xll Fi(u, ai,7(3i)), • • • . dx lri Fi(u, s 1 ,'y(s 1 ))dsi 
[ . W^i{Fi{u,Sj^{s j )),d Sj F i {u,s j ^(s j )), 

J Si 1 



<s 2 <---<s n <s 1 + l ' 



d Xjl Fi{u, sj, 7(sj)), . . . , d Xjr _ 1 Fi{u, Sj, 7(5^ + cc 



which defines random forms over U (see [40, 43] for analoguous statements). The 
counterterm cc comes when we schuffle the vector fields X ^ . 

Let us recall that the manifold M can be seen as the fixed point set of L(M) 
under the circle action. Let d be the Riemannian distance on M and let T e (M) be 
the set {7 : sup s t d( r y(s), j(t)) < e}. T e (M) is invariant under the circle action. It 
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is an equivariant neighborhood of M. Let h(s,t) = d 2 ( / y(s)^ 7(2)) if 7 (s) and y(t) 
are close and equal to 1 if 7 (s) and 7(2) are far, and which is smooth in 7(5) and 
7(t). We introduce a functional g(h(s,t)) = 1 if h(s,t) < 77 for 7*1 small enough 
which behaves as (77 — h(s,t))~ k for a big k if h(s,t) — ■* 7*2- for a small 77 > 77 
and is equal to infinity if h(s 1 1 ) > 77. We suppose that g is smooth over [0 , r*2 [ and 
larger than 1. Let / be a smooth function from [l,oo[ into [0,1] equals to 1 at 1 
and with compact support. We consider the functional 

H ri ' r2 (7) = 1 ~f^f f 9(h(s, t))dsd?J . 

We define O e = {7, sup s t d( / y(s ) 1 y(t)) > e}. It is an open subset of L(M) invariant 
under the natural circle action. Let us give O e and O e > for some e' > e. We can 
find H ri,r 2 with support in O e and equal to 1 in O e ' for some e f > e, if we work 
over the 1/2 — a Hoelder loop space. Namely, the hypoelliptic loop is almost surely 
1/2 — a Hoelder for the following reason. If we don’t condition the hypoelliptic 
diffusion x t (x) to come back at its departure, we get for all p in N: 

E[d 2 p (x t (x),x t ,(x))]<C\t-t'\ p (2) 

where we have regularized the square of the geodesic distance d. But the Brownian 
functional d 2 p (x t (x), x t > (x)) belongs to all the Sobolev spaces of the Malliavin 
calculus, and pi(x,x) > 0 by Hoermander’s theorem (see [6]) for a probabilistic 
proof). We deduce by using the tools of quasi-sure analysis (see [1] and [60]) that 

E[d 2 p (x t (x),x t '(x))\xi(x) = x) < C\t — t' \ p . 

The result holds by Kolmogorov lemma. 

H ri r2 has its support in O e and is equal to 1 over O e /, if we work over the 
Hoelder loop space. In such case, we will say that H ri r 2 satisfies to property H. 
The cutoff functionals H ri r 2 are Frechet smooth for the Hoelder topology, and a 
fortiori smooth for the Frechet topology over the smooth loop space. 

We say that a stochastic form belongs to A st (O e ) if for all modifier functions 
H ri T2 satisfying the property H the form H ri,r2 crdet is a stochastic form over the 
full loop space L(M). This defines a squelettum cfdet over Loo(M) n O e such that 
for all modifier functions H ri ^ 2 a st determines a stochastic form over the free loop 
space. 

Since O e is invariant by rotation, we can repeat the considerations above 
for stochastic forms over O e , define an interior product by the stochastic Killing 
vector field and define an equivariant exterior derivative. We get two stochastic 
cohomology groups H°? d (O e ) and H|/(O e ). The end of this part is devoted to 
show the following proposition: 

Proposition 2.9. H^(O e ) = H°? d (O e ) = 0. 

The main difficulty to repeat the argument of [31] is that the Brownian loop 
is of infinite energy. 
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Let us remark that over O e , f* \ / y(s)\ 2 ds > a > 0 for a given constant a. 
Let us consider the cover of ]0, oo[ by the intervals ] g^rpyy, jj^[ where ^ = oo. Let 
us consider a partition of unity f k associated to this cover. Let us introduce a 
function g from R into [0, 1] equal a 1 over R~ and equal to zero over [a/2, oof. 
We imbed M into R d , and we denote by <,> x the Riemannian tensor in x in R d 
which extends the Riemannian metric over M. We put: 

F N ' k ( l) = f k j < d/ dsip t ('f N )(s), d/dsip t (l)( s ) >M'r)(*) ^ • 

F N,k * s i nvar i an t under rotation. We put: 

N 1 / /» 1 /• 1 

c~(7) = n 9 (l * l < d/dsi/j t ('y l )(s),d/dsipt{'y)(s) >Mi)G) ds 

G N is invariant under rotation. G N and F N,k define clearly stochastic functionals 
with respect to the diffeology. Moreover, over L 00 (M), we have: 

oo > ^2 G N F N ’ k = E > 0. 

N,k 

The sum is in fact finite. Let 0 Nk the open subset: 

7 : / / dsdt < d/ds'tp t (l N )(s),d/dsipt('y)(s) 

J 0 Jo 

fi N ,k __ g_ f ; constitutes a partition of unity associated to the cover 0 N k 

of Loq(M) n O e . Moreover F N,k constitutes a smooth stochastic functional with 
respect to the previous diffeology. It constitutes a stochastic partition of unity of 
O e . That is, if we consider a stochastic plot </> st = (£/, D^ e jv, we have almost 
surely as smooth function over U for all integers M : 

Y,F N ’\^{u)) = l 

N,k 

over each and the sum is almost surely finite. 

In the sequel, we put (AT, k) = a. Over the set of indices, there is a natural 
order. We consider a set of indices (oq < • • • < a n ) = / n . 0 In = O a i r " ,Qn = f)O ai . 
We say that a stochastic form is defined over 0 In if for all smooth function / J 
with compact support in ] [ , the form 

iW / dsdt < d/dstl) t ('y Nj )(s),d s /ds'ipt('y)(s) >Mi)(s) a *t 

Jo Jo 

defines a stochastic form over L(M). 

Since 0 In is invariant by rotation, we can define a stochastic equivariant 
complex over 0 In . We get equivariant stochastic cohomology groups called (J n ) 
and H° dd (I n ). 




Lemma 2.10. Ifn^O, H st (I n )H e J(I n ) © H° dd {I n ) = 0. 
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Proof. Let us consider Ni such that ot\ = (iVi,fci) . We consider the stochastic 
equivariant 1 form: 

a Nl = ( ds ( dt < d/dstp t (-y Nl )(s),. >v, t ( 7 )( s ) • 

Jo Jo 

For a stochastic plot </> = ([/, we get if X is a vector field over U : 

(f)*a Nl (X) = ( f dsdt < d/dsip t (H u ) Nl )( s )i >M<Ku))(s) • 

Jo Jo 

We have 

ixoo^ = f dt [ < d/ds# t (7 iVl )(s),cf s V’t(7)(s) >4>th)(s) ■ 

Jo Jo 

This interior product is therefore larger than kf 1 . Therefore, 

{d + i x Ja N 1 = (i Xoa a N 0 (l + • ( 3 ) 

%x oo^ 1 is a functional in our weaker sense strictly larger than 8 ( fc a +1 ) over 0 In . 
We can define - — It is therefore still a functional in our sense in 0 In . We 

check clearly that the stochastic forms invariant under rotation over 0 In having 
an interior product by the stochastic Killing vector field constitute an algebra for 
the stochastic wedge product. Moreover, 

(d + i Xoo )(cr st Aer' st ) = {d + i Xoo )a st A <r' st + (-l) des<Tst cr st A {d + i Xoo )a' st 

by pulling back this formula through a plot and approximating the plot. Therefore, 
(d + Uoo)^ 1 has an inverse over the algebra of stochastic forms over 0 In . It is 
given by the formula: 




Moreover, 

(d + ixJP Nl =0 

by (3), because a Nl is invariant under rotation and because 

/3 Nl A (d + i Xoo )ot Nl = 1 . 

It remains to remark that 

= ((d + zxoo)<r) A<r'+ signer A ((d + i Xoo W)- 

Let us choose a stochastic form cr st over 0 In such that (d + i Xoo )(T s t — 0. We 
deduce that: 



Therefore the result. 



o s t = (d+ i Xoa )(a Nl A P Nl Act st ). 



□ 
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Let I n — a.j = P n . A stochastic form associated to defines clearly a sto- 
chastic form associated to I n . There is a bigraduation over the form associated to 
I n : the degree in the sense of Definition 2.6 and the length of I n . We call the space 
of associated stochastic form K r st T . We deduce a bicomplex: 

- The equivariant stochastic derivative d + ix oo which transforms A r st In into 

i 

IY st,I n - 

- The Cech complex: {5a s t)i n = ^(-1 ) 3 cr s t,i n -a r 

These two complexes commute. We can conclude now: 

Proof of Proposition 2.9. Let us recall, when there is a first quadrant bicomplex 
(d, 5) on A P,9 ,p > 0,q > 0 with complexes commuting ( d5 = Sd ), we can consider 
its total bicomplex d -f sign <5 = d to t which operates on E n = Y2 p + q=n A P, L There 
are some total cohomology groups which are related to the total complex. There 
is an algebraic procedure, called spectral sequence, in order to approximate the 
total cohomology groups. We approximate iteratively the total cohomology by a 
sequence of cohomology groups associated to some complexes d r which apply A p,q 
to A v+r, q -r+i' M ore precisely, at the further step, we start from the cohomology 
groups of the previous step. At a first step, we consider d alone, and we get 
Ef ,q — Hd{ A p,<? ), the cohomology groups deduced from d. At a second step, we 
consider the differential <5 alone, and we apply 5 to the spaces got from the first step, 
and we get E% ,q = Hs(H d ( A p ’ q )). This approximation procedure converges when 
we iterate to the total cohomology of the total complex (see [12]). We would like 
to apply the spectral sequence formalism in our context, mimicking the classical 
proof of [12, p. 166-167] that the Cech cohomology of a manifold is equal to the 
de Rham cohomology of the manifold. For that, we replace the bicomplex (S, d) by 
the bicomplex (d, d + ix^)- Following [62, p. 202], if Sa st = 0, then a st = Sa st , i, 
because of the existence of partition of unity invariant under rotation on the open 
subset O e of the Hoelder loop space given previously. We have: 

(Vst,l)l n =E P fast) a, a i,...,a n * 
a 

Since F a is invariant under rotation, we get a form which is invariant under ro- 
tation. We can repeat the proof of [12, p. 166-167]. In the spectral sequence as- 
sociated to the bicomplex (d , d + ix oo), the first terms E\' q are equal to 0, except 
in the first column where we find A p st (O e ). The second terms E^ q are all 0 except 
for the first column where we find the cohomology groups for d + ix ^ of A p st {O e ). 
Therefore, the spectral sequence degenerates after the second order, and we find 
that the stochastic equivariant cohomology groups of O e are equal to the total 
cohomology groups of the bicomplex. 

We invert the role of the two complexes. Since the stochastic cohomology 
for the equivariant stochastic exterior derivative over 0 In is equal to zero, all the 
terms Ef ,q are equal to 0. This shows that the total stochastic cohomology groups 
of the total bicomplex are equal to 0. Therefore the result. □ 
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We can state an analoguous proposition: 

Proposition 2.11. Let e' > e > 0. Then the stochastic equivariant cohomology 
groups of O e D TV are equal to 0 . 



3. A hypoelliptic fixed point theorem 

Let T e be the equivariant open subset defined by {7 : sup s t d(y(s),y(t)) < e}. We 
would like to show that its equivariant stochastic cohomology groups are equal to 
the de Rham cohomology groups of M, if e is small enough. We need a retraction 
map from T e to M which commutes with the natural circle action. Let r E [ 0 , 1 ]. 
We choose 

= exp 7(s) [r(7(t) - 7 («))] 

conveniently extended over in a functional with values in with bounded 
derivatives of all orders. 7 (t) — 7 (s) is the vector over 7(5) of the unique geodesic 
joining 7(5) to 7 (t). This gives a retraction map from the loop t 7 (t) to the 
constant loop t — > 7(5). But it is not equivariant under the natural circle action 
because we choose the time s. We average under the natural circle action: we 
get f Si F(r, / y(s),y(t))ds which is not far from M if 7 E T(e), and we look at 

the projection map n conveniently extended to W d : n(f Sl F(r^y(s),y(t))ds) = 
H(r,y)(t). The map H(r , .) commutes with the natural circle action. This lead to 
the introduction of a new stochastic diffeology. 

Definition 3 . 1 . A stochastic plot <j> st = {U,(f>i,Cli)i£N is given by the following 
data: 

- any finite sequence of deterministic integers j , 

- a deterministic open subset U of R m , 

- a countable measurable partition of L(M), 

- two applications Ff from U x x R. d into W i and h\ from U x B, d x M. d 

are smooth with bounded derivatives of all orders. 

- Let us denote by H h j F j(u)(.) the function 

s -► <t>i(u)(s) = hj \ / F( (u, 7(si), • ■ • , 7 ( s „j )> 7( s ))^ s i ' ' ' ds n j ) • 

\J(S 1)" * V 

The iteration H h i F i o • • • o Hh*,F?{u)(-) belongs to L(M) over Lh. 

The main remark is the following: if (j) s t = is a plot, (iqr) — > 

H(r , <j> st (u)) is still a plot indexed by U x [ 0 , 1 ]. It is given by the collection of maps 
(w,r) — ► H{r,<j>i(u)). This stochastic diffeology is compatible with the retraction 
map. If 4 > st = is a plot with respect of this diffeology, we get an 

extended plot from U x [ 0 , 1 ] into L(M) by putting 

(u,r) -> {s -> H(r,<j> st {u)){s)} 
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which contracts the stochastic plot (j) st with values in T(e) into a plot with values 
in M. 

We can repeat the consideration of Section 3 to study the stochastic equi- 
variant cohomology associated to this diffeology. 

In particular, we get: 

Proposition 3.2. H™(O e ) = H°J d {O e ) = 0. 

We get too: 

Proposition 3.3. If c' > c > 0, the stochastic equivariant cohomology of O e fl T e > is 
equal to 0. 

In order to show this theorem, we do as in the previous part. There is a small 
difficulty which appears, because in f* < d/ds'ip t {l N ){s)^ d/dsiptijis) ds , 

there are some anticipative Stratonovitch stochastic integrals which appear. We 
replace this expression by f* < d/ds'tp t ( / y N )(s),d/ds'ip t ( / y)(s) >ip t ('y N )(s) ds and we 
integrate by part in order to remove the stochastic integral. 

Proposition 3.4. The stochastic equivariant cohomology groups of T e are equal to 
the cohomology groups of M if e > 0 is small enough. 

Proof Let H r the application 7 — » {5 — ► H(r,j)(s)}. We denote by X r = 
d/drH(r , .). It commutes over the smooth loop space with the circle action. There- 
fore over the smooth loop space, we have: 

X 00idet (H(r,j)) = DH(r,'y)X 00 ,det • (4) 

We use the retraction Cartan formula for a deterministic form <x det over T(e). We 
get: 

<rdet = H 0 ’*<j det +d [ H r '*i Xr <T det dr 
Jo 

+ j H^ixM + ix^JcTdetdr- j H r ’*i Xr i Xo0:det a det dr. 

If crdet would be a traditional form over L oc (M) 1 this formula is nothing else than 
the integrated formula which expresses the Lie derivatives along a flow in terms of 
the exterior derivative and the interior product along the vector field of the flow 
of the considered deterministic form. But, here, we have to take care, because we 
consider a weaker notion of form. So, we have to look at this formula through a 
plot, and consider the extended retracted plot. We apply this formula to the form 
associated to the finite diemensional form which is given by the extended plot. 
By (4), 

H r '*i Xoaidet crdet = ix 00 , det H r ’* <J d et ■ 

Therefore, if a det is equivariantly closed, then we have the equivariant retraction 
formula: 

&det ~ H ’ &det T {d T ixoo.det) I H ’ ix r ® detdr . 

Jo 



(5) 
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This formula is still true for a stochastic form. Namely, if (f) s t is the stochastic plot, 
we have an augmented stochastic plot (u,r) — > H(r,4>st{u)) called 4 >st 9 - We can 
define 4>st 9 ’* (J st , and its approximation (u,r) — > {4 ) V^t{ r ^ U )) N ( see [46] for similar 
considerations). H rj *(cr st ) is defined by taking the plot u — > u) where r 

is frozen. It admits an interior product by the stochastic Killing vector field, and 
the approximating formula (5) goes to the limit when we pull-back a st by the 
approximating plots. Therefore, if ( d + ix^&st — 0? we have: 

<r,t = H°'*a det + (d + i x J f H r ’° * i x ^ st dr. 

Jo 

H (O')* & det is a stochastic form over M, therefore a deterministic smooth form. This 
proves the Proposition. □ 

By using Proposition 3.2, Proposition 3.3 and Proposition 3.4, we can show 
a stochastic fixed point theorem. 

Theorem 3.5. The stochastic equivariant cohomology groups with respect to the 
stochastic diffeology of Definition 3.1 are equal to the de Rham cohomology groups 
of M. 

Proof Let 0 < e < e'. We have a cover of L(M ) by T(e) and O(e). These subsets 
are invariant under rotation. We have a partition of unity associated to this cover 
(see (2)) for the Hoelder topology, which is invariant under rotation, and is there- 
fore smooth for the Frechet topology over the smooth loop space. We can produce 
a Mayer- Vietor is long exact sequence for the stochastic equivariant cohomology 
(see [12, p. 22-23]). This Mayer- Vietor is argument says that we have an exact 
sequence: 

0 - A st (L(M)) - A st {T e ,) © A st (O e ) - A at (T c , n O e ) -► 0 

for stochastic forms invariant under rotation because the mollifer H ri r 2 is invariant 
by rotation. From this short exact sequence, we deduce a long exact sequence in 
cohomology (see [12]). Proposition 3.2, Proposition 3.3 and Proposition 3.4 show 
the result. □ 

In order to show that the iterated integral in the manner of Theorem 2.8 
defines stochastic form with respect to this new diffeology, we have to study the 
approximation of anticipative Stratonovitch integrals by convolution. It is a re- 
finement of the theory of [55] (see [50] for similar considerations in the elliptic 
case). 

Let us recall the basis of Nualart-Pardoux calculus (see [35, 37, 45, 55]). 
We consider a smooth functional F, and we suppose that it belongs to all the 
Sobolev spaces of Malliavin calculus for the flat Brownian motions. We note the 
kernel k(si, . . . , s n ) of its derivative of order n . We can suppose that it depends 
on (ti, . . . ,t r ) in [0,1], and we get the kernels of its flat derivatives k(t±, . . ., t r \ 
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s i, . . . , s n ). We suppose that outside the diagonals 

||/c(ti, • . . , t r ; Si, . . . , s n ) — • • • , t r ] Si, . . . , 5 n )||x / p 

< C P ,n(F)C£ + E y/fc-ty) 

and we suppose that 

sup \\k{ti,...,t r -s 1 ,...,s n )\\ L p = C '(F) < oo. 

tj]Si 

The smallest quantities C p , n (F) and C pn (F) constitute the system of Nualart- 
Pardoux Sobolev norms of the random variable F(t \, . . . , t r ). 

We imbed the manifold into R d . x t (x), when we do not condition by x\ (x) = x 
belongs to all the Nualart-Pardoux spaces, because we can compute explicitely the 
kernels Xt(si, . . . ,s n ) of x t (x) in terms of the derivatives of the vector fields Xi 
and of the derivative of the flow of x t (x) (see [20, 55]). 

By using an argument analoguous to Lemme A. 2 of [35], we deduce that t — > 
H h i F i o • • • o H h ^ Fr (u)(t) belongs to all the Nualart-Pardoux spaces, t included, 
and that the derivatives in u of this process belong still to all the Nualart-Pardoux 
spaces (see Definition 3.1). Let us note ^(t) = H h i F i o ••• o (.)(£). Its 

approximation by convolution is given by 

^ N (t) = j 9 n{s - u)^(u)du, 

where is a nice mollifer function. By integrating by part and using a primitive 
<7 at of #tv, we get that: 

?P N {t) = J glj(t - u)d u ^(u) 

such that 

d/dt'ip N (t) = J gjy(t — u)d u ^(u). 

We remark that 

d u ^{u) = Y, A ^ u ) dB ^ 

where A l (u ) check the Nualart-Pardoux conditions, u included. 

We have the following lemma: 

Lemma 3.6. Let us suppose that H N (t ) is a process which is bounded in all the 
Nualart-Pardoux spaces. Then the classical integral f 0 < H N (s),d s ^ N (s) > is 
bounded in all the Malliavin Sobolev spaces. 

Proof. We choose a regularizing function such that g^/2N is equal to 1 over 
[— 1/N + 1/N 1 , 1/N — 1/N 1 ] for a big l and which takes its values in [0, 1] and 
which is equal to 0 outside [—1/N, 1/N ] such that the Nualart-Pardoux norms of 
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J-i/n +1 / N 9 n ( s ~ tfdt'ipt are smaller than N j for a big j as well as the Nualart- 

Pardoux norms of 9n(s — ^d^t- The sum of the two terms is called 

Sn(s). The Nualart-Pardoux norms of 



f < H n (s),5n{s) > ds 
Jo 



tends to 0. So in order to simplify the notations, we can replace d ,f if) N by 

r l/N ps+l/N 



/ 1/iV nS-\-L/l\ 

d u ^{u — s) = 2N / du^iu). 
-1/N Js-l/N 



-1 /N Js-l/N 

Therefore, we have to study the behaviour of 



pt pS + l/N p I/iV pt 

/ / < H N (s)ds,d v ip(v) > = 2N dv < H N (s + v),dip(s) > 

Jo Js-l/N J-l/N Jo 

pl/N pt 

= 2 N J/ dv < H N (s + v),A i (s)dB i {s)> . 
i J-l/N Jo 



2N 



By using Lemma A. 2 of [35], we see that t —> Jq< H n (s + v),A(s)dB(s) > has 
bounded Malliavin Sobolev norms, because it is equal to 



6 t (H N (.+v)A(.)) + 1/2 f 
Jo 



( lim u s (w) + 

w — *s — 



lim u s (w))ds 

w—*s+ 



where 5 t (u) denotes the Skorokhod integral of u — H N (. + v)A(.) (see [55]). More- 
over, we can estimate the L p norms of 8 t (u) in terms of the L p norms of u s (w) 
(see [54, p. 158]), and we can compute explicitely the derivative of 8t(u) in terms 
of the derivatives of u. □ 



Lemma 3.7. 1/2 f* < H N (s + v) -F H N (s — v), A(s)dB(s) > tends, when v — > 0, 
to the anticipative Stratonovitch integral f* < H N (s), A(s)dB(s) > in all the L p . 

Proof. Let a s (u) be the process s — > A*(s)H N (s + v). It tends to a s (0) : s — ► 
A*(s)H N (s) in all the Sobolev spaces of Malliavin calculus, when v — ► 0 where 
A*(s) is the adjoint of A(s). Moreover, if v — > 0+, 



/ |l/4 lim (a s (v)(w) + a s (-v)(w)) + l/4( lim (a s (v)(w)) + a s (-v)W) 
-Jo w-+s- w^s + 



— l/2( lim a s (0)(t) + lim a s (0)(tc))| p ds 

w—*s+ w — > S — 



From Lemma 3.6, we deduce that 



2N 




< A*(s)H N '(s + v),dB(s) > 
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tends to f* < A*(s)H N ' (s),dB(s) > in all the L p (and more precisely, in all the 
Sobolev spaces of the Malliavin calculus), if s —> H N ' ( s ) belongs to all the Nualart- 
Pardoux Sobolev spaces. Moreover, the speed of convergence depends only of the 
Nualart-Pardoux Sobolev norms of H N . □ 



We deduce that 5 t (2N f^J N (A*(.)H N (. + v)dv) tends in all the Sobolev 
spaces of Malliavin calculus to 5t(A*(.)H(.)). In order to pass to the Stratonovitch 
integral, we have to introduce the counterterm 

nl/N 

/ dv 1/2 / lim (A*(s)H n (s + v)(w)) + lim (A*(s)H N (s + v)(w))ds. (6) 

J-l/N JO w ^ s - w^s + 

We take H N = F( , ip N ). On the other hand, we have 

lim / gjsf(s — u) lim 'i/j(u)(w)du = 1/2 lim ip(s)(w) 4-1/2 lim 

N—+oo J w — >s_ w — >S— w—>s - (_ 

the same being true when we take w — > s + . We deduce, if we take H N = F(i[) n ) 
(where F is a smooth 1-form on M conveniently extended on R d ), that the coun- 
terterm in (6) tends to the counterterm of < A*(s)H(s ), dB(s) > which appears 

In order to summarize, we have that f Q < F(ifi N (s)), d s ^ N (s) > converges 
in all the Sobolev spaces of the Malliavin calculus to f* < F('ip(s)),d'ip(s) >. The 
same is true if we take the derivatives in u. 

We put I 1 ^ (t) = f* < Fi('il; N (s)),d s 'ip N (s) >, and we put inductively 

I k+1 ’ N (t)= f I k ’ N (s) < F k+1 (ip^ +1 (s)),dip^ +1 (s) > . 

Jo 

As a matter of fact, we have shown the following statement. Let . . . , t r some 
times larger than t. Then 




lim I 

U — >S — 



1,7V 



(s)( , u, t \ , . . . , t r ) T 



lim I 

1-+S + 



1 ,7V 



(s) (it, t \ , . . . , t r ) 



— lim 7 1 (s)(it, ti, . . . , t r ) 

u — >S — 



lim I 1 (s)(u,ti, . . ^t r )\ p ds 

u—>s+ 



0. 



We can take, as we see, the derivatives of the integral / /c + 1 ’ iV by taking the deriva- 
tives of the terms we integrate. It results by induction, for all ti, . . . , t r > t, that 




lim I k ’ N (s)(u, ti , . . . ,t r ) 

u — ► s 



lim I k,N (s)(u, ti , . . . ,t r ) 

u— >S_|_ 



— lim I k (s)(u, ti, . . . ,t r ) — lim I k (s)(u,ti, . . . ,t r )\ P ds 

U—>S- u—>s + 



0 , 



and that I k ’ N (t) tends to I k (t) in all the L p . 
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We get: 

Proposition 3.8. I k,N (t ) converges in all the flat Sobolev spaces of Malliavin cal- 
culus to the anticipative Stratonovitch integral 

I k {t)= f < Fi(ipi(si)),dtpi{si) > ■ ■ ■ < fk{^k{sk)),dip k {s k ) > . 

Jo<s 1 <-<s k <t 

Moreover, we can take the derivative in the parameter space U of ifj{s) if 
'ipj(s) depends on a finite-dimensional parameter u G U. The corresponding ap- 
proximated iterated integral has a smooth version in u , and each of its derivatives 
in u converges in all the flat Sobolev spaces of Malliavin calculus to the corre- 
sponding formal derivative in u of the corresponding iterated anticipative integral. 
We can use the tools of quasi-sure analysis (see [1]). We deduce that the derivative 
in the finite-dimensional parameter space of the approximated iterated integral 
converges in all the L p for the hypoelliptic bridge to the derivatives in the param- 
eter space of the anticipative iterated Stratonovitch integral for the hypoelliptic 
bridge. By Sobolev imbedding theorem, we deduce that the iterated anticipative 
Stratonovitch integral over the hypoelliptic bridge ha s a smooth version in u G U. 

Let cu n = uji (g) ll >2 ® ® cu n be an element of fl(M) ( 8 ) We 

extend the differential forms Ui to smooth forms over W d bounded with bounded 
derivatives of all orders. Proposition 3.8 allows us to state the following theorem: 

Theorem 3.9. Ea) n defines a stochastic form with respect of the diffeology of Defi- 
nition 3.1. 
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Abstract. The study of Riemannian stochastic differential geometry is almost 
as old as the theory of stochastic differential equations themselves. But almost 
nothing is known about stochastic symplectic geometry. Using only the geo- 
metrical content of the heat equation (in a sense inspired by E. Cart an) and 
its relations with quantum dynamics, we present here the first steps toward 
such a stochastic version of symplectic geometry. 
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1. Introduction 



The purpose of this paper is to provide proofs for all the statements made in our 
Comptes Rendus note [7]. 

The Schrodinger equation for a particle of mass m in a potential V in R n : 

d'lp h 2 

th dt = -^> Ai,+v *’ 
can be written, for n = 1, V = 0 and m = 1, as: 




h 2 d 2 ip 






into: 



In Euclidean Quantum Mechanics ([3, 10, 11, 12, 13]) this equation splits 



dij) h d 2 y ') 

~8t = ~2~dq2 



(Ci) 
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and 

&P _ h . 

dt ~ 2 dq 2 ’ 1 2> 

the probability density being given, not, as usual, by but by 7777*, rj et 77 * 
denoting respectively an everywhere strictly positive solution of (C±) and an ev- 
erywhere strictly positive solution of (C2). A Bernstein process z is then naturally 
associated with the situation; it satisfies the stochastic differential equation: 

dz(t ) = Vhdw(t) + B(t, z(t))dt (Bi) 

relatively to the canonical increasing filtration for the Brownian w, and the sto- 
chastic differential equation 

d*z(t) = Vhd*w*(t) + B*(t, z(t))dt (82) 

relatively to the canonical decreasing filtration for the Brownian w* , where 

dr] drj* 

B = de f h — , and B^= de f-h~. 

V V* 

Images of Bernstein processes under symmetries of the heat equation can be 
obtained by a purely algebraic concept of stochastic quadrature: if we consider an 
isovector (see § 2 ) N, then Uff = e aN maps rj to a solution rj a = Uff (77) of (Ci), 
and z to a process associated with rj a whose law P a is absolutely continuous 
with respect to P, with density ^5- = h a = ^ ; more precisely: 



Theorem 1.1 (Theorem 4 of [ 7 ]). Let N — — Vn correspond to an isovector, so that 
U a = e aN preserve positivity, and 77 be the particular solution of (C\) defining the 
process z(t), t E [to,ti], with law P. By definition of the symmetry group of (C\), 
r] a {q,t) = (Uarj)(q,t) solves the same equation . Then h a = ^ is a strictly positive 
martingale of z(t), and, if z a (t) denotes the process associated with rj a , its law P a 
is absolutely continuous with respect to P with — h a . If 

E (exp(^- ( | B a — B\ 2 dr)) < +00, 

2 Jt 

then z a (t) is an h-transform of z(t), with drift 

a 

B a (q, t) = B(q, t) + h— In h a (q, t). 



Proof. The only property to check is that h a is a (strictly positive) martingale. 
Now, according to (B\) and the definition of the drift B , the generator of the 
process can be written 



6 =l +£ - 

Equivalently, for / of C°° -class, 



with 



„ J h 92 

C - B dj + 2dp' 






h 



H 0 )(fv)- 




Hamilton- Jacobi-Bellman Equation 



189 



In particular 

by construction. □ 

Applying this result first to N 4 , and then to — (with the notations of §2), 
we recover, for the special case of the Brownian motion, i.e. the trivial solution 
rj = 1 of (Ci), firstly the scaling invariance of Brownian motion, and secondly the 
expression of the “Brownian bridge” in terms of Brownian motion; the details are 
given in §7. 

Theorem 1.1 has a counterpart with respect to the decreasing filtration. This 
is the case of all the ulterior results, formulated only for (Ci), without lack of 
generality. 

Both authors wish to thank the organizers of the Ascona Conference (May 
2002) for the opportunity to lecture upon these matters. The first author heartily 
thanks the Grupo de Ffsica-Matematica (Lisboa) for numerous invitations between 
1999 and 2001, during which most of the work on this paper was done. 



2. The complete Lie algebra of isovectors for the 
Hamilton- Jacobi-Bellman equation 

We shall make explicit, in a slightly more general context, the result of calculations 
analogous (and in fact formally equivalent) to those contained in [6], pp. 657-659. 
Let us consider the heat equation (Ci) (for h ^ 0): 

d'tfj _ hd 2 ip , . 

Setting S — —Mn(^), one obtains the Hamilton- Jacobi-Bellman equation: 

dt 2 dq 2 + 2 { dq’ ' U 

In order to deal with differential forms, we have to reduce that equation to a 
system of first order equations. For that purpose, let E — — ( formal energy) and 
B = — ( formal momentum : cf. the above definition of B) ; then any solution 
of (2) will annul the following differential forms onM = R 5 : 

(jj — dS T Edt + Bdq , 

(by definition of B and E) ; 

du — dEdt + dBdq , 

(by Schwarz’ Theorem) and 

(3 — ( [E T -B 2 )dqdt T —dBdt 



(because of (2)). 
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From now on we shall always, except when otherwise stated, consider t, g, 
5, E and B as independent variables, that is as coordinates in the state space 
M = R 5 . 

As 

d/3 = dEdqdt + BdBdqdt = —dqdEdt + BdtdBdq == (— dq + Bdt)duj , 

d/3 belongs to the ideal X of A = /\ T*(M) generated by a;, da; and /3; therefore X 
is the smallest differential ideal of A containing both u and (3. As usual, we shall 
term isovector for X a vector field A^onM such that: 



£at(X) C X, 

where Cn denotes the Lie derivative with respect to N. By Cartan’s results ([1,2]), 
these TV’s constitute the Lie algebra Q of the symmetry group G of the equation. 
It is well known that the generic form of an N G H is given by : 

, V V cV „ V rV 

N = *Vt + *v q + N ™ + N ™ +N ™’ 



where, by definition 



N f — 2k^t^ + 2k^t -K k\ 



( 3 ) 

( 4 ) 



N l 



( 5 ) 

( 6 ) 



N q = q(2k§t + fc 4 ) — 2k 5 t + &2 
/V 5 = & 6 (/d ~ Q 2 ) + 2A: 5 g — hks — he*g 
-k 6 (2qB + 4 tE + ti) + 2 k$B - 2k<±E + e% ( hg t - Eg) 

N b = — — 2/c 5 + 2A:6(g — tB) + (% 9 — £g), 

denoting arbitrary real constants and g an arbitrary solution of (1). 
These formulas coincide, modulo the appropriate identifications, with formula 
(2.57) in [9], p. 122. 

The algebra Q therefore possesses a canonical generating system given by 
iVi, . . . , Nq and the N g (g solution of (1)), each Ni being given by ki — 1 , kj = 0 
for j ^ i and g = 0, and N g by all ki = 0, i.e, 



= I- = h N > = 

N 4 = 2 + q§- - 2 E^= 
dt dq oE 



- h 



d 

dS 



B ik 



(7) 






d 



d 



d 



N 6 = 2 t 2 - + 2 qt— + ( ht - q 2 ) — - (2 qB + 4 tE + h)— + 2 (q - tB) 



dq 



'dS 



dE 



_d_ 

1 dB ’ 



s d s 

Ng = ~ heh 9~Qg + e* 



d d 

{hg t -Eg)— + ei{hg q - Bg) — . 



and 
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3. The structure of the Lie algebra Q 

With the notations of §2, an easy computation shows that: 

[N U N 2 ] = 0 , [Nx,N 3 ] = 0, [N U N 4 ] = 2 N lt [N U N 3 ] = -2N 2 , 

[ATi, iV 6 ] = 2N 4 — N 3 , [ATi, N g ] = N gt (as g is a solution of (1), so is g t ), 

[N 2 ,N 3 \ = 0, [N 2 ,N 4 ] = N 2 , [7V 2 , A^s] = -|jV 3 , 

[AT 2 , AT 6 ] = A/ 5 , [A/ 2 , Ng] = Ng q , (as g satisfies ( 1 ), so does g q ), 

[AT 3 , AT 4 ] = 0, [1V 3 , N 5 ] = 0, [N s , N 6 ] = 0, [AT 3 , N g ] = -Ng = N- g , 

[N 4 ,N 5 ] = N 5 , [N 4 ,N 6 ] = 2 AT 6 , [N 4 , N g ] = N 2tgt+qgq , ( 2 tgt + qg q satisfies ( 1 )), 
[AT 5 ,AT 6 ]=0, [ N 5 ,N g ]=N hg _ 2tgq , 

Let TL denote the subspace of Q generated by iVi,. . . J the subspace of 
the N g (g solution of (1)), Hi the subspace generated by Ns, and Ho the subspace 
generated by N 2 , Ns and N$. Then it follows from the commutation relations that: 

H is a subalgebra of Q , 

J is an abelian subalgebra of Q and [H,J] C J. 

As, obviously, Q — H ® J , we have: [< Q , J] C J . 

Q therefore appears as the semi-direct product of a 6 -dimensional subalgebra H 
and an infinite-dimensional abelian ideal J . 

It is easy to analyze the structure of H: the commutation relations yield that: 

H!=RNs C Z(H), 



and that 



Ho is an ideal of H . 

Let h denote the class modulo Hi of h £ H ; then: 

[AA,Ar 2 ] - 0 , [Ni,N 4 ] = 2 N u [JVj.lVs] = -2N 2 , [N u N 6 ] = 2 N 4 , 



[N 2 ,N 4 ]=N 2 , [N 2 ,N 5 ]= 0, [N 2 ,N 6 ] = -N 5 , 
[N 4 ,N 5 ] = N 5 , [W 4 ,7V 6 ] = 2 N e , [N 5 ,N 6 ] = 0. 
In the natural semi-direct product sl 2 (R) k R 2 , let: 



e = 







,x = ( 1 , 0 ), y= ( 0 , 1 ). 



Then, as is well known: 

[h, e] = 2 e, [h, f] = -2 /, [e, /] = h, [h, x] = h(x) = x, 
[h,y] = h(y) = -y, [e,x] = e(x) = 0, [e,y] = e(y) = x, 
[f, x] = f(x) = y, [/, y] = f(y) = 0 , [x, y] = 0 . 
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Therefore the application: 

Ni •-> -e, N 2 i * x, N 4 I— > -h, TVs >— > 2y, 7V 6 i-» 2/ 
induces an isomorphism of Lie algebras: 

If - s/ 2 (R) k r 2 . 

rti 

In this isomorphism, ^ corresponds to < x, 2y > = R 2 , whence: 

~ sZ 2 (R), i.e. — ^ s/ 2 (R). 

As 

[iV 2 , n 3 ] = 0, [n 2 , n 5 ] = -|jv 3 , [JV 3 , ^5] = 0, 

one sees that Ho is a three-dimensional Heisenberg algebra having for its center 
the subspace Hi = R7V 3 generated by 7V 3 . But 

- MR) 

rio 

has trivial center, hence Z(H) C Ho , whence C Z(Ho) = Hi C Z(W),and : 

Z(H) = Z{H 0 )=Hi. 

We set: 

W 2 -Pe^(7V 1 ,Ar 2 ,Ar 3 ,7V 4 ); 
this is a subalgebra of W, hence of <?. 



4. The bilinear form 

For N G 7Y, we shall set: 

— —A' 5 = A; 6 (<7 2 — — 2/^5^ + ksh. (8) 

This 4 * tv coincides with the phase defined in [10], pp. 317-318. It is visible that 
4 * tv depends only upon q and t. We also set: 

n N = N t E + N q B-$ N . (9) 

Definition 4.1. For any (S,S') e (T 1 (M)*) 2 (the space of pairs of C°°-vector fields 
on M = R 5 ), let: 

«(M') = MB)S'(q) - S(q)S(B)) + (5(E)S (t) - 6(t)S (E)). 

It is clear that Q is a bilinear and antisymmetric mapping from (T 1 (M)*) 2 
toC°°(M). 




Hamilton-Jacobi-Bellman Equation 



193 



The key to our subsequent computations is: 

Proposition 4.2. For arbitrary N G.H and 6 in T 1 (M)*, one has: 

Sl{N,5) = —5(n N ). 

Proof. By Definition 4.1 and the definition (9) of n^, one has, with the notations 
of §3: 

Q(N,S) + S{n N ) = N(B)S(q) - N(q)S(B) + N(E)6(t) - N(t)S(E) 

+ 5(EN t + BN q - 4>jv) 

= N(B)6(q) - N(q)S(B ) + N(E)S(t) - N(t)6(E ) 

+ 6(E) N* + E6(N l ) + 6(B)N q + BS(N q ) - S($ N ) 

= N B S(q) + N E 6(t) + ESiN 1 ) + B6(N q ) - S($ N ) 

= - k 4 BS(q) - 2k 5 6(q) + 2 k 6 qS(q) - 2 k e tB5(q) - 2 k 6 qB8(t) 

- 4 k 6 tES(t) - hk e 5(t) + 2 k 5 BS(t) - 2 k 4 E8(t) + ESiN*) 

+ B6(N q )-6(<f> N ) 

= ES(N t - 2 k G t 2 - 2 k 4 t) + B5(N q - k 4 q - 2 k e tq + 2 k 5 t) 

+ 6(~2k 5 q + k(,q 2 - hk e t - v) 

= E6(k 4 ) + BS(k 2 ) + S(-hk 3 ) 

= 0 . 

□ 



Lemma 4.3. For each N e hi, one has: 



f)N q 



dN * 



(i) = 



.... dN * „ 

(n) — = 2 



dt 

dm 



dt 



h d 2 N l 
4 dt 2 



and N B = — 



B dN 1 dm 



2 dt 



+ 



dt 



dt dq 

Proof. This is apparent from formulas (3), (4), (5) and (6). 



□ 



5. Sectioning 
Definition 5.1. We shall call 



ujpc = Edt H- Bdq — u — dS 
the Poincare- Cart an form, and 




the formal free Lagrangian. 
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Proposition 5.2. Let rj be a given, everywhere > 0, solution of (1). Then there 
exists a unique morphism of graded differential algebras 0 V : A — > B — /\T*(R 2 ) 
such that, denoting by ( t,q ) the generic point of II 2 , one has: 

0r,(t) = t, 0 v (q) = q , 0 V (S) = —hln(rj), 



e ^ E) = - rj % e ^ B) = 



h dp 
rj dq' 



In addition I C ker(0 r) ), whence 6 V induces a mapping 0 r , : ^ 



B. 



Proof The existence and uniqueness of 0 v follows from the usual universal prop- 
erties of the exterior algebra. In order to show that X C ker(^), it is enough to 
see that u and ft belong to ker(0 ?7 ). For w it is obvious, and for (5 it follows from 
the equivalence of (1) and (2), and the definitions of E and B. □ 



We shall call 0 V the section map relative to p. 

From now on, we shall fix a solution p > 0 of (1), and denote S — 0 V (S ), 
E = 0 V {E) and B = O^B). 

Corollary 5.3. 

@r](wpc) — Bdq T Edt. 

Proof One has, by the definitions of ujpc and 0 V : 

0n{oj PC ) = - dS ) = 9^ (a;) - 0 v (dS) = 0 V («>) - d(0 r] (S)). 

But 0 v (u)) — 0 by the proof of Proposition 5.2, whence: 

0ri(upc) = —d(0 v (S)) = —d(—h\n(rj)) = -dp = Bdq + Edt. □ 



Lemma 5.4. 

(i) For each N E H, O^un) = where 

acts on functions of ( q , t). 

(ii) For each N e H2, 0 v (N(B)) = 5 n(B) and 0 v (N(E)) — Sn(E ), where Sn 
denotes the variation associated with N in the sense of[ 13], §6, formula (60). 

Proof (i) One has: 

0 v {n N ) = 0 rj (N t E -F N q B - $ N ) = O^N^E) + - O^n) 

= N l E + N q B - <S> N 
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(as N q and depend only upon q and £, by formulas (3), (4) and (8)), 
whence: 



e v (n N )= ■N t h-^ + mn 



= n 



r] dt 

VjsV 

1 

0 



. 1 dr\ 
rjdq 



$ 



„ = Vg + Hr 

T] dt dq 



$ 



N 



by definition of Vn- 

(ii) As N E W 2 , k$ = ^6 — 0? whence one has: 



v) 



9 n (N(B)) = e^N 3 ) = 9 v (-k 4 B - 2 k 5 + 2 k 6 (q - tB)) = 9 v (-k 4 B) 



k 4: 6 71 (B) = —k^B = —B(2kQt + £ 4 ) = —B 



dN q 

~di 



(using (4) and the fact that k$ =0). But this equals Sn(B) by Lemma 1, p. 401, 
in [13] (modulo a misprint in the sign). Similarly, one sees that: 

0rj(N(E)) = 0rj(N E ) = 0 V (- 2k 4 E) = —2k 4 0 ri (E) 

~ dN l 

= —2k 4 E = -E—~ = S n (E). □ 

dt 



Let Qrj = Orj o Q : 7i 2 — > B. 



Lemma 5.5. For N E H2 and N* E FL2, (IV, iV* ) coincides with the bilinear form 
n v (5 N ,S N ,) as defined in [13], Definition 3, p. 402. 



Proof. One has: 

n r ,(N,N') = 9 rt (n(N,N')) 

= e v ({N{B)N\q) - N(q)N(B )) + (N(E)N(t) - N(t)N(E))) 

(by Definition 4.1) 

= (0 v (N B )6 rt (N q ) - e^N^e^N’ 3 )) 

+ (6 rj (N E )0 ri (N' t ) - 9 ri (N t )6 v (N' E )). 

But N f depends only upon q and £, therefore 6 ri (N t ) = N f = 5]\r(t), and 
similarly 0 ri (N q ) = N q = Swfa). By Lemma 5.4. (ii) we have 0 V (N B ) = 5n(B) and 
6 v (N e ) — Sn{E ), and similarly for N , whence: 

n v (N,N') = ( 6 N (B)5 N ,(q ) - 5 N (q)5 N '(B)) + ( 6 N (E)S N *(t ) - 5 N (t)6 N ,(E)) = 



Our main result connects the canonical stochastic differential 2-form and the 
Lie algebra structure of Q: 

Theorem 5.6. For (TV, N ) E 7 i 2 , one has: 

^[N,N'] r 7 
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Proof. One has: 

[NjN'Y = [N,N'](t) = (NN - N N)(t) 

= N(N(t)) - N(N(t)) = AT(JV'*) - N'iN*) 

and similarly 

[N, N] q = N(N' q ) - N (N q ) and [N, N] s — N(N' S ) — N (N s ), 
that is: 

*[ N , N >]=N(*n>)-N\* n ). 

But, by Proposition 4.2, one may write: 

Cl(N,N ) = —hN (rifl/), where njv = N l E + N q B — $n- 
Therefore: 



n(N, N) = N'(*n - N l E - N q B) 

= N\* n ) - N (N t )E - N 1 n\E) - N (N q )B - N q N(B) 



= N ($jv) - N (N t )E - N\-E 
-N\N q )B-N q (-~^- + ^-), 



dN 

dt 



B 



dN 



q hd 2 N' t 



dt 



4 dt 2 



2 dt 



dt 



according to Lemma 4.3. (i) applied to N . 
Whence: 



2Sl(N, N ) = Sl(N, N ) - f t(N , N) 



N ($ N )~ N(* n >) - EN (N l ) + EN(N ) 

ft 



+ E(N ] 



dN 

dt 






+ B(N 



t dN 



■ tdN q . h. ATt d 2 N AT 'td 2 N\ 
dt ~ N -df^4 {N ^- N !*) 

~ B{N' td ~ + N' q9 -N-) + B(N + N q ^) 



dt 



dq 
>qdN\ 



dt 

T ,( l 



dq 
tqdW 



JV ' z 5r ) - A ' , ^- + w m 



= N'(* n )~ N($ N ’) + 2E{N,N'} t + ^ 



h d[N , N 



'l t 



dt 



+ 2BN(N q ) - 2BN(N q ) + ( N - N q ^-) 



dt 

+ # iN ,^l. N ^ ) + B(N ^ 

2 v dt dt dq 



N q 



dt 

dN' 



dq 
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/ / / Hd\N N'V 

= N ($jy) - N($ N ' ) + 2E[N, N Y + 2B[N, N } q + - 1 ' J - 

'a at h 

where we have used, once more, that JV 4 and Af * depend only upon t, and N q and 
N q only upon q and t, and also Lemma 4.3. (ii), applied to N and N . But: 

dN q _ d<f> N cPN* _ 4d$ N 

~df~~d, 7' and dt 

(this follows from (3), (4) and (8), and also from [10], Lemma 3.5, p. 318), whence: 



d[N, N'] 



jtd 2 N* 



{ h dt ’ K h dt ’ 



N qd JLL = rf'Oh 

dt dt dq 

from which follows 

* W,N’] t ■ tf'dN* dN 

4 dt y dt dt 1 



>qd$N_ _ N<1 d$ N 



dq ’ 



dt dt dq 

= n'(* n )-N(* N '), 



jyg 

dq 



as $jv and $ N ' depend only upon q and t. 

Therefore: 

2Cl{N,N') = 2 (N'($ n ) - N($ N t)) + 2E[N,N] t + 2 B[N,N} q 



that is: 



= -2$ [JV jy'i + 2 E[N, N'Y + 2B[N, N } q 



Q(N, N) = [ N , N'YE + [N, N') q B - 



n v (N,N)=e v ({l(N,N)) 

= 0„([N, N'YE + [ N , N ] q B - * [JVX] ) 

= [N, N'YE + [N, N] q B - 

= -m Jvi‘g +[ «,«']^-%a. 



dq h 
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Corollary 5.7. For (N,N') E H 2 x H 2 , one has: 

Proof. By the proof of Theorem 5.6, one has: 

*[n,n'] = N @n>)-N\*») = 0 , 

as and $ N f are constant (this can also be deduced from the commutation 
relations in §3, which imply that [ N,N ] E Vect{N\, AT 2 , N 4 )). Therefore: 

V[N,N']»? = [ N ’ N 'Y^ + W - *[N,N'] 

= [N,N'}f t+ [N,N']«f q 
= [N,n'}t], 

as 77 depends only upon q and t. The result now follows from Theorem 5.6. □ 

Remark 5 . 8 . The above Corollary is essentially equivalent to the formula used in 
the proof of Theorem 1, p. 402 in [13]. 

Theorem 5.9. The differential 2- form is closed, i.e. dfl v = 0. 

Proof. As is well known ([ 4 ]), the 3 -form dft^ is defined by the following formula, 
for all ( N,N',N ") G« 3 : 

dO, (N,n\ n” )=N(Sl ri (N ,N"))-N' (fi„ (iV, N" ) ) + n" (N, N ) ) 

- ^([TV, TV'], N") + SlndN, N"}, N ’) - ^([N, N"],N). 
According to Theorem 5.6, the last three terms add up to 

-b^vXfAH 7 ? + ^[[N J N ,, ] : N , ] r l ~ ^[[N' ,N"} J N] r i\ 

_ 

~ ~ V [N j [N\N ,, )] + [N' ,{N'' ,N]}-^[N ,f ^N^N'}} 7 ! 

= -Vo r? (by the Jacobi identity) 

V 

= 0. 

Therefore, by the antisymmetry of one finds: 

dfi^JV, N , JV") = N{Slr,(N ' , N”)) + N (^(TV" , N)) + N" N)). 

But this is easily computed to be zero. D 

Corollaries 5.3 and 5.7 and Theorem 5.9 together yield Theorem 1 of [7], 
modulo the correction of a misprint there: in the first line of “Theoreme 1”, one 
has to read U 0 ri (ujpc)^ instead of u 6 r} (ijj) v . 
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6. An algebraic version of the Ito differential 

The following two results provide, in a purely algebraic way, stochastic analogues 
of some classical formulas of Analytical Mechanics. Let us denote by D the formal 
total derivative along the Bernstein process associated with rj (cf. the introduction 
and [10, 11]): 

d_ d_ hd^_ 

~ dt +B dq + 2 dq 2 ' 

Theorem 6.1. For each N EH, Cn(^pc) = d$ n- 

Proof. By the well-known formal properties of the Lie derivative (see for in- 
stance [6],p. 654), one has: 

Cn{upc) — £N{Edt + Bdq) 

= C N (E)dt + EC N (dt) + CN(B)dq + BCN{dq) 

= N E dt + Ed(C N (t)) + N B dq + Bd(C N (q)) 

= N E dt + EdN * + N B dq + BdN q . 

But, using formulas (3), (4), (5) and (6), this is easily seen to equal: 

—hksdt — 2k$dq + 2kQqdq = d(k$q 2 — 2 k$q — k$ht) = d$N- □ 



We have established yet another coincidence between our results and com- 
putations using Ito’s formula in [10]. 



Theorem 6.2. For each N £H, 



dN l 

£ n {L) + L—=D$ n . 



Proof One has: 



C n (L) = N(L) = N(-B 2 ) = BN(B) = BN b = B(-k 4 B - 2k 5 + 2 k 6 q - 2k 6 tB) 

B 2 

— — k 4 B 2 — 2k§B 2k§qB — 2 k$tB 2 = — — (2k 4 -+- 4 k§t) T 2k§qB — 2k§B 
B 2 d 



— — — {2kQt + 2k 4 t + k\) — kfth + B(2k§q — 2k§) -h — (2 k§) 



2 dt 

dN l d$ N d$ N h d 2 $ N 
dt ^ dt ^ dq ^ 2 dq 2 



r dNt ^ 

-L—J- b AT. 

dt 



□ 



By Theorems 6.1 and 6.2 are justified all the assertions made in [7], Theorems 
2 and 3, modulo a misprint in “Theoreme 3”: instead of “2?”, read “B ” . 

The probabilistic interpretation of all our results is founded on the observa- 
tion that 



S(q,t) = E q j( 
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where E q j denotes the conditional expectation given that z(t) = <7, and z is the 
Bernstein process of the Introduction. Using Definition 5.1 we have, more explicitly, 
under integrability condition 

S(q,t) = E q , t {j\(Dz(T))dT) = 1 . B 2 (z(T),T)dT ). 

Of course, ujpc when evaluated along the paths of z(r), has to be interpreted 
in the Stratonovich sense. Theorem 6.2, for instance, is a stochastic condition of 
invariance of the Lagrangian L under the symmetry group built from the one of 
(Ci). It was originally found ([10, 11]) at the expense of long sessions of ltd calculus, 
both in the flat and in the Riemannian case ([12]). 

In conclusion, let us observe that Euclidean Quantum Mechanics is in no way 
restricted to diffusion processes ([14]). So the geometrical methods introduced here 
should hold more generally. 



7. Two interesting particular cases 

7.1. Case 1: Scaled Brownian motion 

Let us consider the generator iV 4 (cf. (7)), let a E R, let U a = e aN 4 and let 77 be 
a solution of (1). Then, as 

d d 

N 4 = -V N4 =-2t~-q-, 

it is readily seen that U ^ 4 = e aj ^ 4 maps 77 (q,t) to rj(e~ a q^e~ 2a t). 

Moreover, e aN 4 maps (T, Q) to (e 2a T,e a Q), whence 

z «(t) = e a z(e- 2a t). 

In the case rj = 1, we find 77^ = 1. Applying (B\) to rj and re, we find that 

z(t) = Vhw(t ); 

setting now e~ 2oi = e, it appears that, whenever w is a Brownian motion, 

w e {t) = def e~^w(et) 

is also one, for any e > 0. Thus have we (re)established the scaling invariance of 
the Brownian motion, a s claimed in [7], p. 266, and in §2 above. 

As a matter of fact, 7 V 4 provides the complete collection of Bernstein processes 
satisfying such a property. Of course for 77 7^ 1, we obtain a transformation of the 
starting diffusion and not an invariance. 
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7.2. Case 2: Brownian bridge 

Let us here set rj = 1 and 



N = --N 6 



whence 



N : 






Let a G R; then maps 77 (q, t) to 

1 93 I , q t 

y/l-at ,y l-at'l-at } 

Also, e aN maps (T,Q) to ( 1+ 7 aT , 1 ^ T ) whence , in particular: 
In the case 77 = 1, one has: 



h a = r ^=r la = U»( 1)= 

rj y 1 — cat 



1 



g 2ft(l — cct) 



and the drift associated with is 

B 



. d x 9 , 1 , /H x au 2 x 
B-On^) = B^(- j Ml - <*) - 2B(1 = - T 






at 



whence satisfies the stochastic differential equation: 

dz a (t) = VhdwCt ) — °f Z ^ dt , 

1 — at 

and (for a > 0), this defines the usual Brownian bridge, i.e. the standard Brownian 
motion w(t) conditioned by w(a _1 ) — 0, often denoted by iCq’q (t). 
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Abstract. We provide a new purely analytical approach to the problem of the 
cheapest self- financing strategies for superreplications of option payoffs. We 
assume the model is specified by a set of trajectories of the underlying. We 
formulate a natural pathwise definition of arbitrage and we prove that the 
topological support of a martingale probability is arbitrage-free in this sense. 
This setting permits to handle the case where there is model uncertainty: the 
law of the underlying is not known and a family of martingale probability 
laws is given instead. In case this family is not dominated in the statistical 
sense, the classical optional decomposition theorem does not work. 
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1. Introduction 

The usual theoretical framework for handling the selling of a contingent claim in a 
perfect arbitrage-free market in discrete time is the following: given the underlying 
process (S n )o^n^N, solve the program 

c* = inf{c/c + MSi+1 - Si) > H n a.s.} (1) 

i 

where Hn is the non-negative payoff of the claim, c the initial selling price of the 
claim, and A* the position in the underlying which is to be hold at time i. A 
should be an adapted process of course here. The solution which was first given 
by Follmer and Kabanov in this context (cf [8]), following the pioneering work by 
El Karoui and Quenez in [7], is known to be given by the value at time 0 of the 
supermartingale 

ess sup E q [H n | !F n \ (2) 



The authors thank R. Dalang for comments and suggestions. 
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where the sup is taken on the set of the equivalent martingale measures, which 
is not empty by the no-arbitrage assumption and the so-called first fundamental 
theorem of asset pricing. 

More recently, Avellaneda, Levy, Paras [1] and independently Terry Lyons [9] 
have introduced a setting where there is only a partial knowledge of the parameters 
(in this case, the volatility) which govern the stochastic behavior of the underlying 
(the volatility is unknown, we only know it lies in some given range). This seems 
to be of great interest for practitioners. They solve the problem corresponding 
to (1) in the standard European options case, nevertheless under quite stringent 
regularity assumptions on the payoff. However, they did write down the program 
only in case of Markovian strategies. This is not surprising: there is indeed a 
major technical difficulty. The laws of the processes considered in these papers are 
in general mutually singular. It can even be proved that this family of laws is not 
dominated in the statistical sense (there is no probability law with respect to which 
all the laws of the family are absolutely continuous). Since the hedging strategy 
is to be found irrespective of the probability of the family, it is not clear at all to 
reformulate (1) in a meaningful sense. A sound formulation, in the more general 
setting of a family of martingale measures, has been proposed in [10], where also 
the regularity assumptions made in [1] and [9] have been relaxed. Nevertheless, a 
formula corresponding to (2) is still to be found. 

In this paper, we set and settle this problem in discrete time. The main insight 
is to remark that neither (1) nor (hopefully!) (2) depend upon the probability P 
in a precise way: the problem depend only of the null sets of P. The same is 
true for the definition of an Arbitrage Opportunity, whether you restrict yourself 
to stopping- time strategies or not. In other words, we face rather an analytical 
problem than a probabilistic one. It is therefore quite surprising that the techniques 
which lead to the solution (2) are of a pure probabilistic essence: there should 
be a purely analytical proof. The technical tool which perfectly suits our need 
is the theory of the balayage by a convex cone of continuous functions, which 
can be found in [6]. It is most likely that the continuous-time case cannot be 
handled so easily, due to the continuity of the strategies which is required. In the 
first section we summarize [6] for the convenience of the reader. Next we give 
a purely analytical definition of the Absence of Arbitrage Opportunity (AOA) 
for a given set of trajectories E which stands for the underlying possible paths 
(Section 3). We show that the topological support of a martingale probability 
satisfies AOA, and also any union of such supports. Next we turn to the main 
result of the paper: c* is the supremum of the expectations of the payoff under 
the martingale measures with support in the sets of trajectories E. This is proved 
first in the compact case (Section 4), then (still following [6]) in the general case 
(Section 5). As an application, we consider the case of an uncertain Cox-Ross- 
Rubinstein model (Section 6). We discuss the issue of whether the infimum is 
attained in the definition of c* in the conclusion. 
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2. Balayage: theoretical results 

Dellacherie and Meyer in [6], chapter X, define balayage and prove some fundamen- 
tal theorems about it. We extend their definition and prove some basic properties 
which we need in Section 5. 

Consider a topological space E with its Borel a- algebra Be, & convex cone T 
of lower semi-continuous (l.s.c.) functions from E to R including all non-negative 
constants and assume that A and g are two bounded measures on (E,Be)- Then 
we say that g is a balayee of A with respect to T if and only if for every A-integrable 
function g in T, g is /x-integrable and 

M (9) < A ( g ) . (3) 

Since 1 is in T, g(l) ^ A(l) and if T is a vector space, or only if g E T implies 
—g E T, then (3) is equivalent to g(g) = X (g) . In particular if A is a probability 
and T is a vector space, then g is also a probability. 

Let / be a function on E (not necessarily measurable), then we define px(f) as 

Pa (/) = inf A (g ) , 

gtr x ,g^f 

where T x are the A-integrable functions in T. If / is bounded then p\ is finite since 
the infimum is taken on a non-empty set including at least the upper bound and 
each g in the infimum is bigger equal the lower bound of /, hence A (g) is bounded 
from below. 

If E is a compact space and g is a balayee of A, property (3) can be extended 
to any l.s.c. function, i.e., there is no need to check integr ability; in the definition 
of p\ the infimum can be taken over all functions in T. This corresponds to the 
definition given by Dellacherie and Meyer in [6]. In this case balayees of A are 
exactly the linear forms on C(E) dominated by p\. This depends on the fact that 
every bounded measure on E is of Radon type. Later in Section 5 we will see an 
extension of this property which allows a generalisation of Theorem 2.1. 

Theorem 2.1. Let E be a compact set , A a positive bounded measure on (E, Be) and 
r a convex cone of l.s.c. real functions on E including all non-negative constants. 
The measures balayees of X w.r.t. T are the linear forms on C (E) dominated by 
p\. In particular the linear forms on C (E) dominated by p\ are continuous. 

Proof. Let g be a balayee of A. If h E C (E) and g E T dominates h , then h is 
^-measurable and g (h) < g(g) < A (g), hence g(h) < inf^r, g^h A (g) = p\ ( h ). 
On the other hand, let l be a linear form on C (E) dominated by p\. Then for a 
positive h E C ( E ), 

- 1 (h) = l (-h) < pa (-h) < pa (0) 

since p\ is increasing. Moreover T includes the non- negative constant 0, hence 
px (0) = 0. As a consequence, l is a positive linear form and a measure since E is 
compact. If p E C (E) is dominated by g E T, then / (ip) < px (cp) ^ Px (g) — A (g). 
In particular 1(1) ^ A(l), which implies that l is bounded and continuous. Every 
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bounded measure on E is a Radon one, hence / is a Radon mass. A l.s.c. function 
g on E is the upper envelop of the continuous functions it dominates (see [4], 
11.27 and IX.10). Theorem III.49 in [ 6 ] about bounded Radon measures states 
that 1(g) = sup^ 0 jCont /(</?), which in turn is less or equal to A (g). This proves 
that l is a balayee of A. □ 

Thanks to Theorem 2.1 we can prove a duality result, which is in fact the 
fundamental tool that we need to solve our problem. We need also a version of the 
Hahn-Banach theorem which requires no topology (applied with G — C (E)). 

Theorem 2.2. Let G be a vector space, F a subspace of G, p a sub-linear function 
defined on the whole G and q a linear form on F dominated by p on F . Then q 
can be extended to a linear form on G dominated by p. 

The proof of this theorem can be found in [3, 11.24]. This theorem implies, 
in particular, that a sub-linear function is the upper envelop of the linear forms it 
dominates. 

Now we can state and prove a duality theorem (u.s.c. stands for upper semi- 
continuous) : 

Theorem 2.3. Let E be a compact set and f be continuous (or only u.s.c., if all 
functions in T are continuous). Then 

Px (/) = sup p (/) . 

fi balayee of A 

Proof. Since T is a cone, i.e., g, h E T and k > 0 imply g + kh € T, and p\ is 
positively homogeneous, p\ is sub-linear. The result follows for / continuous. 

If T includes only continuous functions and / is u.s.c., then by definition and 
monotony of p \ , 

P\{f)= inf P\{V)= . in f ^ SU P M (</>)• 

ip continuous, p^f p continuous, c p^f ^balayee of A 

Since E is compact, then for each Radon measure fi\ 

m(/)= .inf /M (4) 

c p continuous, p^j 

and the result follows if we can switch inf and sup. This holds thanks to the 
following lemma, which can be viewed (cf [ 6 , X.37]) as a generalization of Dini’s 
lemma. □ 

Lemma 2.4. Let M be a tightly compact set of measures on the compact (E,Be), 
and f a u.s.c bounded function on E. Then 

inf sup pi (ip) = sup inf pi (ip) . 

continuous, p^pf ^ ^ V continuous, p^f 
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3. Arbitrage-free sets of trajectories 

In discrete time financial market we consider an action with values (S n ) n e N- We 
are interested in finite horizon, say N, and we model the spot via its increases 
(xi, . . . , Xjv) until N. We suppose that the initial value So is equal to 1. Then the 

underling’s value at n is 1 + x\ -\ b x n . 

Possible trajectories belong to a subset E of 0 = {x G R^, 1 +xi H bx n > 

0 Vn = 1, . . . , AT} (not necessarily a product set). This means in particular that the 
spot is always positive. The topology of ft is inducted from the natural one of W N . 

3.1. Definition 

The notion of “absence d’opportunite d’arbitrage” (AOA) appeals the absence 
of zero cost strategies which have non-negative end- value on the “possible realisa- 
tions” and which can be positive. In probability “possible realisations” is translated 
by almost surely. In our context the “possible realisations” are exactly the orbit 
defined by E. Therefore a natural way of defining AOA is 

Definition 3.1. E verifies AOA if and only if for any measurable function 
( A «)o^n^W-l fr ° m E to 

TV— 1 1 r TV— 1 

Vx G E, A n (x)x n +i ^ 0 => Vx G E, E A n (x)x n+ i 0 , (5) 

n — 0 J L n= 0 

where Ao is a constant and A n , n ^ 1, depends on the first n coordinates. 

We define an equivalent property which is simpler to show than AOA . This 
property states that if the spot may increase in the next period, then it can also 
decrease. This is quite a natural property of the market. In spite of this, in Subsec- 
tion 3.3 and in the following sections we do not require that the financial market 
fulfills AOA. 

For each n = 1, . . . , AT, let 7r n be the canonical projection from R N onto R n 
and 7 Tq = 0. 

Definition 3.2. E verifies (PI) if Vx G E, n G [0, . . . , AT - 1], either 

- 3(2/ (+) ,y (_) ) e E 2 such that n n (x) = n „(y (+) ) = n n(2/ (_) ) and > 

0, j/i+i < 0 , or 

- for all y g E such that 7r n (x) = n n (y) we have y n + i = 0. 

Proposition 3.3. Property (PI) is equivalent to AOA. 

Proof. Suppose (PI) holds and let (A n ) 0 ^ n ^TV-i such that J2n=o A n x n+ i ^ 0 
for all x in E. Let x be a fixed point in E. Take (y^\ y^) from property (PI) 
applied to n = N — 1, or 0 if they do not exist. Since An-iXn is linear in xjv, 
for any u in [y^\ J/^], or for u = 0 respectively, Y.n=o A n^n+i + &n-iu > 0. 
In particular it is true for u — 0, hence J2n=o A n x n+ i ^ 0. With a backward 
induction we get AqXi > 0. 
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Apply (PI) at n — 0: if there exist (y[+\ y[~^) then Ao = 0, else x\ — 0 and 
in any case A 0 xi = 0. Hence A 1 X 2 > 0 and the same argument leads to Ai£ 2 = 0 
and recursively A n x n+ i = 0 for all n = 2, . . . , N — 1. 

Suppose now that AOA holds and that there exists an x in E such that 
(PI) does not hold. Without loss of generality suppose that there exists an n such 
that for all y in E with TT n (x) = ir n (y) we have y n + 1 ^ 0 and for a particular 
y*, Vn+i > 0- Then the choice A* = 0 for i ± n and A n ( y ) = l{ir„(j/)=ir n (a:)} {v) 
contradicts (5). □ 

It is easy to see that (PI) is stable under arbitrary union and under closing, 
hence 

Corollary 3.4. Let (Ei) ieI be a family of sets Ei which verifies AOA. Then U ieiEi 
verifies AOA. 

Property (PI) also simplifies the proof that AOA is kept by the convex hull. 

Corollary 3.5. Let E C D satisfy AOA. Then its convex hull conv(E’) also satisfies 
AOA. 

Proof. First remark that the following algorithm generates the convex hull of E. 
Let Eq = E and, for i equal to 1 to N — 1, define Ei as the set 

{y G Q s.t. Eh/ 1 ),?/ 2 ) in Ei - 1 and 36 in [0,1] s.t. y = Sy^ + (1 — 5)y^}. 
Then En-i is equal to the convex hull of E. We use the notation 5Ei-i + (l—S)Ei-i 
for these sets. 

We show that AOA is carried by each step of this algorithm. Fix n and let 
y = Sy + (1 — 8)y be in conv(P), where y^\ y ^ are in E and 6 in (0,1). 
Assume that y n +i > 0. 

Then y„h > 0 or y^h > 0, for example let y^h > 0. From (PI) there exists 
a yA)(~) i n e, such that Tr n (y^~^) = 7T n (y^) and y£+^ < 0- If Vn+i > 0 then 
similarly define and take y + (1 — 5)y^~\ If y^+i ^ 0? take 

y(~) = 8y ( 1 )( _ ) + (1 — 5)y( 2 \ In any case y ^ is in 5E+( 1 — 5)E, ir n (y = 7r n (y) 
and y^i < 0, which means that property (PI) is carried by each step of the 
algorithm. Hence conv(P) satisfies AOA. □ 

3.2. Connection with standard no-arbitrage 

In classical mathematical finance there is a standard definition of no-arbitrage 
using probability. In that context equation (5) must hold only almost surely. 

Define B ^ as the cr-algebra generated by the sets ( B ^ x W N ~ n ) nE , where 
bm are open subsets of R n . A martingale measure on (E,Be) is a probability 
P on (E,Be) such that x n is P-integrable and E p [x n \B^ 1 ^] = 0 P-a.s. for all 
n = 1, . . . , N. This is equivalent to E p [Ia(x) x n \ = 0 for any B ^ ^-measurable 
subset A of E. 

A classical result of martingale theory states that if there exists a martingale 
measure on E then there is no-arbitrage in the probabilistic sense. 
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Suppose now that a probability P on (ft, Bn) is given and that E is equal to 
a support of P. It is evident that if E satisfies AOA, then there is no-arbitrage 
in the probabilistic sense. The opposite is in general not true and we illustrate it 
through an example. 

Let N be equal to 2 and Q be the probability on (R 2 , B^) defined as: x\, x 2 
i.i.d. U (— |). Q is a martingale measure on (ft, Bn). Define a complete proba- 
bility P as Q except on the events {aq G Q}: 

x\ G Q => x 2 = ^ P-a.s. 

P is equivalent to Q , since Q(x i G Q) = 0 = P(x i G Q) and is a martingale 
measure, since E p [x i] = 0 and 

E p [1 a (x)x 2 ] = P q [U(x)1 Xi ^qx 2 ] = ^[Ia^Ix^q]^^] = 0, 

for any -measurable set A, since aq and x 2 are Q-independent and Q(x 1 G 
Q)=0 = P(aq GQ). 

Define E as {(aq,x 2 ) G (— |, |) 2 s.t. aq G Q => x 2 = |}. P is a support of 
P since P(P) = 1. In E property (PI) fails and hence AOA fails, too. In fact the 
strategy Ao = 0 and Ai(aq) = l Xl eQ leads to a positive PfcL (Profit and Loss) if 
aq is in Q. 

There is a class of supports which still carries AOA. Let P be a generic 
martingale measure on (ft, Bn) and let supp(P) be the complement of the biggest 
open P-negligible set. In general an intersection of arbitrary many supports is 
not a support anymore, but if the number of intersections is countable, it is. Since 
ft C R^ has a countable basis of open sets, supp(P) is still a support of P. supp(P) 
is called topological support of P. 

Theorem 3.6. Let P be a martingale measure on (ft, Bn)- Then supp(P) has prop- 
erty (PI) and AOA. 

Proof. Let y be in supp(P) and suppose that for n < N , y^+i < 0. If there 
exists an x in supp(P) such that 7r n (x) = 7T n (y ^) and x n +i > 0, then thanks to 
the symmetry of the problem (PI) is proved and AOA, too. Let e be a positive 
real and define 

N~ = {x € Sl,x n+ i < 0} U jx € fi, ||ir n (x) - 7r n (?/ -) )|| < ej , 

iV e + = {x e Q. ,x n+ i > 0} U jx G Cl, \\n n (x) - 7Tn(?/~ ) )|| < e) , 

B e = jx G n, ||7r n (x) - 7T ra (2/ (_) )|| < e) . 

N± are open sets and since y ^ is in supp(P), P(N~) > 0. B e is B^ -measurable 

and since P is a martingale measure, 

0 = E p [l Be (x)x n +i] = E p 1 N - (x)x n +! j + 0 + E p [ 1 ^+ (x)x n+ i 
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The left side of the sum is strictly negative, hence the right one must be strictly 
positive. This implies that P(iV+ ) > 0. The intersection over all e of iV+’s is equal 
to Nq = {x E Ft , X n _|_i > 0,7 T n (x) = 7T n (y^)}. 

Assume that Nq n supp(P) is empty. Then Nq is a subset of an open negli- 
gible subset O of Q. But O includes also an N+ for a positive e, which has positive 
probability. This contradicts the negligibility of O. Hence Nq fl supp(P) is not 
empty and the proof is complete. □ 

Theorem 3.6 connects the probabilistic notion of AO A with the one defined in 
this paper. Corollary 3.4 implies that given a family {Pi}i of martingale measures, 
the arbitrary union U iSupp(Pi) still has property (PI). 

Corollary 3.7. Let {Pi}i be a family of martingale measures on (FI,Bq). Then 
U; supp(Pi) has property (PI) and AO A. 

3.3. Continuous self-financing strategies 

We look for superhedging strategies holding for any point in E and we do not 
require that E has no arbitrage opportunity. A fair strategy consists in N rules to 
apply at times n — 0, . . . , N — 1 depending from the past, i.e., xi, . . . , x n . These 
rules tell how many stocks (A n ) to hold at time n. Then the gain between n and 
n - b 1 is A n • x n +i. The set F e that we are going to define includes the possible 
payoffs that we can replicate with fair strategies and initial cost c. 

Let E be a subset of Fl and F e the set of functions on E of the form 

c + A 0 xi + Ai (x 1 )x 2 H h Aat-i (xi, . . . ,xjv-i) x N , 

where c and Ao are constants and A n for n E [l,iV— 1] continuous bounded 
functions on E dependent from the first n coordinates. In particular A n is B^- 
measurable. Then Fe is a vector space of continuous functions on E including the 
constants. 

Given an European option with payoff f(x i , . . . , xjv), we look for the cheapest 
price c of a superhedging strategy (A n ) n , i.e., the couple (c, (A n ) n ) minimizing c 
and such that 

N-l 

Vx e E, c+ A n x n+ 1 ^ f(xi,...,x N ). 

n = 0 

We suppose that there exists a martingale measure A on ( E , Be) (we do not 
require that the topological support of A is equal to E\). Then for any g in Fe , 
X(g) = g( 0) = c g and Fe = F^. This means that the price of the strategy g 
is given by its expectation under any martingale probability with support in E. 
Since Fe is a vector space, pi is a balayee of A if and only if for any g in Fe, g is 
//-integrable and 

m(s) = MsO =ff(0), i- e -> 

M(c + A 0 o;i + Ai (xi)x 2 -I b Ajv-i (xi, . . . ,x N -x)x N ) = c. (6) 

Proposition 3.8. A measure pi on E satisfies (6) for any g in Fe if and only if it 
is a martingale measure on E. 
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If A is a martingale measure, this proposition implies that any balayee of A 
is a martingale measure and integrates every function in Ye and, conversely, that 
a martingale measure is a balayee of A. 

Proof. “4=” let fi be a martingale measure, then fi(Z x n + 1 ) = 0 for any B ^Im- 
measurable bounded process Z (hence for A n and 1). It follows that A n x n+ i is 
integrable and 

E^[A n x n+1 \B { ^] = A n E^[x n+1 \B^} = 0, 
hence fi satisfies (6) for any g in Ye- 



“=>” Fix n and let V be equal to 



{E fi ([ai,&i] x • • • x [a n ,b n \ x R N n ) ; — oo < a* ^ < ooVi} U 0. 



Then V is stable under intersection and it generates the cr-algebra B^\ 
Thanks to theorem 3.3 in [2], to prove that fi is a martingale measure it is enough 
to prove that fi{ l^x n+ i) = 0 for any set A in V. Fix an A in V and define a 
sequence of continuous bounded B ^ -measurable functions (A^) as 



A^ k \x) 



1 if x £ A, 

< 1 — kd(x , A) if 0 < d(x, A) < 
0 iid{x,A)^\, 



where d(x,A) is the Euclidean distance between x and A. Since A^ | 1 a, 
A^ < 1. By assumption fi( |x n+ i|) < oo and thanks to the dominated conver- 
gence theorem, Ia^ti+i is fi integrable and lim/ c _+ 00 fi(A^x n+ i) = //(lA^n+i)- 
But fi( A^ fc ^x n+ i) = 0 for all /c, hence fi(lAXn+i) = 0 . □ 



4. The compact case 

In a first step we suppose E is compact. Let / be a bounded function on E; we 
are interested in 

P\(f) = inf A (g). 

g€F E ,g^f 

From a mathematical finance point of view, p\ (/) defines the price of the 
smallest superhedging strategy of /, or strictly speaking, the infimum of their 
prices. The abstract results of Theorem 2.3 says that if / is u.s.c. on E, 

P\ (/) = sup n (/) . 

fi balayee of A 

This and Proposition 3.8 prove the following theorem: 
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Theorem 4.1. Let E be a compact subset ofQ and suppose there exists a martingale 
measure on (E,Be)- Let f be a u.s.c. bounded function on E. Then 

c ! (c? (An)o^n<^7V-l) > 

Vx G E, C + En =0 A n X n +l > f{x 1, . • • , Xjv) 

sup n (/) (7) 

l± martingale measure with support in E 

where c and Ao in the infimum are constants and (A n ) 1<n<iV _ 1 are continuous, 
hence bounded, functions of the first n coordinates. 




5. The general case 

We would like to generalize this result when E is not compact and is a support of 
a probability law P. In [7] El Karoui and Quenez proved that, if there exists at 
least one martingale measure equivalent to P , the minimal price of a superhedging 
strategy is given by 

sup n (/) , (8) 

neM e (P) 

where A4 e (P) is the set of the martingale measures equivalent to P. Hence it is 
interesting to see if quantities (7) and (8) are equal when E is the topological 
support of the probability P. 

Proposition 5.1. Let P be a probability on the Borel a-algebra which admits at least 
an equivalent martingale measure and f a real measurable function. Then 

sup n (/) = sup n (/) . (9) 

fi martingale measure /i^J\A e (P) 

supp (n) Csupp (P) 

Proof. is clear. To show the reverse inequality let jj be a a measure with 
support in supp(P), A be in M e (P) and A e = e\ + (1 — e)/i for an e e (0, 1). 

Then A e is also in J\4 e (P): A e is a martingale measure since also fi and A 
are; to see that A e is equivalent to P consider an open set A. If A e (^4) — 0 then 
A (A) — 0 and A is a P-null-set. 

If P(A) = 0, then A is not in supp(P) since this is defined as the comple- 
mentary of the largest P-null open set. Hence A is not in supp{p), i.e., fi{A) = 0. 
Since \{A) = 0, \ e (A) = 0. 

Therefore A e G M e (P ) for every e and 

sup A (/) ^ sup sup A e (/) > fi (/) 

xeMe(P) \eM e (P) ee(o,i) 

for any martingale measure pi with support in supp(P). Hence equation (9) holds. 

□ 
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5.1. Adapted spaces 

We can extend results from Section 2 with the help of [6] X. 48-49. Let E be a 
local compact set but not necessarily compact and a a positive function on E. 
o(a) is the set of functions f on E such that for all e > 0, there exists a compact 
set K = K(a,f,e) such that |/| ^ ea on K c . 

We say that a vector subspace X of C(E) is an adapted space if 1) it is 
filtering for 2) for all continuous functions f on E with compact support there 
exists a positive function g in X such that |/| ^ g and 3) for all positive functions 
/ in X there exists a positive g in X such that f € o(g). 

Proposition 5.2. Let E be a subset of and a be a positive continuous function 
on E. Then C a := 0 (a) D C(E) is an adapted space. 

Proof. First remark that if / and a are continuous then also |/| and \faf are. The 
proof consists in the following three items: 

1. Let / and g be in C a . Then / A g is also in C a since K = K(a,f Ag,e) := 
K(a , /, e) U K(a , g , e) is compact and \f A g\ < ea on K c for a fixed positive 
e. 

2. Let / have compact support and g = |/|, then g is in C a and |/| ^ g (with 
K(a,g,e) = supp(f) for all positive e). 

3. Let g be equal to y/af and define K(a , g , e) as K(a , /, e 2 ) for a fixed positive 
e. If x is in K(a,g,e) c , then g(x) = yj f(x)y/a(x) < ey/a(x)y/a(x) ^ ea(x). 
Hence g is in o(a ), is positive and continuous. 

If x is in K(a,f,e 2 ) c then f(x) ^ e^/a(x)y / /(x) = e • g(x), hence 
/ G o(g). □ 

The direct consequence of theorem X.49 in [6] is that a positive linear form 
on Ca is a measure on E\ 

Corollary 5.3. Let E be a subset of R N and a be a positive continuous function on 
E. Let l be a positive linear form on C a . Then there exists a non-negative measure 
fi on E, integrating C a , such that g(f) — 1(f) for all f in C a . 

This is exactly what is needed to extend Theorem 2.1: 

Theorem 5.4. Let E be a subset of ~R N , A a positive bounded measure on E, T 
a convex cone of l.s.c. real functions on E including all non-negative constants. 
Suppose a is a positive continuous function on E and that there exists a g a in T x 
such that a < g a . Define C a as the adapted space o(a) fl C(E). 

Then every measure balayee of X w.r.t. T is a linear form on C(E) dominated 
by p\. Conversely, every linear form on C a dominated by p\ is a measure balayee 
of A w.r.t. T. 

Proof. Let /x be a balayee of A. Let h be in C (E), then there exists at least a 
function g in T x which dominates h , for example g a + 1^(0) | + su Px€K(a,M)l^( x )l* 
If g € T A dominates h, then h is (jl- measurable, g is /x-integrable and g(h + ) ^ 
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p(g) < oo. If p(h ) = oo, then p(h) = — oo ^ P\(h). Else p(h ) < oo, h is 
/i-integrable and g{h) ^ g (g) < A ( g ), hence g ( h ) < inf ger A ;9>/l A (g) = p\ ( h ). 

On the other hand, let l be a linear form on C a dominated by p\. Then, as in 
Theorem 2.1, l is a positive linear form on C a and thanks to Corollary 5.3, there 
exists a Radon measure p on E such that / is //-integrable and p(f) = 1(f) for all 

/ m C a - 

Let g be in T A and ip be in C c (E) C C a be dominated by g (C c denotes 
the continuous functions with compact support). Then (p is //-measurable and 
P (p) < P\ (v) < P\ ( 9 ) = ^ (#)• The family {ip G C c (E), ip < g} is filtering w.r.t. 

since it is stable under maximum. Moreover since g is l.s.c., g = sup{</? G C c (E ), 
(p ^ g}. Thanks to theorem III.49 in [6] and since C c (E ) is separated, p(g) = 
sup{//(</?), <p G C c (E ), </? < #}, which lies in (— oo,A(#)]. Hence # is //-integrable 
and //(g) ^ A(g) for any g in T A , i.e., p is a balayee of A. □ 

This also proves the following corollary: 

Corollary 5.5. Let p be a balayee of X. Then p integrates C a . 

5.2. Application 

This motivates the study for a general E 1 , which can be done if we suppose a 
good behavior on the border of E. More precisely we work with functions / in 
C& o(a ) n C(E ), i.e., continuous and of order a near the border of E , where a 
is a positive continuous function on E. Suppose that there exists a g a in T A such 
that a ^ g a . Theorem 5.4 implies the following modified version of Theorem 2.3. 

Corollary 5.6. Let E be a subset of Q, and f be in C a . Then 

P\ (/) = sup g (/) . 

p, balayee of A 

The proof is equivalent to the first part of Theorem 2.3. Results in Section 4 
for compact sets can be extended straightforwardly to generic sets. Hence Theo- 
rem 4.1 becomes 

Theorem 5.7. Let E be a subset of $2 which supports a martingale Borel measure 
and a a positive continuous function on E. Suppose that exists a g a in T A such 
that a ^ g a . Let f be in o(a) fl C(E). Then 

c / ’ 

Vx G E, C T ^^ n _o A n X n _|_i ^ f (X]_, . . . , Xjv) 
sup p (/) 

H martingale measure with support in E 

where c and Ao in the infimum are constants and (A n ) 1 ^ n ^ iV _ 1 are continuous 
bounded functions of the first n coordinates. 

This theorem gives a new approach to find the value of an European option. 
Firstly there is no need of a martingale measure with support equals to E, but 
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only that one exists with support inside E. Secondly the result of the equation 
above is the infimum over all strategies with a surely non negative P&L. 

For example if E is an open subset of one can choose a as o(x) = |fy|| 2 + 
l/d(x, 5E) for x in E , where d is the Euclidean distance function and || • || the 
quadratic norm. Then a is positive continuous and European Puts and Calls are 
in o(a) fl C(E): 

• Puts and Calls are continuous. 

• Any Put is bounded by its strike and a{x) goes to infinity near the border 

of E. The same is true for a Call when x n does not diverge. 

• If 5^n=i x n S oes infinity, then also ||x||. The value of a Call is less than 
Y2 n =i x ™ ^ Yln = i l x n|- Norms on R n are equivalent, hence there exists a 
constant C such that the last inequality is less than (7||a;||. Define If (a, Call, e) 
as {x G E s.t. ||x|| ^ C/e}. Then if x is not in K , C\\x\\ < e||x|| 2 < ea(x). 
This shows that a Call is in o(a). 

If E is closed, it is even simpler: choose a(x) = \\x\\ 2 and C the same constant 
as above. Then for a given e, the set K = {x G E s.t. ||x|| ^ C/e} is compact 
and Yln=i x n ^ e||x|| 2 for x in E outside K. This means that Put and Call are in 

o(a)nC(£). 

If E is a finite union of open and closed sets, one can define the function a 
as sum of functions as above. 



6. Application to a non-dominated family of probabilities 

Let Pd,u be the law on fl corresponding to the Cox- Ross- Rubinstein binomial 
model with parameters u and d (0 < d < 1 < u). The interest rate and the initial 
spot value are fixed to zero respectively 1. Let N £ N* be the horizon. Then the 
support of Pd,u is the discrete set Ed, u , whose elements are of the form (x\ , . . . , xn) 
with 

Vn G [1, N - 1] , x n+ i G {(u - 1 )x n ,(d- 1) x n } 

Let d* and u* be two fixed reals such that 0 < d* < 1 < u*. We define a compact 
set E supporting all measures P^ n for 0 < d* ^ d < 1 < u ^ u*, 

E = (Uo<d4(ki<^u*^,u) U {(0, ... ,0)} 

Then E is a compact set verifying AOA. Consider an option with payoff given by 
the bounded u.s.c. function 

fa {xi : • • • , Xn) = 1 ^ x n —a} • • • > x n) 

where a verifies (d*) N — 1 < a < (u*) N — 1. Then the minimal price of a super- 
hedging strategy is strictly positive, since it is greater or equal to every price of a 
binomial dynamic charging the set |$^n=i Xn = a }- 

On the other hand suppose that there exists a probability Q , whose support 
includes E, such that the price of the previous option is given by the usual formula 
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sup p g m 6 (Q) E P [fa]- Then the marginal law of Q on the Nth coordinate would 
charge every point of [(d*) N — 1 , (u*) N - l] , but there exists no probability with 
this property. 



7. Conclusion 

In this paper, we consider the superreplication problem in discrete time for Eu- 
ropean contingent claims in an analytic manner. This allows us to give a general 
formula for the initial values of the superreplication strategies in a context where 
the usual optional decomposition theorem does not apply, typically that of an un- 
certain model, where we deal with a non-dominated family of martingale measures 
instead of a single one. A natural question at this stage arises: is the infimum in 
the definition of c* attained, as in the standard single-probability case, or not? 
A related question is how our formula compares to the classical supermartingale 
solution (2). An important point is that the formula (2) leads itself very often to 
further computations by means of stochastic calculus and Girsanov theorem. It 
seems at the moment that our formula is more of theoretical interest. It should be 
noted that the derivation of the solution in the classical case relies on a dynamic 
programming equation, which is not the case here. Notice that it seems difficult, 
in the case of a non-dominated family of martingale measures, to follow the same 
line of reasoning: the main difficulty is that we do not have at our disposal the 
conditional expectation. This is the main technical ingredient which misses. There 
is not even an essential supremum in this context, in general (cf [5]). 

Nevertheless, the strategy associated to (2) has additional extremality prop- 
erties. It is not unique in the sense that there may be numerous other self-financing 
strategies with initial value c* which superreplicate (cf [11] for a discussion). 

We leave this presumably tough question for further research. All the same 
for the continuous- time case. 
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Generalized Hyperbolic and Inverse 
Gaussian Distributions: Limiting Cases 
and Approximation of Processes 

Ernst Eberlein and Ernst August v. Hammerstein 



Abstract. In recent years more realistic stochastic models for price movements 
in financial markets have been developed by replacing the classical Brownian 
motion by Levy processes. Among these generalized hyperbolic Levy proces- 
ses turned out to provide an excellent fit to observed market data. We review 
the most important facts of the generating distributions and give a detailed 
derivation of its limits including some well known distributions which also have 
been applied to financial data. All these are subclasses of extended general- 
ized T-convolutions. This fact allows the explicit calculation of characteristic 
triplets and the construction of uan convergent triangular schemes, whereas 
classical multinomial approximations are shown to fail in this context. The 
mixing generalized inverse Gaussian distributions are also considered. 

Mathematics Subject Classification (2000). Primary 60G51, 60E07; Secondary 
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Keywords. Levy process, approximation, extended generalized T-convolution, 
generalized hyperbolic distribution, generalized inverse Gaussian distribution, 
multinomial model. 



1. Introduction 

In continuous time finance prices of risky assets are usually modelled by stochastic 
differential equations. Contrary to this we prefer to take solutions S = (St)t > o as 
the starting point. We consider the model 

St = S 0 e L < (1) 

where L = (L t )t>o is a Levy process. This approach is based on the assumption 
that log returns from price series which are recorded along equidistant time grids 
are independent and identically distributed variables. For an extension of the Levy 
approach which takes stochastic volatility and thus dependence among returns into 
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account see [16]. The model (1) is completely specified by C(Li), the distribution 
of increments of length 1 of the Levy process. It is a crucial property of this 
model that log returns ln(S*) — ln(5*_i) are £(Li)-distributed. Thus if C(L\) is 
the (infinitely divisible) distribution derived from fitting data - say daily closing 
prices - the log returns from the model have exactly the distribution which one 
sees in the data. Note that in general diffusion models the return distributions are 
even not known. As a consequence one can test only by simulation techniques if 
such a model is realistic from the distributional point of view. In the classical case, 
the so-called geometric Brownian motion, the Levy process is 

Lt = crBt + ^/i — — ^ t, fi € K, cr > 0, (2) 

where (B t )t > o denotes a standard Brownian motion, p is a drift and a a volatility 
parameter. In this case the distribution of one day log returns is a normal one. 

This model has become the standard in financial mathematics, although its 
deficiencies are widely known. Comparing empirical densities with normal ones 
exhibits substantial deviations between them. Empirical densities typically have 
more mass around the origin and in the tails, but less in the flanks. Generalized 
hyperbolic distributions instead constitute a class which allows an almost perfect 
fit. These belong to the class of infinitely divisible distributions and therefore 
induce a Levy process X = (X t )t> o which can be inserted for L in (1) to get a more 
realistic log return distribution. This model was introduced in [13], generalized and 
investigated further in [14] and [15]; see also [12] for various applications. 

The aim of this article is twofold: Firstly, we want to summarize some im- 
portant properties of this class of distributions and show its richness by taking a 
closer look at its limiting cases. We then show that GH distributions are embedded 
in the wider class of extended generalized T-convolutions. In this framework we 
discuss the second goal, namely to investigate if and how the corresponding Levy 
processes can be obtained as weak limits of discrete time approximation schemes. 
Such approximations not only provide a better insight into the behavior of the 
sample paths, but they can also lead to simple but efficient option pricing for- 
mulas. For the classical model (2), the binomial approximation of Cox, Ross and 
Rubinstein [11] works. Rachev and Ruschendorf [28] generalize this to get further 
limit distributions and option pricing formulas. Since the corresponding partial 
sum processes do not converge to Levy processes, we present a different approach 
based on suitably scaled and shifted Gamma variables. 

We proceed as follows: The next section contains basic information about 
generalized hyperbolic and generalized inverse Gaussian laws. Thereafter we derive 
all possible limits. Section 4 introduces the class of (extended) generalized T- 
convolutions. We show then that all distributions mentioned before are subclasses 
of this one and calculate the corresponding characteristic triplets. Approximation 
techniques based on multinomial models are discussed in Section 6, and in the last 
one we give convergent schemes of Gamma variables and draw further conclusions 
about the path properties of the approximating and the limiting processes. 
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2. Generalized hyperbolic distributions and Levy processes 



Generalized hyperbolic distributions have been introduced in [4] in connection with 
the modelling of dune movements. Their Lebesgue density is given by 

d GH ( x,a,PM (*) = <*(A, a, 0, 5, ») (6 2 + (x - M ) 2 ) (A " ^ 

x K x _ i (ax/¥TJx^?) 

with the norming constant 



a(A ,a,0,d,n) 



(<* 2 -/? 2 ) # 

y/2Ka k -i8 x Kx(8y/a 2 - 0*)' 



K u here denotes the modified Bessel function of the third kind with index v. 
The dependence of the parameters is as follows: a > 0 determines the shape, 
0 < |/3 1 < a the skewness, fi G R is a location parameter and S > 0 serves for 
scaling. A G R characterizes certain subclasses and considerably influences the 
size of mass contained in the tails, a and (3 can be replaced by the alternative 
parameterizations 



P 

5 

a 



C = ~/? 2 or X = P£, £ = 



1 

VT+t 



( 4 ) 



Suppose X ~ GH(\,a,/3 , 8,n), then X = aX -f -b ~ GH(\, a/\a\, /3/a, S\a\, ay + b) 
([8, Theorem I]), hence for a > 0 the last two parameterizations are scale and 
location invariant. Moreover, the above mentioned parameter restrictions imply 
0 < \x\ < £ < 1, so all possible values for y and £ lie in the interior of a triangle with 
upper corners ( — 1, 1), (1, 1) and lower corner (0,0), the so-called shape triangle. 

The class of GH distributions can be obtained by mean- variance mixtures of 
normal distributions where the mixing distribution is a generalized inverse Gauss- 
ian distribution. Its density is as follows: 



d<3JG(A,S,7)(aO = 

Permitted parameters are 



m A _ 


1 




\SJ 2K\(8'y) 


S> 0, 


7 > 0, 


if A > 0, 


(5 > 0, 


7 > 0, 


if A = 0, 


<5 > 0, 


7>0, 


if A < 0. 



- X Wx) J 



{x>0} • 



( 5 ) 



In the limiting case A > 0 , 6 = 0, (5) reduces to the density of a T distribution, for 
A < 0,7 = 0 one gets those of a reciprocal T distribution (see Section 3). 

Let N(/j, + l3y, y ) denote a normal distribution with mean y + /3y and variance 
y, then the density (3) can be calculated by 

/»oo 

^GH(\,a,f3,S,^)( x ) ~ J dN(/j,-h^y,y)(x) ^ dy. ( 6 ) 
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Because of the exponential form of the density ( 5 ), the moment generating function 
of G/G(A, 8, 7 )-distributions with 8 , 7 > 0 is simply the ratio of the norming 
constants corresponding to the parameters (A, a/7 2 — 2 u) and (A, 5 , 7 ): 



Mgig( a 



,5,7) ( U ) = [ 

Jo 



r dGiG(\,6,'r)i x ) dx 



7 2 V K\(5\J 7 2 — 2u) 



7 2 — 2 u 



K x (Sy) 



(7) 



with the restriction 2u < y 2 . Using (6) we immediately get for \/3 + u\ < a 
M GH(x , a ,p M (u) = e M "M G/G ^ i4iV ^ 3= ^ (y +/3u 

a 2 - ( 3 2 Y 7C a (V« 2 -(^ + u ) 2 ) 






(/? + ^) 2 y Kxtfy/oP-P 2 ) 



(8) 



Generalized hyperbolic distributions as well as the via (6) associated GIG 
mixing distributions therefore possess moments of arbitrary order. In particular 
we find taking the first two derivatives of Mgh and Mgig with respect to u at 
u = 0: 



E [GH] = m + ^ = a* + /?E [GIG], 



Var[GJf] = — 



C K X (0 

5 2 Kx+l( C) , ^A+2(0 *1+1 (0 



+ /?■ 



C *a(C) ' " C 2 V *a(C) k&q 

E [GIG] + /? 2 Var[G/G]. 



(9) 

(10) 



Because powers Mgh{uY of the moment generating function in general have the 
form (8) only if t — 1, the class of GH distributions is not closed under convolutions, 
that means sums of independent GH distributed random variables are no longer 
GH distributed. The same holds for GIG distributions. The only exception is 
the subclass of normal inverse Gaussian distributions belonging to the parameter 
A = —0.5. The name stems from (6) and the fact that the corresponding GIG 
distribution is an inverse Gaussian distribution. Its moment generating function 
is given by 



M, 



NIG(a,(3,5,ii 



)W 



D fdu_ 



0 8y/a 2 -(3 2 



(11) 



e 5^/a 2 -((3+u) 2 

Taking powers of order t is obviously equivalent with multiplication of /x and 8 by 
t. We have 



NIG(a, frSun 1 ) * NIG(a, (3, <5 2 , M 2 ) = NIG (a, (3, 5 X + <5 2 , Mi + M 2 ). (12) 

Characteristic functions are easily obtained from (7) and (8) by 

< 1>gh(u ) = M G H{iu) and </>gig(u) = Mgig^u). (13) 

Barndorff-Nielsen and Halgreen [6] have shown that GH and GIG distribu- 
tions are infinitely divisible; we get this by a different method in Section 5 and give 
explicit Levy-Khintchine representations. This fact implies the existence of a Levy 
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process X = (Xt)t>o, that is a process with stationary, independent increments 
and cadlag paths, whose characteristic functions are 

Mu) := E[e mXt ] =4> G H(u) t , (14) 

called generalized hyperbolic Levy motion. Because of the lacking closedness under 
convolutions the distributions of marginals X^t and increments X t +A t — Xt are, 
except for the NIG subclass, GH distributed if and only if At = 1. 

The choice of this process for modelling distributions of log returns of asset 
prices can be motivated in two ways which show much more clearly that this 
process is in fact a generalization of the classical model (2). The first one is to use 
subordination. Since GIG distributions are infinitely divisible too (see Section 5), 
they generate a Levy processes (r(t )) t > o with r( 0) = 0 and positive increments 
(remember the support of dciG is R+). Consequently r has increasing paths and 
is a subordinator. If we define 

X t := fit + /3r(t) + B r (t), (15) 

where (B t )t > o is again a standard Brownian motion and (r(t))t > o is generated by 
GIG{ A, 5, y/a 2 — (3 2 ), then it is easily seen from (8), (13) and (14) that X is a GH 
Levy motion corresponding to the parameters (A ,a,/?,<S, /i). In this view we pass 
from real time t to operational or business time r(t). 

The second way is based on stochastic volatility models. Assume we are 
given a strictly positive and stationary process (cr t )t>o independent of B with 
C(cr t ) = GIG( A, J, yj a 2 — (3 2 ) for alH > 0 and extend (2) to. 

Xt — Lt — a t (B t + (3t) + fit , (16) 

then similar arguments as before show that C{X t ) = GH( A, a/ y/t, (3 fy/t, y/tS , fit). 
If we further assume that a varies only slowly in time, then we approximately 
have C(X t +i — X t ) ~ GH(\,a, (3,5, fi). A volatility process a with the desired 
properties can be constructed as an Ornstein-Uhlenbeck-type process defined by 
the following equations: 

cr t = e~ at cro + f e" a ^ _s ) dZ s or equivalently da t = —aa t dt + dZ t , (17) 

Jo 

with a > 0 and (Z t )t > o a Levy process independent of do- If C(cro) is self-de- 
composable, then (Z t )t > o can be chosen in such a way that C(a t ) = £(<Jo) ([5, 
Theorem 2.3], see also [7]). Since GIG distributions are self-decomposable, as Hal- 
green [20] has shown and as we shall show later in this paper, all assumptions 
above hold true. 



3. Limits of generalized hyperbolic distributions 

In the following we investigate if and which limit distributions can be obtained 
when the parameters (x,£) tend to or lie on the boundaries of the previously 
mentioned shape triangle. To do this, we make use of some (asymptotic) properties 
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of the Bessel functions K u which can be found in [1, formulas 9.6.6, 9.6.8, 9.6.9, 
9.7.2]. They will be required several times throughout this article, so we write 
them down here explicitly. The first is the index symmetry 

K- V (x) = K v (x), (18) 

then we will need the asymptotic expansions for x — * 0 

•M*) ~ (!) ,^>0, => k„(x) ~ i r(-i/) (!) ,v< 0,(19) 

K 0 (x) ~ — ln(x), 

7T 



and K v {x) ~ J —e x for x 
lx 



OQ. 



( 20 ) 

(21) 



If y — z + 



2 > 



G Z, jFG, can be calculated explicitly using (18) and the following 



formula from [3, A 1.5]: 

K n + = 



1 + 



n G N, 



= 



(22) 



The limit cases below are ordered by the corresponding sides or edges of the shape 
triangle. We start with 

3.1. The upper boundary: £ = 1, 0 < |x| < 1. 

By (4), £ = 1 implies 5 = 0 or \P\ = a. 
a) A > 0: For 5 — > 0, we have with (19) 

1 (a 2 — (3 2 )^ 



8 X K X {5^ -/? 2 ) 2 A - J r(A) 

and \/8 2 + (x — p) 2 — > |x — p|. Inserting this into (3) we get for x — /j 7^ 0 



(23) 



I* -Ml 



Q! 



A-J 



m) (o:|x — /i|) ( 24 ) 



(q ; 2 — P^)^ 

Jim d GHMM (x) = ^- 2J . Jr(A) 

(if A > 0.5, by (19) convergence also holds for x — fi = 0) which equals the density 
of a Variance-Gamma distribution VG(a , z/, 0, /2) (see [27]). The parameters of the 
latter are given by 



<r 2 = 



2A 



or 



-/? 2 ’ 



1 

v= y 



6 = P<7 2 



2(3\ 






■ p 2 ’ 



li = li. 



Variance- Gamma distributions themselves are a subclass of CGMV-distributions 
introduced in [10] which is obtained by setting Y = 0. The other parameters are 
related as follows: 



C=i = A, 

v 2 a 



G + M 






2 , e 2 

,, I _2 




Generalized Hyperbolic and Inverse Gaussian Distributions 



227 



In the special case of hyperbolic distributions (A = 1), (24) simplifies using (22) 
to 2 2 

dGH( l,a,/3,0,M)W = ^ e 

which is the density of a skewed and shifted Laplace distribution. 

If |/3| — > a, (23) still applies and hence dGH(\,a,/3,5,/i)( x ) “ > 0 almost every- 
where, so for positive A we obtain no probability distribution in the limit. Since 
|/3 1 < a implies \p\ < 1 and hence |y| < £, the above considerations reveal no in- 
formation about the limit distributions corresponding to the upper corners (—1,1) 
and (1,1). This gap will be filled in 3.2 a). 



b) A = 0: If 5 — ► 0 or |/3| — > a, by (20) Ko(Sy/a 2 /3 2 ) — > oo and consequently 

dGH(o,a,/3,8,n)( x ) 0 almost everywhere. 

c) A < 0: If § — ► 0, (19) implies 



1 2 a+1 S~ 2X 

5 x K x {5y/rf^W) ~ (a 2 -/3 2 )ir(-A) 



(25) 



and thus d G H(x,a^,s^)( x ) — ► 0. If instead |/3| — > a > 0, (25) still applies, and 
inserting it into (3) yields 



\P\— ►O!>0 



y/2e ±a < x -ri (S 2 + (x - M ) 2 ) (A_i)/2 
5 2A 2- A T(-A) 



(26) 



Since /3 = ±a is equivalent to p — ±1 and x — these densities belong to the 
limit distributions located in the upper left corner (—1,1) if /3 = —a or in the 
upper right corner (1,1) if (3 = a. 

To obtain the limit distributions in between, suppose a — > 0 and P = pa ^ 0 
with constant p G (—1, 1). Then we conclude from (19) and (25) 



(<5 2 + (z-/i) 2 ) (A_i)/2 



a 



A-i 



K, 



( a 2 — /3 2 ) 2 
<J A K\ ^ a 2 — /3 2 ) 

i (aV<5 2 + (a; - /u) 2 ) 



2 a+1 

£ 2A r(-A)’ 



r(— A + |)(£ 2 + (% ~ m) 2 ) A * 

2 a+ ^ 



and hence lim d GH(x ,a,pa,s,u-)( x ) = J^2Ar(J^) + ( x ~ m) 2 ) A 2 ( 27 ) 

which equals the limit of (26) for a —> 0. In the special case of NIG distributions 
(A = —0.5), because of T(l) = 1,T(0.5) = y/n, (27) reduces to 



^gj/(-o.5,o,o,<5,ao( x ) 



5 

7T (£ 2 + (X ~ p) 2 ) ’ 
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the density of a scaled and shifted Cauchy distribution. Also note that (27) can 
be written in the form 



^G//(A,0,0A/d( X ) 



r (~ A + I) (, , (z-m) 2 Y ’ 
V^r(-A) \ s* ) 



(28) 



Specializing S 2 = — 2 A =: / > 0 this gives the density of a shifted Student-t distri- 
bution with / degrees of freedom. 



3.2. The left and right boundaries: \x\ = £, 0 < £ < 1 

By (4), |x| = £ implies |p| = 1. If we assume |/3| < a to avoid overlaps with 3.1, 
this is possible only if a — > 00 and a ± (3 is or tends to a fixed number > 0. We 
therefore assume 



(3 = a — — , ql — » ex ), — > 0 , o :( 5 2 — > r . 



(29) 



By Equation (21), we have for a large enough 
(<S 2 + (x — 



K \-\ {ay/5 2 + (x - n) 2 ) 



(5 2 + (x - /i) 2 ) A 2 ] 



From (29) it follows — > r^, -(- (x — fi ) 2 — > |x — /i|, S^/a 2 — (3 2 ^ y/rrf 

and 



a 2 o? 2 

Collecting these results we find 



(ft 2 - 0 *)* = ( q2 - (<* - f ) 2 ) 2 = 



„ r ^ = (a 2 ~/? 2 )^ (< 5 2 + (x-^) 2 )< a ^ )/2 



, r / 2K\{V : np) 

To establish convergence to a GIG density it remains to show that 



D /3(x-/z)-c*< v /<5 2 + (:r-/z) 2 _ (a- $ )(x-/z)-a v /<5 2 + (x-^) 2 



e -i(r(x- M ) ^(x-/!)), ^-^>0, 

0, X — fl <0. 



( 30 ) 



By Taylor series expansion we find 



\J\ + x 2 = 1 + - x 2 + o(x 2 ), x — > 0 , 



and consequently 



y/5 2 + (x- fl) 2 = \x-fji\Jl+ ~\ x ~v\ 1 + ^ 



£ 2 



(x - /Li) 2 



o(<5 2 ) 
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Thus if x — /j, > 0, 

(« - ( x - m) - oV<5 2 + (a:-/i) 2 -> / ^ (* - /*), 

and if x — fi < 0, 

(o' — ^ (x — JjL) — ay/S 2 + (x — /i) 2 ~ — 2o|x — /x| — > — oo 

which proves (30) and hence d GH{x ^ M (x) -> d GIG(x ^ (apart from 

x — fi = 0) under the assumptions (29). From them we have 

P <* a P y'l + « 52( a 2 _ £2) ^ 

so the above limit distributions belong to the right boundary. For the left boundary, 
the corresponding distributions are analogously found to be —GIG(\, yfr, yp$) 
(GIG distributions on M_) by setting (3 = —a T The corresponding densities 
are again shifted to the left or right if ji ^ 0. 

a) A > 0: We now consider the case r — > 0 and thus £ — > 1 to obtain the limit 
distribution in the upper corners which were missing in 3.1 a). From (19) we 
conclude 

(r) 2 ~ (I) r(A) ’ (31) 

SO 



lun d GIG ( x ^: ^ (x) 



<5 2 a^0 



= < 



2 ) r(A) 

o, 



x > 0, 
else, 



(32) 



which is the density of a T A ^-distribution. For hyperbolic distributions (A = 1) 
(32) equals the density of an exponential distribution with parameter 

If i); — ► 0, then (31) implies d GIG ^ x ^^/x) — > 0, so this possibility can be 
excluded from our considerations. 



b) A = 0: By (20), we have K 0 (y/ : np) — > oo for r — > 0 or ^ — > 0 and thus 
^g/g(o,v^,V?)W ^ 0, so there are no limiting probability distributions corre- 
sponding to the upper corners of the shape triangle in this case. 



c) A < 0: If i/j — ► 0, using (19) we see 

a >\* i /2 \ a i 

W 2 K X {yfF$)~\Tj r(-A)’ 



(33) 
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and consequently 






5 2 a—+r> 0 



2\ A x*- 1 



e~ T(2x) , x > 0, 



= ^ \rj r(-A) (34) 

y 0, else, 

which is the density of a reciprocal Gamma distribution and equals the limit 
of (26) under the above assumptions. If instead r — > 0, applying (33) we see that 

^g/g(a,v^,v¥)( x ) 

The left boundary limits, corresponding to the setting f3 = — a + ^ in a) 
and f3 = -a in c), are obtained from (32) and (34) by substituting — x for x and 
changing the restriction on x to x < 0. 

3.3. The lower corner: y = £ = 0. 

By (4), £ — > 0 and hence |y| — > 0 if S — > oo or a —> oo. We assume 

a —> oo, S — » oo, > cr 2 . (35) 

a 

Again by Equation (21), we have for a , 5 large enough similar as before 
(a 2 — /3 2 )^ (5 2 + (x — m) 2 )^ \/5(q 2 ~/? 2 )* 



/S 1 T (x — /j , ) 2 



The assumptions (35) imply 



(a 2 —/? 2 ) 2 ((5 2 + (a; - /i) 2 ) ^ 

’ <5 A ’ 

^(<* 2 -/? 2 )* = /axi (l-g)* J 

a/5 2 + (x — /u) 2 '5/ fi ! /i-u\ 2 -\/( 






Together it follows 



dGtf(A,a.,J, «,„)(*) ~ “if e -“V'« 2 + (*-/*) 2 +«V^ 5:: ^+^(*-/*). 

\/2lT(J Z 

Again from the Taylor series we conclude 



^1 ± a: 2 = 1 ± - x 2 -f o(x 2 ) , x — > 0, 
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so the convergence of the above exponent is found to be 



— ay/S 2 + (x — /x) 2 + 5\/a 2 — (3 2 + (3(x — /x) 



= —aS 



- a 5xll+ ^J -+a8\ll- 

1 (x- M ) 2 (1 

1 + 2 ^^ +0 \P 



P 2 



+ P(x - n) 



aS 



i 1 P 2 , ( 1 

1 — 77 — ^7 + 0 ( 



2 a 2 



a z 



■ P(x - fi) 



1 (x — fi) 2 cr 2 (3 2 n . . 1 . . n 2 \i 2 

2^2 2“-^(x-/i) = -^[x-(M + ^ )] 



which shows d GH ^x ja ,f 3 , 5 ,fi)( x ) dN(n+/ 3 a 2 ,a 2 )( x ) if (3^) holds. Note that the con- 
dition 5 —> 00 is indispensable for the normal convergence. If S is kept fixed, then 
for the characteristic function given by (8) and (13) we obviously have 



lira <p GH{ \,a, 0 M(u)= lim e iut 1 

oc — ►OO ' OL — > oo 



a 2 -/3 2 V K x (6y/a*-(l3 + iu) 2 ) = ^ 

a 2 - (0 + iu) 2 ) K\(8 X / a 2 - fi 2 ) 



pointwise for every uGl and thus weak convergence to the Dirac measure con- 
centrated in /x by Levy’s continuity theorem. For all previously regarded limiting 
cases the pointwise convergence of the densities of course implies weak conver- 
gence of the corresponding probability measures and hence convergence of the 
characteristic functions as well. This fact will be used later in Section 5. 



3.4. Moments of the limit distributions 

Because these are well known for the Normal ones, we only consider the limits 
of 3.1 and 3.2. The moments of the latter can be determined with the help of the 
moment generating function (7); formulas for the limiting Gamma and reciprocal 
Gamma distributions can be found in [24, p. 14]. We summarize the results here: 
Let X ~ GIG( A, a/t, y/rf), then the r-th moments are given by 



rtvn K x+r (V^P) 

E(X|= 


G)' 


1 


f T(A + r) ! 


82 \ r 


E[X r ] = \ 


r(A) ' 

{ oo, 




| 


f U-A-r) 


n r 


E[X r ] = \ 


j r(-A) 

[ oo, 


\2/ 



if A G R, r > 0, ip > 0, 



if r > —A 
if r < —A 



if r < —A 
if r > —A 



and A > 0, r = 0, ^ > 0, 



and A < 0, r > 0, ^ = 0. 



( 36 ) 



For the limits of 3.1 we have again to distinguish the cases A > 0 and A < 0. 
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a) A > 0: For |x| — > oo we have (<5 2 + (x — /i) 2 ) ~ x 2 and consequently with (21) 



(S 2 + (x - m) 2 ) (A i)/ 2 K A _i(av '^ 2 + (a:-A*) 2 ) e^ (x-M) 

(37) 

from which it follows that e ux is integrable with respect to GH( A, a, /3, 5, //) for all 
^ > 0 if |/3 + w| < a. The dominated convergence theorem yields that the moment 
generating function of (24) is equal to the limit of (8) for 5 — > 0. Together with (21) 
we obtain 

02 

a 2 _ + > ^ 38 ) 




n 'x\ 2X ~ l 
2a 



hence Variance- Gamma distributions possess moments of arbitrary order. Mean 
and variance are obtained from (38) to be 



E [VG] = fi + 



2X/3 

a 2 - (3 2 ’ 






4A/? 2 

(a 2 — /3 2 ) 2 



(39) 



b) A < 0: The limiting cases are obtained by letting \(3\ — > a. If (3 = a = 0, then 
by (37) the asymptotic behaviour of the density (27) for \x\ — > oo is proportional to 
|x| 2A_1 . Consequently r-th moments exist if and only if r < — 2A, and the moment 
generating function diverges for every u / 0. 

The two examples in 3.1 c) illustrate the above conclusions: The Cauchy 
distribution is a limit of NIG distributions with A = —0.5, so the moment condition 
is r < 1. In case of the Student-t distributions we have r < — 2 A = /, the well- 
known fact that these distributions only possess moments of orders smaller than 
the degrees of freedom. Consider the density (27) and suppose A < —0.5, then 
by symmetry E[GH (A, 0, 0, <5, /x)] = fi. If A < —1, the variance is found by the 
calculation below: 



/ +oo 

(x - fi) 2 d GH{ x fi , 0 M(x) dx 

-OO 



/ r OO 

((* - + * 2 - 6 2 ) 

-OO 



— OO 

+oo 



r(-A + £) 

v/i<5 2A r(-A) 



(5 2 + (x - /z) 2 ) 



A-i 



dx 



r(-A+|) 



(J 2 + (x — m) 2 ) A+2 dx — 5 2 

-5 2 



^s 2X r(-A) 

r(-A + 1) 0F<5 2A+2 r(-A-i) 



0FA 2A r(-A) r(-A-i) 



= s 2 



A+| 
A -h 1 



6 2 



-2A-2 



(40) 



For the Student-t limit we have 5 2 = — 2A =: / > 2, so (40) becomes the 
familiar expression of the variance of a Student-t distribution with f > 2 degrees 
of freedom. 
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If —(3 = a > 0, then by (37) the density is asymptotically proportional to 
x 2X ~ 1 e~ 2ax for x — > +oo and to \x\ 2X ~ l for x — > — oo (the other way round if 
/3 = a > 0). Hence the moment conditions are the same as before, but we do not 
have efficient methods to give explicit expressions for mean and variance. 



4. Generalized and extended generalized T-convolutions 

In this section we give a short introduction to the families of generalized and ex- 
tended generalized T-convolutions. They provide a unified framework which allows 
an easy derivation of many important properties of GH and GIG distributions and 
the construction of convergent triangular schemes to the latter as shown in the 
last section. Our presentation follows Thorin [31, 32, 33]. 

Gamma distributions r a?cr are given by Lebesgue densities of the form 

(T^ poo 

fa,a(x) = X a ~ 1 e^ ax tio ^ix) with r(a) = / x a ~ 1 e~ x dx (41) 
r W Jo 

(here a is a scaling factor). The characteristic functions can easily be derived, 



<h a ,A u ) = 1 “ — 



iu 



If we additionally allow for translations to the right by a > 0 we get 

< fir a , a ,a( U ) = ^ ^ ^ = r*a;+ i 0,o-,a+6* 

F a , ^-distributions are thus infinitely divisible, and their characteristic functions 
can be represented by 



0r a>ff>a (u) =exp 



lua — 



f 



l n |l-^)d[a€ a (y)] 

y / 



(42) 



where ln(x) denotes the main branch of the complex logarithm and e a the Dirac 
measure located in a. Let now more generally 



U m {x) = OL% l[o-i,oo)(^), OLi > 0, 1 < i < m, 0 < G! < 02 < • • • < dm < OO, 

m (43) 

and 0 < a = > a^, a i — 0, 1 — i — m , 



2=1 






then it follows from (42) that 

(u) = exp 



* r a . w ^ 

2— l l ’ % ’ l 



f 



In 1 - 



m 



dUm ( y ) 
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This leads to the consideration of the class To of distributions on [0, oo) whose 
characteristic functions are given by 



0r o (^) = exp i 



ln^l--jd£7(y)j, 



a > 0, 



non-decreasing with U(0) = 0, 



[ I l n (y)l dU (y) < oo, > ( 45 ) 

Jo 

r°° l 

/ -dU(y)< oo, 

Ji y 

which were introduced and called generalized T-convolutions in [31]. Because of 
the closedness of the class of infinitely divisible distributions one can deduce that 
every distribution given by (44) and (45) is itself infinitely divisible. The last 
two conditions of (45) ensure the finiteness of the integral term in (44) so that 
|</>r 0 (u)| > 0 Vw £ R which must always hold for an infinitely divisible distribution. 

Due to the infinite divisibility all members of To also possess a Khintchine 
representation 



4>r 0 {u ) = exp ia To u + J ^ e lux - 1 - 
which can be obtained from (45) by setting 



iux \ 1 + x 2 .1 . 

IT*) — dMx) (46> 



tk 0 (x) 



x < 0, 



&r 0 — a + 



[ '•p r 0 (y) d V » 

Jo 

n °° e ~v x 

1 + X 



x > o, *.(#)- rr? 



e~ yt dU{t ), (47) 



- dx dU (y). 



Since the representation (46) is unique (see [26, Lemma 5.5.1]), by (47) and (48) 
the same holds for (44), thus a generalized T-convolution is uniquely determined 
by the choice of U and a. It is immediately seen from (47) that 




is non-increasing on (— oo,0) and (0, Too), so it follows from Loeve [25, p. 336] 
that all generalized T-convolutions are in addition self-decomposable. 

The class T o can be enlarged by permitting translations to the left and thus 
cancelling the condition a > 0 in (45) to obtain a class T-^ which is not closed 
under passages to the limit: Take for example a n = — n and U n (x) = n 2 l[ n?00 )(^), 
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then we have for n sufficiently large 



ln[(j) n (u)\ = —iun — n 2 ln( 1 



iu 



(iu) 2 9 / 2 \ 

= —iun -f iun H h n o(n ) 



uf 

"T 



hence normal distributions are in the closure of r_oo, but obviously not in 
itself. Note also that the weaker condition a G M allows according to (45) the 
decomposition 

-*-f rh™- 

As in [33], we denote by Tr the closure of r_oo to be called the class of left- 
extended generalized T-convolutions. With the above considerations, its members 
can be defined as distributions over (— oo,+oo) whose characteristic functions are 
uniquely given by 



</>r L (u) 



exp 



-x-jT 



In 1 I + j 

y J i + y 



dU(y)\ 



b £ M, c > 0, 

U : R + — > M + non-decreasing with U{ 0) — 0, 



f \Hy)\dU(y) 
Jo 

f°° 1 

/ ? duM 



< OO, 



< OO. 



(49) 



(50) 



The last integrability condition on U in (50) is weaker than in (45) because 
due to the additional summand in the integrand in (49) the latter behaves like 
— u 2 (2y 2 )~ l +o(u 2 y~ 2 ) for large y . Analogously to the class Tq, the corresponding 
Khintchine representation is obtained by setting 



i>r L {x) = { 



( o, 

c, 



ar L 



{ c + f 

= b+ r\s 



x < 0, 
x = 0, 

x > 0, 



poo 

= e~ yt dU(t), ( 51 ) 

1 ~r y Jo 



00 r roc —yx 

dx - y 



1 + X 2 



l + y 2 \ 



dU(y ), 



(52) 



and the property of self-decomposability also holds. 

Of course we could have started our investigations with negative gamma vari- 
ables leading to the counterpart T'o of T 0 characterizing analogous distributions 
over (— oo, 0]. In the same way as above one obtains the class Tr as the closure of 
right-shifts of Tq. Following [33], we denote by T the class of convolutions Tl * T#, 
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called extended generalized T-convolutions and defined by 

,,2 /*+°° 



( fir {u) = exp 



iub ^ C -Y~L 



iu\ my 

In I 1 + ; ■ , ~ 2 i 

y i + rj 



dU(y) 



(53) 



b e R, c > 0, 

U : R — > R non-decreasing with [/(0) =0, 



^ |ln(y)|df7(y) 



-1 
r — 1 



/ 3 dU(y) + J 



< oo, 

+oo 






dU(y) < oo. 



(54) 



Again, this representation is unique, and all other conclusions drawn for T l can 
be transfered to I\ Similarly, the Khintchine representation is given by 



ip r (x) = { 



\ J *Pr(y) d V > 

-°° r° 

c+ tp'r(y)dy 

J — oo 

[ ^r(0) + J 4>r(y)dy, 
t'Ay) = / 0 e- vt ^(t) !{„<„} + 3 ^ j~e-«dU{t)\ {y>Q} , 



x < 0, 
x = 0, 
x > 0, 



(55) 



«r = b + 



f\fi 
f \f j 

J —OO IJ-OO 1 



dx — 



y 



0 



dx T 



l +y 2 

y 



l + y 2 



dt/(y) 



dU(y). 



(56) 



The next theorem, taken from [32] and [33], shows the closedness of the classes T o 
and T. 



Theorem 4.1 (Continuity Theorem). If a sequence (F n ) n >i of generalized T -convo- 
lutions generated by (a n , U n ) n > \ converges weakly to a distribution function F, then 
F is also a generalized T -convolution generated by (a,U) where 



U(x) = lim U n (x) in every continuity point x of U, (57) 



a 



n—+ oo 

lim lim 

M— kx> n— ► oo 




1 

X 



dU n (x)\ . 



(58) 



If instead (F n ) n > l ^ a sequence of extended generalized T- convolutions generated 
by (b n ,c n ,U n ) n > i which converges weakly to a distribution function F, then F is 
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also an extended generalized V -convolution generated by (b^c^U) where 

U{x) — lim U n {x) in every continuity point x of U, (59) 

n— ► oo 

b = lim b n , c = lim lim 

n — >-oo M — >oo n—+oo 



C-n T 



/ 4 

Jr\[-m,m] x 



dU n (x) 



• (60) 



We have chosen here and in the following the Khintchine representation of 
infinitely divisible distributions because of its technical advantages in the proofs, 
but to some readers the Levy-Khintchine representation 



<t>r 0 ( u ) = exp 



a 2 u 2 /*+°° 

ibr 0 u ^ b / [e lux - l - dFr 0 (x) 

^ J — OO 



(61) 



may be more familiar. The parameters of Equation (46) and the latter can be 
transformed into one another by 

/ +oo 

[rclj-! ,!](£) - x _1 l K \[_i,i](x)] d-tpr 0 (x), (62) 

-OO 

<jp o = 0, (63) 

dFr 0 {x) = 1 ^ dip r 0 (x). (64) 

Wolfe [34] has shown that for every infinitely divisible distribution v with Levy 
measure F v one has the equivalence / \x\ r dv(x) < oo X ] M r dF u (x ) < oo. 

Thus if the distribution has finite first moments, we can omit the truncation func- 
tion in the integral in (61) and calculate 6p 0 by 



br 0 = «r 0 + 



/ -("OO 

-oo 



x # r 0 ( x ) = E[T 0 ] 



(65) 



The first and third equalities also hold if To is replaced by T, only the second has 
to be modified to 

= Ai/jr{0) = c. (66) 



5. Representations of GIG and GH distributions as subclasses of T 

We now show that all GIG and GH distributions belong to To and T, respectively. 
The first statement was already proven in [20] , the second was indicated in [33] . We 
give detailed proofs of both and extend the results with the help of the Continuity 
Theorem 4.1 to the limiting cases which allows to compute explicitly the Levy- 
Khintchine representations for all distributions. 
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5.1. GIG distributions and their limits 

As we have already seen in Section 3.2 in (32), a G/G(A, 0, 7)-distribution with 
A > 0 is a I\ 7 2 ^-distribution. Further we obtain for A > 0: 

^G/G( A, 0 , 7) *GIG ( — A, 6,7) (^) — 



-/:« 

■(!)' 



(z - y) 



A — 1 



r(A) 



- e-^ x - y H {x . y > 0} (y) 



-A-l. 



2K-\(6j) 



1 +7 2 y) rf . 



e 2 



<57 

Y) 2K x (S 1 )T(X) 
S'yY 

YJ 21YW) r(A) x 

Sj\ A e 



x r 1 (* 

Jo V 2 \y 



- 1 



A — 1 



e-i* 2 * dy 



A — h(S 2 x 1 +7 2 x) 1 /»oo 



- f°° (z — l) x ~ 1 e~2 l 
x J 1 

1 /*°° 

- (z - l) A_ 1 e _ i ( 
^ 7i 



dz 



2; 2^(<5 7 )r(A) x 

1 r(A) (2 x) a 
2 A' A ( < 7 )r(A) X A 2A 



dz 



= ^ 2R^) X "~' e ' W '"' WX) = 



(67) 



=>■ GIG(-X, 6, 7) * GIG(X, 0, 7) = GIG(X, <5, 7). 

Therefore it suffices to proof that all G/G(A, d, 7)-distributions with A < 0 belong 
to To- To do this let £( u ) denote the Laplace-transform of G/G( A, d, 7) and suppose 
d > 0,7 > 0, - A v > 0. From (7) we have 

7 2 Y ^A(dV f 7 2 + 2tz) 



C(U) V 7 2 + 2 uj K x ( 5 ^r) 

With the help of (18) and the formulas [1, 9.6.6 and 9.6.26] we find 

„ -Ay (7a+ 2„)-«-^7il + V(y + 2«)-^ 



ln[C(M)]' 






■ + 



S Kl{5y/^+2u) 



7 2 + 2u v /7+~2w ■ft'i/ (<5 v^7 2 + 2 m) 

<5 2A'„_i(<5 a /7 2 + 2«) +2i/((5-\/7 2 + 2w) 1 /A i y((577 2 + 2w) 



" 7 2 + 2u 2^7 2 + 2 u 
= — S 2 [A 2 (7 2 + 2u)] , where $^(x) := 



K^Sy/i 2 + 2u) 
y/xK v (x/x) 
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Using the integral representation of Gross wald [19] 

r°° 1 2 

<Ml) = /„ rr x a " (x)dx wi,h 9 - (l) = x > °’ (68) 

(here and Y v denote the Bessel functions of first and second kind with index v) 
we obtain with Fubini’s theorem 

n °° 5 2 

5VT 2mT-x 9 * {x)dxdt 

roo pu c2 

= -/ 2 / —— g„(25 2 y - 6 2 y 2 )dtdy 

JylJo t + y 

= - J 2 S 2 ln(l + g v (2 6 2 y - <5 2 7 2 ) dy. 

Since the corresponding characteristic function equals £(— iu), it follows that all 
G/G(A,<5, 7)-distributions with A < 0 and 6, 7 > 0 are generalized T-convolutions 
with 

clgig = 0, U G ig(x ) = ^ 2 1[ 7 2 /2,oo)(^) J 2 9\x\ (^ 2 V ~ ^ 2 7 2 ) dy (69) 

if Ugig fulfills the integrability conditions (45) which is shown below. From (67) 
we get the general representation of G/G(A, 5, 7) -distributions with 5, 7 > 0 as 
generalized T-convolutions to be 



ugig = 0 , Ugig{x) = l [ 7 2 / 2 , oo ) 0*0 



max(0, A) + 8 2 g lX \ (2 8 2 y - <5 2 7 2 ) dy 



.(70) 



To verify conditions (45), note that f* | ln(y) | dUGiG{y) < 00 holds trivially if 
7 > 0 because Ugig{v) = 0 on [0,7 2 /2). Following [1, 9.2.1, 9.2.2], the Bessel 
functions have for all v E M the following asymptotic behavior for x — > 00: 



J^(x) ~ 





7 r 
4 



). (71) 



therefore ^|a|(^) ~ (7r 2 x)~i, x — > 00, and consequently dUGiciy ) < 00. 

To enclose the GIG limit distributions, we need the asymptotics of the Bessel 
functions near the origin. According to [1, 9.1.7, 9.1.9], for \v \ > 0 these are given 
by 



~ (f )"V(M)r\ --O' 

a) A > 0, S = 0: For x > fy, combining (68), (70) and (72) we have 

J jm tWwM = Jta + = 0 



(72) 
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Further we conclude from (71) and (72) that 

i , s 2 i A y A M 

X U GIG(X,S,-y)^) ~ r((A |) 2 |A| ’ - °’ 

l U GIG(\,8,~t)( x ) ~ yjr ^ °°> 

consequently x _1 f/^ /G (x) is bounded on [M, oo) by an integrable majorant for 
sufficiently large M and 0 < S < 1. The dominated convergence theorem yields 



lim lim 

M— kx) <5 — >0 



f°° 1 

&GIG T / - dUciG ( x ) 

J M x 



foo 1 

J™ l im n ~ U GIG(X,8,^ dx 

M—+oo <5— >0 X v ’ 



7°° l 

= m5oo J m x C/ G/G(A,0,Tr)(*) dx = °> 

where in the last step we use that ^/G(A0 7)( x ) = ^f(A 7 2 /2)( x ) = 0 fc> r l ar S e 
x (see (42) and (43)). By the Continuity Theorem 4.1, the weak limit of a 
GIG( A, (5, 7)-distribution with A > 0 and <5 — ► 0 is a generalized T-convolution gen- 
erated by the pair a — 0, U(x) — All ^2/2,00)0*0- Of course, this result follows im- 
mediately from the fact that a G/G(A, 0, 7)-distribution is a T^ 7 2 ^-distribution, 
but we wanted to show how the continuity theorem applies and need the above 
results when dealing with GH distributions and their limits. 



b) A < 0, 7 = 0: The asymptotics of Uq IG (x) derived in a) imply 



lim lim 

M — >oo y—*0 



r°° i ] r°° [p 3 

acic + / - dU G iG (x) = lim / \ — x 2 dx = 0, 

Jm x J m-+oo J M V 2i r 2 



hence the generating pair (a,U) of G/G(A,<5, 0) is a = 0 and, as is obvious 
from (69), U(x) = 6 2 l {x > 0} (x) J* g w (26 2 y) dy. 



5.2. Levy-Khintchine representations of GIG distributions 

With the above derived characteristic pairs (a, 17) of To, we just have to calcu- 
late the Khintchine measure ip using (47) and then to insert this into the formu- 
las (62)-(65). Since all moments of G/G(A,(5, 7) distributions with 5 , 7 > 0 exist 
(see Section 2), the characteristic function can be written as 



J>gig(u) = exp 



iuE[GIG\ + 



/•OO 

/ ( e lux - 1 - iux) gciG(x) dx 

Jo 



(73) 



where E [GIG] is explicitly given in (36) and the density of the Levy measure is 



9gig{ a, < 5, 7)0*0 



1 -f- x 2 



X f°° 
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pOO 

J'jI n 2 



25 2 e~ xy 



2 (2 6 2 y - S 2 7 2 ) [j 2 (y/2 Wy - «5 2 7 2 ) + Yj* ^2S 2 y - S 2 ^)' 



dy 



+ max(0, A)e x 2 



poo 

JO 7T : 






dy + max(0, A) 



, x > 0. (74) 



For the limit distributions we get the following: 



a) A > 0, S = 0: Since U(x) = Al[ 7 2/ 2 , 0 o)( a: ) and all moments of Gamma 
distributions exist, we get analogously as above 



0GJG( A,0,7)(^) ~ ex P 



IU 



2A 

7 + /„ <e 



IUX 



)g(x) dx 



» ff(x) = -e~ 

X 



(75) 



b) A < 0, 7 = 0: Contrary to a), the limiting reciprocal Gamma distributions 
have finite first moments only if A < -1 (see (36)), so in general we must use 
a truncation function and determine br 0 according to (62). Because the measure 
induced by U is concentrated on R+ and ar 0 = 0 we obtain 



n °° e -xy r°° po°[ r 2p-xy 

— dxd U { y)+JJ a 

n 1 r°° \ - e-y 

e~ xy dxdU(y) = / dU{y) = 8‘ 

Jo V 



o~xy 



1 + X‘ 



■ 1r\[0,1](^) 



dx dU (y) 



f°° 1 — p~~y 

/ — " — 9\x\(26y)dy, 

Jo y 



y Jo y 

hence the Levy-Khintchine representation of a reciprocal Gamma distribution is 



0g/g(a,5,o)W= exp 



[ r°° i~ e ~ 

iu8 2 / #| A | (2 8 2 x) dx 

L Jo x 

poo 

+ / (e lux -l-iuxt[0 A] {x))g(x) G iG(\,s,0)dx 

Jo 



(76) 



with Levy density similar to (74) 



p ~xy 



1 f°° 

9GIG(\,S,0) ( x ) = ~J o 



dy , x > 0. (77) 



If the GIG distributions arise as a limit of GH distributions studied in Section 3.2 
and the parameter fi of the converging sequence is not equal to 0, we have to 
add an additional factor e %U11 in all cases. The corresponding formulas for the left 
boundaries (negative GIG distributions) are obtained from (73)-(77) by changing 
br Q to — 6r 0 , the integration interval from R + to R_ and the truncation function 
from 11 [o,i] to 1[_! o]. In the expressions for the Levy densities x has to be replaced 
by |ar|. 
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5.3. GH distributions and their limits 

To prove that GH(\, o, /3, 5, /^-distributions are a subclass of T let s := iu and 
note that (53) is equivalent to 



</>r(0) = 1, 



d /*+°° 

— ln[</> r (s)] = b + cs — J 



1 

_y- s 



+ 



y 

l + y 2 



dU(y ) 



(78) 



(Conditions (54) justify the interchange between differentiation and integration). 
Similarly, we obtain combining equations (8) and (44) 



ds 



1i#gh(s)] = n + (s + 0) 



O-GIG ~ 



,o° x 

Jo 



V - (t + P s ) 



dU GIG {y) 



(79) 



We thus have to show that (79) admits a representation in the form (78). A first 
calculation yields 



f 

Jo 



s + /3 



y- (% + 0s) 



dU GIG {y) = / 
Jo 

-l 



2 (s + /?) 



i[\ + @y - (t + ^ s )] 

2(s + 0) 



dUoiG^+Py) 



0 (y + P) 2 -(s + P) 2 



dU GlG (\+0y). 



By (45), the domain of the distribution function U of an element of To is M+, so 
the above substitution may lead to an undefined integrator if 0 < 0. To avoid such 
problems, let 



U{y) := 



0 , o <y <\0\- (3, 

U GIG (^+0y), y>\0\ — (3, 

and complete it to a monotone function on M symmetric around —0 by setting 

U( y )-=l ~ u oiG{^ + 0y), v<- \0\-0, 

V ' 1 o, -\0\-0<y<o. 

Continuing the calculation we find 

S + /3 Jrr f°° 2{s + 0) 



L 



o y-{ s !T + 0s) 



dUci G {y) = 

Jo 



o (y + 0) 2 -(s + 0) 2 dU{v) 



s + 0 



+ 



y + 0 



— oo 

r +co i 

J — oo 



L ( 2 / + 0) 2 — (s + 0) 2 (y + 0Y-{s + 0Y J 
dU(y). 



dU(y) 



y - s 
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Comparing (78) and (79), we see that GH(\, a, (3, <5, /^-distributions are extended 
generalized T-convolutions with 

bGH = V+ [ ^ 2 dU GH (y), cgh = 0, (80) 

J-o o 1 + 2T 



Ugh(v ) 



' -U GIG (£+Py), 
< 0 , 

, U G i G (i + 0y), 



y < -\P\ -P, 

-\P\ -P<y<\P\-P, 
y > \P\ - P, 



(81) 



where the GIG-distribution has the parameters (A, 5, \J a 2 — /3 2 ) and Ugig is given 
in (70). 

To complete the proof we must verify conditions (54). Since 7 := yj a 2 — (5 2 > 
0, by (70) and (81) it follows that for y G (min[— \P\ — /?, — y 2 /2], max[|/3| — /?, y 2 /2]) 
we have U G H{y) = 0 and thus \\n(y)\dUGH(y) < 00 . Further we can choose 
constants C+, C- G (0, 1) such that for N > 0 sufficiently large 0.5 y 2 +/3y > C-y 2 , 
y < — N , and 0.5y 2 + f3y > C+ y 2 , y > iV, hold. Then we have 

/ I f~ N 1 2 r°° 1 2 

72 dU GH (y) = - ~2 < 1 Ugig{\ + ( 3 y) + ~2 dU GIG (\ + Py) 

y j — 00 y j n y 

m\[-N,N] 

/ —N noo 

- dtf G/G (C-y 2 ) + - dUcia (C+ y 2 ) 

00 y jn y 

f°° 1 

- (C+-C-) / - dU G i G (y) < 00 , 

Jn y 

because {7 g/g fulfills (45). In fact, even f R ^_ N N j y~ x dU G H{y) < 00 as shown 
in the calculation below, clarifying the finiteness of the second summand of b G H 
(observe that only the two-sided integrals are finite, but J^° y~ x dU G H(y ) = 00 ). 

According to (81), Ugh is symmetric around — (3 and UcHiy) = 0 for y G 
[—\P\ — ft, \P\ — P\. Hence if y\ < 0 and 2/2 > 0 are two points with the property 
- U G H(yi ) = Ugh{V2) > 0 , we have yi(l + y\)~ l = (y 2 + 2/?)(l + (y 2 + 2/3 ) 2 ) -1 
and consequently 



f + °° y 

J- 00 1 + v 2 



dU GH (y ') 



/■°° y v_± W 

J\p\-p 1 + v 2 1 + (y + 2/?) 2 

2/3(j/ 2 + 2py - 1) 
l|/ 3|-/3 (y 2 + 2 /3y + l) 2 + 4/3 2 

/°° 2/% 2 + 2j3y - 1) 

(y 2 + 2 / 3 y + l)2 + 4 /? 2 

y°° 2 /?( 2 g - 1 ) 

io 4y 2 + 4y + 1 + 4 /? 2 



■ dU GH (y ) 
dU GH (y) 



dU GIG (£+f3y) 



dU GIG {y). 



(82) 
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We now turn to the limiting cases: 

a) A > 0, S = 0: The solutions of y 2 + 2 (3y = a 2 - (3 2 are given by a — ft > 0 
and —a — (3 < 0, so we see from (81) and the previously determined convergence 
of U gig for S — > 0 by the continuity theorem that we get for the Variance-Gamma 
limit 



Uvg(x) = lim U GH{x , a ,p,s^){.x) = -Al ( _oo ,-a-p] ( x ) + Al^,,*,)^). (83) 

By equations (70) and (82), we can rewrite (80) as follows: 

2\p(a 2 -P 2 -1) 



Sgh = M + 



(a 2 - p 2 + l) 2 + 4/? 2 



+ s'- 



/: 



2P(2y - 1) 



9\\\[S 2 {2y-a 2 +P 2 )]dy. 



2 -p 2 Ay 2 + Ay + A(3 2 + 1 

Since the quotient in the last integral is proportional to y~ l for y — > oo, analogous 
arguments as in the corresponding GIG case show the existence of an integrable 
majorant for all 0 < S < 1. If 8 — > 0, the last summand therefore vanishes in the 
limit and we have 

2X/3(a 2 -(3 2 -l) 



hvG M + (a 2 - P 2 ) 2 + 2 (a 2 - P 2 ) + 4/3 2 + 1 ' 
If x < —a — (3 or x > a — (3, then 

x + (3 



(84) 






7T 2 (^+(3x) [j 2 (S^y 2 + 2(3y) +Y 2 (8y/y 2 + 2(3y)] ’ 

and similarly as before we infer that x~ 2 Uq H (x) is bounded by an integrable 
majorant on M\ [— M, M] for sufficiently large M and 5 < 1. Again with the 
dominated convergence theorem and the continuity theorem we obtain 



cvg 



lim lim 

M — >oo <5— >0 



CGH + 



/ 



R\[— M,M] 



dUcH(x) 



= lim 

M— KX) 



= lim 

M — KX) 



J 1 )^ L , , ^2 U GH(\,a,P,S,»)( x ) dx 

[_ ~2 U GH{ \,a,j3,0,fi)( X ) dx = °* 

Jr\[—m,m] x 



(85) 



b) A < 0, a = (3 = 0: Equation (81) and the corresponding GIG limit (A < 0, 
7 = 0) imply 



C/t-typeOr) [1 {X >0}(X) 1{X<0 }(x)]J o ^[jf^Sy/^+Y^Sy/^y)] d y- 

(86) 

From (80) and (82) we conclude &t-type = £t, and similarly to the preceeding case 
we find ct-type = 0. 
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c) A < 0, |/3 1 = a > 0: This case can be handled almost identically as the latter 
one; for b one gets the same expressions as in (80) and (82), only Uqig has to be 
replaced by the function U derived in Section 5.1 b), further c — 0 and 



U(x) 



{x< — Oi — {3 } ( x )] 



1 

7T 2 y[Jf X \ (5V2y) + 1ft (Sy/2 y)] 



dy. 

(87) 



5.4. Levy-Khintchine representations of GH distributions 

Since we have found the generating triplet of extended generalized T-convolutions 
to be (6, 0, U) for all GH distributions, by (66) we see that there will be no Gaussian 
part in the Levy-Khintchine formula. Moreover, ordinary GH distributions possess 
moments of arbitrary orders (see (8)), therefore their characteristic function is 
given by 



< Pgh(u ) = exp 



iuE[GH] + 



/ +oo 

(e lux — 1 — iux) gcH( x ) dx 

-oo 



( 88 ) 



with E [GH] as in (9). To derive the density of the Levy measure, note that 7 = 
^Ja 2 — f3 2 in this case and y 2 + 2/3y = (a 2 — /3 2 ) has the solutions a — (3 > 0 and 
-<*-P < 0. Further U' GH {y) = U' GIG {£ + /3y) (y + /3), y > a-p. With (55), (64), 
(70) and (81) we get using again the symmetry of Ugh around — /?: 



9GH(\,a,/3,5,n)( x ) = 

r 

1 



f 

J OL- 



28 2 e-W z (z + (3)(z 2 + 2(3z - 7 s )” 1 



P 7 t 2 S 2 [J 2 + Y. 2 , (Jy / -z 2 + 2/32-7 2 )] 



dz 



+ max(0, A) e 



— x{— f3+s\gn(x)a) 



P (3x 



f 



c l ( z+a \z + a) 



If + <**) [J(. x, (V 2 (f + + *|A| (<V 2 (f +«*)) 



— dz 



+ max(0, A) e 



— ol\x\ 



0 f3x 



/»oo 

J0 7T 2 



o~\x\yj2y-\-a. 2 



dy + max(0, A) e 



-a\x\ 



(89) 



2 vW x|(V%)+5f A ,(V^)] 

Now let us consider the limiting cases: 

a) A > 0, S = 0: Because of the weak convergence of the probability measures 
we get analogously to the convergence of the moment generating functions 



4>vg{ u ) - lim <t>GH { x, a ,p M (u) = (^ q2 iu)2 



(90) 
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As seen before, Variance -Gamma distributions possess arbitrary moments, and 
the corresponding function Uvg has only two jumps of height A at —a — f3 and 
a — (3 and is constant anywhere else. Plugging this in (55) and (64) we find 



<; i>vc(u ) = exp 



m 



( M + J X -p ) + ( eiux _ 1 ~ iux ) 9VG ^ 



dx 



, (91) 



where the Levy density is given by 



g VG (x) = -e^- a ^. 



(92) 



b) A < 0, a = /3 = 0: With (8), (25) and the same reasoning as before we get 



^t-type(^) — fip 1 4 > GH(\ J a,/3,5,n) (m) 

a,p— >0 



2K x (S\u\) 

s) r(-A)|«p 



(93) 



For NIG distributions (A = —0.5), (93) reduces (using (22) and T(0.5) = y/ir) to 
= e lu ^~ s \ u \ which is indeed the characteristic function of a scaled and shifted 
Cauchy distribution. Specializing S 2 = — 2 A =: / we get the characteristic function 
of a Student-t distribution with / > 0 degrees of freedom which is a generalization 
of some known formulas for integers f — m: 



4>t j(u) 




2A-_4(V7H) 

r(l) 



(94) 



When / = m is odd, (94) coincides with the formulas given in [23, p. 367] which 
can be seen from Equation (22). 

The limit distributions have finite means iff A < —0.5, so in general we 
again need the truncation function in the Levy-Khintchine representation and 
must determine the first coefficient according to (62); together with (55) and (56) 
we obtain 
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/* + °° 1 _ e -\y\ y 

= V+ - -1 , 2 dUt-t ype (y) — /i, (95) 

j — oo y ' y 

because the measure induced by £7t-type is symmetric around the origin but the 
integrand is antisymmetric. Therefore the Levy-Khintchine representation is 



/»+oo 

^t-type(u) = exp iu/J, + / (e tux - 1 - iuxl[_i tl ](x)) gt-type(x)dx 

J — CO 



(96) 



with Levy density 



l r°° e ~\x\V 2 y 

9t ' typ e{x) = W\Jo *WWy/fy + Y w( s >/2y)\ dy 



(97) 



which follows in exactly the same way as in (89). If A < —0.5, we can omit the 
truncation function in (96) without further changes because of the symmetry of 
the Levy measure around the origin. In the case of exact Student-t limits, we can 
rewrite (97) in the form 




e -\ x \ V^y 

j? (V57v)+YHVZTvj\ 

2 2 J 



dy, 



(98) 



which is the density of the Levy measure of a Student-t distribution with / degrees 
of freedom. 



c) A < 0, |/3 1 = ex > 0: This case is very similar to b); The Levy density is almost 
the same as in (97), but with an additional factor e@ x as in (89). The constant 
br of the Levy-Khintchine representation in principle can be calculated along the 
same lines as given in (95), but because of the asymmetry of the corresponding 
function U one does not get closed expressions. 



6. Limit laws of multinomial and randomized binomial models 



We now turn to the second aim of this paper and investigate if the previously 
described distributions allow for discrete approximations. First we generalize the 
approach of Rachev and Riischendorf [28] to a multinomial setting. In the classical 
Cox-Ross-Rubinstein binomial model one considers a finite time interval [0,T] 
divided into n equidistant parts of length h = Tfn\ T is usually assumed to be the 
date of maturity of an option on the asset to be modelled (we set here and in the 
following without loss of generality T — 1). The asset price Sk may be constant 
on [kh, ( k + 1 )h) and changes its value at times ( k + 1 )h only according to 



S k+ i — 



uSk with probability p, 

dS k with probability q = 1 — p, 



0 < k < n- 1, 



( 99 ) 



where u > 1 > d are real constants and the initial value satisfies Sq > 0. 
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Let U — In (u),D = In (d) and Cm, 1 < i < n, be independent, identically 
distributed (iid) Bernoulli variables with P(Cm — 1) = p = 1 — P(Cm = 0), then 
the cumulated log-return process is given by 

ln (f;) = E(C™ C/ + (! - c ni)D) =:J2 X m- (100) 

We assume u,d (U,D, respectively) and p to depend on n and ask for the possible 
limit distributions of (100) for k = n, provided that 

lim U(n) = u, lim D(n) = — d, u,d G R+. 

n— kx) n—+oo 

To keep the notation simple we do not write the dependences U = U(n) etc. 
explicitly. Since (99) is supposed to be a time discrete approximation of (1) and 
ln(Si/So) = Li, the sequence (J^ILi X n i)n > l must converge in distribution to an 
infinitely divisible law. For this to occur the summands X n { necessarily have to be 
uniformly asymptotically negligible (uan): 

max P(\X ni \ > e) — > 0 Vs > 0. 

l<i<n v ' n—>o o 



According to [25, p. 314], this condition is equivalent to 

f+°° x 2 

max / — — x dF n i (x) — ► 



where F n i is the distribution function of X nl . If the X nl are defined as in (100) 
this means 

U 2 D 2 

P TTm + « mv °- ( 102 ) 

1 + U z 1 + D z n—KX) 

This is true if u = d = 0. If u > 0 or d > 0, we must have p — > 0 or q — ► 0. u 
and d cannot be both different from 0, because in this case p and q would have to 
converge to 0 which is impossible since p + q = 1. In all other cases the possible 
limit distributions can be found using the classical limit theorem from [25, p. 321] 
which we cite here as a reference and to clarify subsequent notations. 



Theorem 6.1 (General central limit theorem). Let ((X n i)i<i< n ) n >i be independent 
uan random variables. 

1) The family of limit laws of sequences £(5^iLi ^"m) coincides with the fam- 
ily of infinitely divisible laws, or, equivalently, with the family of laws with 
characteristic functions defined by 

iaU + /oo (f UX ~ 1 _ lT^2 ) d ^ X) ’ (103) 

where a G R and if is a distribution function up to a multiplicative constant. 

2) Xni) £{X) with characteristic function necessarily of the form 
(103) if and only if 

a n — ► a, if n if 



</>(u) = exp 
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where 



&71 






n r x 

w = E/ t 

i= 1 J -°° 



+ y 



E 

i — 1 




X 

1 + X 2 



2 dFni(y), 
dF ni (x) , 



F ni (x) = F ni (x + a n i), (104) 
&ni = I xdF n i(x ) , (105) 

j | X | < T 



F ni is the distribution function of X n i and 0 < r < oo an arbitrarily fixed 
constant 



Using this the limit laws were found in [28, Theorem 2.1] to be either normal 
or scaled and shifted Poisson or degenerate distributions together with necessary 
and sufficient conditions for the occurrence of each case. One may ask if the gen- 
eralized hyperbolic or GIG laws can be obtained in the limit if we enlarge the 
binomial to a multinomial model. To answer this question we assume in genera- 
lization of (99) the price changes of the asset at times (k + l)h to be given by 



' uiSk 


with probability p \ , 


HgSk 


with probability 


de+iSk 


with probability p^+i, 


< dm^k 


with probability p m , 


U\ > U2 > 


. . . > U£ > 1 > di + 1 > . . . > d 1 



(106) 



(107) 



provided that ln(u^) =: Ui — ► u*, 1 < i < £, In (di) =: Di — ► — d*, £ + 1 < i < m, 
Uf,di G R+. The uan condition (101) can be given analogously to (102) as 



Pi 



m 

1 + t/f 



+ • • • + Pe 



Up 



1 + Uf 



+ Pe + i 



D 



£±i 



1 + Dl 



+ • • • + Pm 



£+1 



1 + DI 



As before we must have pi — > 0 if U* > 0 or d* >0, and at least one ii* or d^ must 
be equal to 0, i.e. = 0 or d^ + i = 0 according to (107). In addition let 



h 



*2 



min{i| u* = 0}, 

£ + 1, if all Ui > 0, 1 < i < £, 
max{z| d^ = 0}, 

£, if all di > 0, £ + 1 < i < m, 



C = minlu^dj, i {«i, . . . , * 2 }}- 



(108) 
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If we choose 0 < r < (7, we have with the notation in (104) and (105) for n 
sufficiently large (recall (X n ;)i<i< n are iid) 



Pi 1 Ui 1 + . . . + PlUi + PHlA + 1 + * ' * 

l TT m 

Uj — a 



■>Pn{x) 



E C/ j V ^ 

J _ 1 1 + {Uj - a ni ) 2 + P3 1 + ( Dj - a ni ) 2 

/ E~\~Q>ni 
-oo ^ 



H j 



(109) 

(110) 



r x +a n i (y _ ~ 

. \y a m) JTn / \ 

^ / 1 7 T7T dF n i{y) 



+ {y- a-ni ) 2 
( 0, X <C Dm &nii 

nr) Dm~ a m n 

l + (£> m -a ni ) 2 ’ ^ 



m CL n i — % ^ F) n i— 1 Uni 



7 ) -Pm Q nt -4- T) 1 Pm — 1 a ni 

l+(Pm-a M ) 2 ^ ^ m “ 1 l + CPm-i-a^i) 2 ! ’ 



= < 



Dm— i CLni < X <C Dm— 2 CL n 



(ill) 



E Pi (t/ ^~ an ‘ )2 

j=l 



+ E pj 

3=W 



(Pj a ni) 



x > U\ — a n 



The conditions of Theorem 6.1 2) are given if the a n defined in (110) converge 
to a finite limit and the entire mass of the Khintchine measure given by ^ n (o o) 
in (111) remains bounded which means 



n 



ST' (Uj ~ Qni ) 2 Vp - ' (Dj — ani ) 2 
1 + {Uj - a ni ) 2 + 1 + (Dj _ a ni ) 2 



K < oo. 



In this case the sequence xp n converges pointwise to a bounded, piecewise constant 
function xp. (108) and (109) imply a n i — > 0, so xp can only have jumps at points 
Xi = u*, 1 < i < £, and X{ = — d*, ^ + 1 < i < ra, with height 



Ki := lim npi 

n— > oo 



(t/j - Qm) 2 
l + (^-ani) 2 



or 



lim npi 

n — ►oo 



(D{ CL n i ) 

1 + (Di - a ni ) 2 ' 



( 112 ) 



If all u* and d* are equal to 0, then xp only jumps from 0 to If at x\ =0, and 
the limiting distribution is a normal distribution with mean a and variance K. If 
in contrast to this we have i\ > 1 or z 2 > 1 (or both), then xp is continuous in 
0, provided all limits lim^oo n(Ui 1 — a n *), . . . , lim™-^ n(Di 2 — a n i) exist, since 
because of the additional factors (U{ — a ni ) and (Di — a n i) in the numerator the 
jump height ^2 l f =il Kj in x — 0 converges to 0 according to (112). This is assumed 
in [28, Theorem 2.1 b)-e)] by the condition that lim n _,oo nD or limn-^oo nU exists, 
therefore the limits xp in each case have at most one jump, leading to the above 
mentioned distributions. 
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In general we see that the Khintchine measure belonging to an infinitely 
divisible limit law of ]n(S n /So) in the multinomial model (106), (107) is a dis- 
crete measure with at most m point masses and therefore singular to the Khint- 
chine measures of GH or GIG distributions. Since every countable subset of M 
has Lebesgue measure 0, the same holds if X n i(Vt) is countable for all n. More 
generally we have 

Theorem 6.2. Let X be non- degenerate and infinitely divisible with characteristic 
function defined by 



4>x(u) = exp 



iub + 




1 — iuxh(x))g(x) dx 



where h{x) = 1 iff E[|X|] < oo, h(x) = l[_ 1?1 ](:r) else, g is non- decreasing on 
(—oo,0) and non-increasing on (0, +oo), and ((X n i)i<i<k n ) n >i is an uan inde- 
pendent triangular scheme with £(X^=i X n i) C{X) for n — > oo. 

V {g > o} C limn-ootUi^i or lim n _ >00 [Ui= 1 -^m(fi)] C {g > 0}, 

then in each case both sets differ only by a Lebesgue-null set. 



Proof. We first consider the case {g > 0} C lim n ^ oc [l_l^! 1 X n i(Q)]. Since X is 
non-degenerate and g monotone on each half-line, we can assume without loss of 
generality {g > 0} D M = (—a, b) U {0}, where a, b E M+ and either a > 0 or b > 0 
(or both). If a = b = oo, the assertion is trivial. For finite a or 6, we prove it by 
contradiction. To simplify notations, set M := lim n ^ cc [l_J^! 1 X n *(Q)]. 

Suppose 0 < a < oo and A\[(M \ (-a, 0)) fl (-oo, 0)] > 0, then for e > 0 
sufficiently small we also have A[M n (— oo, —a — e)] > 0. Define probability mea- 
sures P n , P on [(— oo, —c/2), B fl (— oo, —c/2)] by 



Pn(A) = 



EtJAdF^jx) 

'£2i = 1 /(- oo,~e/2) dF n i(x) 



p (A S = fA9(*)fc 

f(-oo,-e/2) 9{ x ) d x ’ 



(recall the Levy measure is finite outside every neighbourhood of the origin) and 
a function f e by 



fe(x) 



( 0, 

1 - 2 (a + e + x)/e, 

1, 



—a - c/2 < x < -c/2, 
—a — c < x < —a — c/2, 
x < —a — c, 



then we have with the above assumptions 

™ / f e (x)dP n (x)> J f e (x)dP(x) = 0. 



( 113 ) 
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But according to [25, p. 323], convergence in law of the triangular scheme implies 



r+oo 



r+o o 



dtf(x) = 


f g(x)dx,y< 0, (114) 

J —oo 




P + OO 


d'I'(x) = 


/ g(x) dx, y > 0. (115) 
Jy 



By (114), P n P which contradicts (113), thus A[(M\{</ > 0}) D (— oo,0)] = 0. 
With the help of (115) we get analogously A[(M \{g > 0}) fl (0, -boo)] = 0 and 
hence the desired result. 

Consider now the second case lim n ^ 00 [|J^ 1 X n i(Sl)] C {g > 0} and suppose 
0 < a < oo, A\[((-a,0) \ N) D (-oo,0)] > 0 with N := Wu(^)]- By 

continuity from below we conclude that there exists a constant K with 0 < K < a 
and oo > A[((— a,0) \ N) D (— K, 0)] > 0, so by [21, p. 68] we can find an open 
interval U for every 0 < a < 1, say U = (—c — e, — c) with e > 0 and 0 < c < K 
suitably chosen, with A[((— a,0) \ N) fl U] > a\(U). Now choose c and e so that 
the last inequality is true for a = 0.5 and define 



r o, 



h e (x) = l 



— 2(c + x)/e, 

1 + ^{c P x + e/2)/e, 



x G R_ \ (— c — e, c), 

— c — e/2 < x < — c, 

— c — e < x < — c — e/2, 



then we have with similar notations and definitions as above 



0 = 




J h e (x) dP(x) 



which again contradicts (114). Thus \[{{g > 0} \ N) D (-oo,0)] = 0, and along 
the same lines we also obtain \[({g > 0} \ N) H (0, oo)] = 0 which terminates the 
proof. □ 



Remark 6.3. In the special case of generalized hyperbolic distributions and their 
limits we have seen before that {g > 0} = R, so for an independent triangular 
scheme with £(X^=i X ni ) > GH(\,a, (3,8, /x), the X ni cannot be bounded by 
a constant independent of n. If in addition we require (A' n i)i<i<^ n to be iid as 
in the previously discussed multinomial models, one can assume with little loss of 
generality that X n i(Q,) = R and that P Xni has a Lebesgue-density d > 0 on R, 
since possible point masses in the distributions must vanish in the limit. Moreover, 
any convergent uan triangular scheme with \[{g > 0} \ lim^oo U^=i X n i(Q)] > 0 
either does not have independent summands or k n is not deterministic. 

Similar statements hold for GIG distributions (replace R by R + ) and for all 
stable distributions with index 0 < a < 2 (in this case g(x) = t{ x< Qy(x)Cia\x\~ a ~' 1 
+1{ x>0 }(x)C2Q;x _Q!_ 1 , where Ci, C 2 > 0andCi+C2 > 0, see [26, Theorem 5.7.2]). 
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Remark 6.4. If (V n *)i<*<fc n are iid and satisfy the assumptions of Theorem 6.2, 
then the partial sum processes converge in law to the Levy process X = (X t )o<t<i 
generated by 4>x (u) . The former are given by 

[tk n ] [tk n ] 

S n (t) = '^2x ni with <p Sn (t)(u) = 4> Xni (u) [tkn] = <t> k x ni ( u ) ^ ■ 

2=1 

Since 4> k x ni (u) — > (j>x{u) for arbitrarily fixed u G R and — > t uniformly on 

[0, 1] if n — > oo, the assertion immediately follows from [22, Corollary VII. 4. 43]. 

To enlarge the class of limit laws of the classical binomial model, the authors 
of [28] suggest to randomize either the number of price changes in [0, 1] or the 
jump heights u and d. For the first approach we take as given a N- valued random 
variable N n independent of X n i,i > 1, by which [0, 1] is divided into N n disjoint 
subintervals of length h := 1/N n . The asset price at time 1 is then given by Sx n 
and the cumulated log-return process analogously to (100) by 

/ O \ N n N n 

ln\^j=J2(C ni U + (l-( ni )D) (H6) 

The limit distributions of ln(Sjv n /So) can be derived by the following theorem: 

Theorem 6.5 (Transfer Theorem, [18]). Let (X n i)i> i be independent , identically 
distributed random variables for each n > 1 and N n a N -valued random variable 
independent of all X n i . If 

x, — -±> Y, then Xx ni -±> Z, 

U n H 

where the characteristic function <pz of Z is given by 

poo 

<t>z{u)= / (<f>x(u)) z dFy(z), 

Jo 

(fx denotes the characteristic function ofX, Fy the distribution function ofY. 

If X is one of the limits of the Cox- Ross- Rubinstein model described in [28, 
Theorem 2.1], then Z is infinitely divisible if Y has this property. Hence every 
infinitely divisible distribution which can be represented as a mixture of normal 
or Poisson distributions can be approximated along these lines (mixtures with 
degenerate distributions Cb are just equivalent to scalings with factor b). Due to 
Equation (6), this holds especially for the generalized hyperbolic distributions. 
This fact was used in [29] to derive an option pricing formula for an asset price 
model (1) involving a generalized hyperbolic Levy process. We have the following 
corollary: 
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Corollary 6.6. Let (X ni )i> i be defined as in (116) and £(X^= l ^ni) — N(f3,a 2 ), 
and N n be random variables with C(N n /n) > GIG{\5 , y / a 2 — (3 2 /cr) which are 

independent of (X n i)i> i, then 



C 




GH 



x a P c n 



(117) 



Proof. Under the above assumptions we have with the notation of Theorem 6.5 
X ~ N(f3,cr 2 ) and therefore 



(j)x(u) z = exp 




If Y ~ GIG{ A, <5, 7 ), then cY ~ GIG( A, 7 / v^) for c > 0 which can easily be 

seen from (5) by applying the substitution y — cx. Theorem 6.5 implies 









exp 



ifizu 2 ZU 



00 /»+oo 



r 

=n 

/ +00 
-00 






*-q 2 /w- *V u 
2 



d G/G(A,«y^ i)(*) dz 

d GIG ^ aS ,^^^)(y) d y 

e lux d N (yj^^ ( x ) dx d GIG ^ x CT(5j ^ ■* 2 j 4 ;i2 ) ^ ^ 

pOO 

y o ^(^ , y ) (*) d GIG(\, a 5 , (l/) d V dx 



~ C t ) GH(X,-^^,a6,o)( U ) 



□ 



Remark 6.7. A possible choice of parameters for the (X„j)j>i defined in (116) to 
ensure the normal convergence required in Corollary 6.6 is (see [28, p. 126]) 



U := 





1 1 /? 

^ ' 2 + 2 (T-y/n 



(118) 



Suppose Y ~ GIG(X,5, ot 2 — fi' 2 / a) to be independent of the (X m ),;>i , then 
(N n ) n >i can be defined by 

P(N n = k) := P(k - 1 < nY < k), fee N, (119) 



and thus 




P(N n > nx) = P(N n > [xn]) = P(nY > [xn]) 
p(y>^— 1) — » P(Y > x) Vx > 0 => 

V n I n — >oo 




n 
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For the alternative method, namely randomizing the ups and downs, set instead 
of (118) 



U := 




1 1/3 Y 1 /3 [Y 

P '-2 + 2 VY ^~2 + 2 Vn 



( 120 ) 



with Y ~ G/G( A, (5, y/a 2 ~ f3 2 ) . From the above we get 



£(ln| ^ 



and consequently 



(‘° [I] ) ~ l ” W( ' 3! '' ^ d o,o(xA^P) (») * = Gtf (A, «, A «, 0) . 



Although both methods lead to the desired distribution, they still have two 
significant drawbacks: First, they involve a random variable Y ~ G7G(A,J, 7), 
so the problem of approximating GH distributions is simply deferred to the GIG 
distributions which cannot be treated within this framework as pointed out before. 

Second, the corresponding partial sum processes do not converge in distribu- 
tion to the generalized hyperbolic Levy processes: Let X\ jTl i be defined as in (116) 
with parameters (118) in Remark 6.7 and analogously X 2 ,m by (120), then it fol- 
lows from [28, Theorems 2.2 and 4.2] that the partial sum processes and their 
limits for 0 < t < 1 are given by 

Wnt] 

Z 1 (t) = (3Yt + aB(Yt), Y ~ GIG(x,6, (121) 

i— 1 

M 

s 2 ,„(t) = 5Z^2,ni z 2 {t) = pYt + B{Yt), Y ~ G/G(A,5,ya 2 - / S 2 ), ( 122 ) 

i= 1 



where (B(t)) t >o is a standard Brownian motion independent of Y. Compared 
with the subordinated representation (15) of a generalized hyperbolic Levy process 
(X t ) t > o, the GIG Levy process (r(t)) t > o here is replaced by a GIG distributed 
random variable, therefore Zi and Z 2 obviously have stationary, but no longer 
independent increments which is clear especially in the second case because all 
X 2 ,ni depend on Y. In contrast to X t the marginal distributions of Z\(t) and Z 2 (t) 
are generalized hyperbolic for all 0 < t < 1, namely GH( A, <rft6, 0) 

and GH (A, Zq, Vtd, 0) respectively. 

Looking at Remark 6.7 and the proof of [28, theorem 4.2], it is obvious that the 
same problems will occur in an analogously randomized multinomial model (if 
a suitable random variable Y for this purpose can be found at all). The weak 
limits will have the same structure as in (121) and (122), only Y and B(u) will be 
replaced by Y and the Levy process determined by the limits of (110) and (111). 
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7. Approximating schemes of Normal and Gamma variables 

Since we want to get an analogue of the classical functional central limit theorem 
with a GH Levy motion as the limit process which could not be obtained with the 
two approaches discussed previously, we shall now use continuously distributed 
variables in the discrete approximation schemes. The fact that both GIG and GH 
distributions belong to the class of (extended) generalized T-convolutions allows 
the construction of convergent sums of Gamma variables which can be refined 
by an additional normally distributed summand as we will see later on. First we 
consider GIG distributions in 



Theorem 7.1. Consider an arbitrary G I G(A, S distribution with corresponding 
function Uqig as defined in (70) and the following assumptions : 

a) Vn > 1 there is a constant K n > 7 2 /2 and a partition 7 2 /2 = x n \ < x n 2 
< • • • < x n } Zri = K n of [7 2 /2, K n ] . 

b) Let X n i ~ I\ 7 2 /2 if A > 0 or X n \ = 0 otherwise and X n i ~ T 
2 < i < k n , be independent random variables with 



®ni — 

Q-ni C QiQ(x n i ) Uqjq^XjiI— i) (123) 




IfK n t oo |x ni -a; ni _i| — -> 0, then £(Y*=i X ni ) GIG(\,6,i). 



Proof Let Yk n := 1 X n i, then for the generating pair (a/ Cn , Uk n ) of the corre- 

sponding generalized T-convolution we have ak n = 0, lim n ^ 00 Uk n (x ) = Ugig(%) 
in all continuity points x of U gig by the choices above and 
f ° ° 1 f°° 1 

Jim lim / - dUk n (y ) < lim / - dUciGiv ) = 0 = aciG 

M—kx) n—KX> J M y M—*oo J M y 

because Uk n < Uqig (see Remark 7.2 below), so the assertion immediately follows 
from the Continuity Theorem 4.1. □ 



Remark 7.2. With (123) Uqig is approximated from below by step functions 
Un(y) = Ylili\UGiG{xi) - U G iG(xi-i)]t[ XuOG )(y). Since U G ig is continuous on 
( 7 2 / 2 ,oo), this is by far not the only possible, but probably the simplest choice. 
The assertions of Theorem 7.1 also remain true in the limit case A < 0, 7 = 0 with 
the same proof. 

In view of Theorem 6.2 and Remark 6.3 also note that in this case we have 
Xni(fl) = {g{x) > 0} = lim n _ 00 [U^ 1 X ni (n)], and all X ni have a Lebesgue 
density. 

To investigate the contributions of each summand more closely, we assume in 
the following for the sake of convenience that for m > n the partition (xmi)i<i<km 
is a refinement of (x ni )i <i<k n on [7 2 /2, K n \. Let x > y 2 /2 be a partition point for 
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every n > N, then the Gamma variable X n belonging to the jump A U n (x) =: a n 
has the Lebesgue density 

dxM = and E i x -i = 

Under the assumptions of Theorem 7.1 we have a n — > 0, so the mean of the sum- 
mand associated with x tends to x~ l . Hence the partial sum process generated by 
the triangular scheme defined in the above theorem does not converge (in law) to 
the GIG Levy process r = (r(t)) o<t<i : the expected jump size of the former at time 
t = k/k n decreases when k / h n , consequently its increments and the increments 
of its limiting process are not stationary. Nevertheless we can use Theorem 7.1 
together with Remark 6.4 to construct suitable iid random variables for this pur- 
pose. 

Corollary 7.3. Let 

- ((X n i)i<i<k n )n>i be defined as in Theorem 7.1, 

- ((X n i)i<i< n ) n >i be row-wise iid random variables with 

/ k n \ [nt] 

£(Xni) = £ I -]Tx ni ] and s n (t) = ^ X ni , 0 < t < 1; 

\ n i= 1 / i = 1 

then S n — ^ r. 



For GH distributions we use the fact that this extended generalized T-convolu- 
tions allow, relative to (53), the simpler representation 



4>gh{u) = exp 




dU GH (y)\, 



/*+°° y 

since / — — ~ dUoniy ) 

7-oo 1 + r 



is finite as shown in (82). Recalling the meaning of ±a — (3 and the symmetry of 
Ugh as mentioned in Section 5.4 we get analogously to Theorem 7.1 



Corollary 7.4. Consider an arbitrary GH( A, a, /3, <5, fa) -distribution with correspon- 
ding function Ugh defined in (81) and the following assumptions : 

a) V n > 1 there is a constant K n > a — (3 and a partition a — f3 — x n \ < x n 2 

<C • ' ' ^n/e n = X n of \ol /?, RVi] • 

b) Let X n i = X+ x - X~ x + p/kn with independent X+i ~ X~ x ~ I\c*+/3 

if A > 0 or X n i = ii/k n otherwise and X n i = X+ — + fi/k n , 2 < i < k n , 

be independent random variables , where X^ ~ T a + , a + and X~ % ~ T a - a ~ 

are independent with 

Vni = Xni, <?ni = X ni + 2 / 3 , 

a ni = a ni = U G H{Xni) ~ U G H(Xni- 1 ) 



-L 



•g(xni) 



g(xni-i) tt 2 (2 y - 7 2 ) [J| 2 a , (a / 2<5 2 y - <5 2 7 2 ) + [s/Wy - <5 2 7 2 ). 



dy, 



and g(x) = x 2 /2 + fix, 7 = \fo? — /3 2 . 
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If K n T oo and sup^^ \x ni - x ni -i\ -> 0 for n -> oo, then Cl^Zi x m) 

GH(\,a,0,5,n). _ 

Moreover, let ((Xm)i<,< n )„>i be row-wise iid random variables with 

/ I fen \ [nt\ 

C(X ni ) = C - x m) and S n (t) = ^X ni , 0 < t < 1, then S n X, 

\ i= 1 / 1=1 

where X = ( X t )o<t<i denotes the generalized hyperbolic Levy motion generated by 
GH(X,a, (3,5, p). 



In general the location parameter pi ^ 0 can be divided up arbitrarily into j parts 
(1 < j < fc n ) and added to j random variables X — X~ { . The above subdivision 
into k n parts of equal size was only chosen to simplify the formulas. 

When simulating GIG or GH distributed random variables along the lines of 
Theorem 7.1 and Corollary 7.4, the tail(s) of the integral in the exponent of the 
characteristic function are always ignored. The next theorem shows that this may 
be compensated by adding an independent normal variable to the series YliZi X n i- 
It goes back to [9] where the result was mentioned without proof. We first ensure 
that all required moments exist: Let C(Xt) £ To with characteristic function 



4>x t ( u ) = ex P - J ln(l — dU(y ) 



(124) 



then its mean is given by 



EfXrl = - 

i du 






u=0 



X 



T y — m 



dU(y) 



,°o 1 

= / - du(y) 

=o Jt y 



(125) 

if T > 1 according to (45) which also justifies the interchange between differenti- 
ation and integration, and for the variance we get 

cj\ Var[Xr] 

i ri r°° i i r°° i c 00 1 

- i S L dU w 7 X dUM X ? dUiMm 

If instead of (124) C(Xt) £ T with characteristic function 



/ 



y 



<Px T (u) = exp 

I 

R\[—T,T] 

then we obtain analogously with (54) for T > 1 

1 y 



In ( 1 — — | + lUV 



l + 2/ 



dU(y) 



E[X T ] = J 



R\[T,T] 



[ y — iu 1 + y 2 

4 = / £<«/(*)■ 



dU(y) 



r / 

R\[-T,T] 



2/(1 + y 2 



(127) 



dU(y), (128) 



M\[-T,T] 



(129) 
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Theorem 7.5. Suppose C(Xt) has a characteristic function defined by (124) or 
(127). Then 

C N(0, 1) for T — > oo ifTa r -* oo, 

where E[Xr] and erf, are given by (125), (126) or (128), (129) respectively. 



Proof. Every infinitely divisible random variable Y with finite first moments ad- 
mits a Levy-Khintchine representation of the form 



</>y(u) = exp 





1 — iux ) dFy ( x ) 



(see p. 237) from which mean and variance are obtained to be 



E[Y] = 6, Var[y] = c + [ x 2 dF y {x). 

Jr 



(130) 



If 4>x t (u) is given by (124) and Xp := ? then by (47) the Levy-Khintchine 

representation of X p is 



<!>x*{n) = exp 




1 — iux 




e - aTXy dU{y)dx . 



Applying Theorem VII.2.14 of [22], because of the standardization of X p it only 
remains to show that 



poo -j poo 

i) limlimsup / x 2 — j e~ aTXy dU(y) dx = 0. 

atoo T->oo J a X Jt 

poo 1 poo p-\- oo 

ii) lim / g(x)~ e~ aTXy dU(y)dx= g(x) dF N(0A) (x) = 0 

T-+oo J Q X J T J-oo 

for all continuous bounded functions g : R — > K which are 0 in some 
neighbourhood of the origin and have a limit at infinity. 



Using Fubini’s theorem, the expression in i) can be written as 

noo -t roc r oo roc 

limlimsup / x 2 - e~ (7TXy dU(y) dx = limlimsup / / xe~ aTXy dx dU(y) 
atoo T— > oo Ja x Jt «Too T ^oo J T J a 



= lim lim sup / 

atoo T—*oo Jj 



-oo p -a T ay 

, o — o (1 + ay) dU (y) < lim lim sup 

T ^tV a l°° T-*- oo 



/.°o 1 

Jt aorpy 



because Tctt — > oo by assumption, and 

/*°° i l 1 

lim lim sup / — 7—7 dU (y) < lim lim sup _ - o / —xdU (y) 

a Too J T acfpy 6 atoo T ^oo alo'fjp y z 



— lim lim sup 



1 



atoo T->oo ClT(Jt 



= 0 . 
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To verify ii), fix g with the properties described above and let M := sup xG [ 0oo ) g(x), 
e g := max{e > Ofy(x) = 0, x G [0,e)}. Then we have with similar arguments as 
above 



lim 

T — >oo 



noo -j poo 

L ' 



e 

T 

OO poo 



° TXy dU (y) dx<M i lim 



im /7 

JT Je ( 



00 /*°° p—^Txy 



< M lim 

T— >00 



n c 



1 



M 



lim 



<49 v dxdD[y) = 34 



L 



x 

1 



rr 3 9/ 3 

t a Ty 



dx dU ( y ) 



dU(y) = 0, 



and thus ii) holds. If <\> Xt is given by (127), the proof is exactly the same, only 
the sets over which one integrates have to be slightly modified. □ 



Remark 7.6. In Section 5.1 the density of Ugig has been shown to be asymptoti- 
cally proportional to y~ 1 ^ 2 if y — ► 00 (excluding the special case 5 = 0). Hence for 
sufficiently large T and small C > 0 we have 

p 00 -1 p 00 9 

4 = / 4 dUaiaiv) >C y~ 5/2 dy = -CT~ 3 ' 2 
Jt y Jt 6 

and consequently liniT-^oo Tax > lim T _(f) 1/ V/ 4 = 00 , so the normal ap- 
proximation holds for all G/G(A, 5, 7 )-distributions with 5 > 0. Observe that 
by (125) and (126) E[X T ] > <?t, so a N(E[X t \,ctt)- distributed random vari- 
able will take positive values with high probability. 

Using the chain rule of differentiation it follows from (81) that the density of 
Ugh is asymptotically proportional to (y + /3)(y 2 /2 + /fy) _1 / 2 ~ 1. For sufficiently 
large T and suitably small chosen D > 0 we obtain 

/ I f 1 2D 

~2 dU GH(y) >D j —dy= — 

R\[— T,T] M\[-T,T] 

and therefore lim/ ^oc T<j t > lim/ ^oc y/2 DT = 00 . Hence the normal approxima- 
tion also holds for all GH{ A, a, /?, 6 , /^-distributions except the degenerate limiting 
case (U(x) = 0) and the Variance-Gamma limit where Uvg is constant outside 
[—a — (3, a — (3\ and thus cft = 0 for sufficiently large T. 

To simulate a Levy process X = (X t ) t >o whose generating infinitely divisi- 
ble distribution has a Levy measure F with F(M) = 00 , one usually makes the 
decomposition X = (X — X € ) + X e and generates sample paths of the compound 
Poisson process X — X e as an approximation of X. X e contains the compensated 
jumps of X smaller than e and has the characteristic function 



<t>x e {t) = exp 




— 1 — iux) dF(x) 



and variance ta(e) 2 = t J x 2 dF(pc). 



|x|<€ 



( 131 ) 
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The processes {S n (t))o<t<i defined in Corollary 7.3 and 7.4 can be used to simulate 
(X(t) — X e (t))o< t <i in case of GIG or GH Levy processes, and Theorem 7.5 to- 
gether with Remark 7.6 suggest that for X e one can use a suitably scaled Brownian 
motion (this approach was used in [30] for NIG Levy processes) . 

In a recent paper Asmussen and Rosinski [2] addressed this question and 
showed that for every Levy process X 

a(e)~ 1 X e > B for e —> 0 if lim — — = oo, (132) 

e— >o e 



with X e , cr(e) defined as in (131) and B denoting a standard Brownian motion. As 
pointed out before Corollary 7.3, roughly speaking T~ l and cft equal e and <t(c), so 
the conditions in Theorem 7.5 and Equation (132) coincide. Hence the convergence 
in (132) should hold for all GH- and GIG Levy processes (with parameter 8 > 0). 
To prove this, we need some information on the behaviour of the Levy densities 
around the origin. From Sections 5.1 and 5.3 we have 



9gig(x) = 



pOO 

max(0, A) + / e~ xy S 2 p| A | (2 S 2 y) dy 
Jo 



x > 0, (133) 



where g t/ (x) is defined in (68) and 



e (3x-a\x\ 

9gh{x) = — n — 

R 

The last terms of (133) and (134) are Laplace transforms of measures with 
densities on M + . Their asymptotic behaviour for x — > 0 can be derived with the 
help of the following theorem (see Feller [17, p. 446 and Problem 16 on p. 464]): 



pOO 

max(0, A) + / e~ My S 2 (y + a)g\\\ [A 2 (y 2 + 2m/)] dy 
Jo 



(134) 



Theorem 7.7. Let G be a measure concentrated on M+ with density g and existing 
Laplace transform u(x) for every x > 0. Suppose g(y) ~ v(y) for y — > oo and v is 
monotone on some interval (y o,oo). Let 0 < p < oo, then as x ^ 0 and y — ► oo, 
respectively, 

for some positive function L defined on R+ varying slowly at oo ( that is, for every 
fixed x > 0 and t —> oo we have L(tx)/L(x) — > 1). 



Since 8 2 g\\\(28 2 y) ~ 8(2ir 2 y) 1 / 2 for y — > oo (see Equation (71) below), the 
assumptions of Theorem 7.7 are fulfilled in case of (133) with p = 0.5 and L(y) = 
r(0.5)£(\/27r) -1 = 6(27r) -1 / 2 . Using the expansion e -x ^ 2 / 2 = 1 — ary 2 /2 + o(x) we 
see that the behaviour of gciG near 0 is dominated by the integral term, multiplied 
with the preceding factor x -1 , which gives 

9gig{x) ~ -f= x~ 3/2 , x 1 0. (135) 

v 27T 

In (134) the behaviour of the density is 8 2 (y + a)g\\\[8 2 (y 2 + 2 ay)] ~ 8/ 7r, so the 
assumptions of Theorem 7.7 hold true with p = 1 and L(y) = 8/tt. Hence again 
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the integral term times 
which is given by 



|x| 1 determines the behaviour of gcH around the origin 
9gh{x) ~ - x~ 2 , x > 0. (136) 

7 r 



From (135) and (136) we have for e 

ctgig(^) r 







7T J 




lim 

€->() 



^Gioje) 

e 



lim 

e — >0 



<7Gg(e) 

e 



= 00 , 



which proves our conjecture. The asymptotic behaviour of the Levy densities 
further shows that both GIG and GH Levy motions have infinitely many small 
jumps in every finite time intervals. However, the paths of a GIG Levy process 
(r(t )) t > o are increasing and thus of bounded variation, whereas according to (136) 
/{| x |< i } \ x \ 9 gh(x) dx = oo (except in the Variance- Gamma and the degenerate 
limit), hence this does not hold for the GH Levy motions. 
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Stochastic Volatility and Correction 
to the Heat Equation 

Jean-Pierre Fouque, George Papanicolaou and Ronnie Sircar 



Abstract. From a probabilist’s point of view the Twentieth Century has been 
a century of Brownian motion with major inputs from - and applications to - 
Economics and Physics starting with Bachelier’s thesis in 1900 and Einstein’s 
work in 1905. There has been a tremendous and rapidly increasing number 
of mathematical works on the Brownian motion and its many applications 
during the century, starting with Wiener’s construction in 1923 and followed 
by the development of the stochastic calculus. It is only during the Sixties and 
early Seventies that it became an essential modelling tool in Economics with 
the works of Samuelson, Merton and the famous Black-Scholes formula for 
pricing options. The need for more complicated nonconstant volatility models 
in financial mathematics has been the motivation of numerous works dur- 
ing the Nineties. In particular a lot of attention has been paid to stochastic 
volatility models where the volatility is randomly fluctuating driven by an 
additional Brownian motion. The authors of this paper have shown that in 
presence of separation of time scales, between the main observed process and 
the volatility driving process, asymptotic methods are very efficient in captur- 
ing the effects of random volatility in simple universal corrections to constant 
volatility models. From the point of view of partial differential equations this 
method corresponds to a singular perturbation analysis. The aim of this paper 
is to recast this approach in the context of the heat equation and to propose a 
universal correction to its solution. This is an attempt to show that financial 
mathematics may also contribute to new ideas in Physics. 

Mathematics Subject Classification (2000). Primary 91B28; Secondary 60G15, 
60H15, 60J60, 60J65. 

Keywords. Stochastic volatility, singular perturbation, heat equation, Poisson 
equation, Ornstein-Uhlenbeck process. 
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1. Introduction 



Heat diffusion in a homogeneous medium is described by the following linear second 
order parabolic partial differential equation 

du 

m = " • 

with an initial condition it(0, x) — h(x) at time t — 0, the space variable x being in 
]R d and h being a bounded smooth nonnegative function for instance. The positive 
constant n is the diffusion constant. For simplicity we first describe the main idea 
in the one-dimensional case d = 1 to avoid dealing with diffusion matrices. 

In order to describe heat propagation in inhomogeneous media one can make 
k dependent on the position x and eventually on time t. Under certain conditions 
on the varying coefficient n(t, x) the equation 



du 

dt 



K(t , x) 



d 2 u 

dx 2 



has a well-defined solution u(t,x). One can also consider models where K,(t,x) is 
random, leading to partial differential equations with random coefficients. In any 
case the solution it is a complex nonlinear functional of the coefficient k. In order to 
illustrate that, in the context of random coefficients, one can think of the problem 
of computing the “ensemble average” (it) which does not satisfy an obvious closed 
equation. In other words, in random or non random cases, the solution it depends 
on the detailed structure of the coefficient k. This poses the problem of modelling 
k. There are situations where asymptotic theories can be used. 

One example is the case of small fluctuations 



K = Kq + £Kl(t, X) 

where k,q is constant, is varying (periodically, randomly,. . . ) and e is a small 
positive parameter. Indeed it is be possible to expand u 

It = ItQ T £U\ T (D( < £ 2 ')i 



where ito solves the corresponding problem with the constant coefficient Ko- The 
first correction it i, given by 



du\ _ d 2 u\ 
dt K ° dx 2 



+ Kl(t,x) 



d 2 u 0 

dx 2 



with a zero initial condition, depends strongly on the details of the perturbation 

Another interesting situation corresponds to the case where k is varying (pe- 
riodically, randomly, . . . ) on smaller scales than the original scale of observation 
of it. The small parameter e is now a scale ratio and homogenization techniques 
enable us to approximate the problem by a diffusion problem with a constant 
coefficient corresponding to an effective medium. The first correction will again 
depend on the details of the model. We refer to [1] for details on these techniques. 
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To illustrate our point one can think of a coefficient n varying rapidly in time, 
modelled by 

«•(«) = « (j) . 

For instance n(t) may be an ergodic process in which case our problem becomes 
an averaging problem. Under appropriate mixing conditions on n(t) one can show 
that the solution u is approximated by the solution uq of the constant coefficient 
heat equation 

8uq _ d 2 uo 
dt K dx 2 

The initial condition is uq(0, x) = h(x ), the constant R is the mean of the invariant 
distribution of the process K,{t) and the small fluctuations around uo are random 
and determined by details of the model. 

From a probabilist’s point of view one can introduce a “virtual particle” 
whose position is given by X t — x -f crW t where (W t ) is a standard Brownian 
motion and cr — \/2 k. The solution of the constant coefficient heat equation is 
given by 

u(t,x)=E{h(X t )\X 0 = x}. 



This is actually a backward Kolmogorov equation and in what follows it will be 
more natural to rewrite it with respect to a backward time variable leading to the 
problem 

du d 2 u 

m +K d ^ =0 

with the terminal condition u(T, x) = h{x) at a final time T. Its solution is given 

by 

u(t,x) = E{h{X T ) \X t =x}, (1) 

where (X t ) is the diffusion process given by 



dX t = crdWt. 



In derivative pricing problems a would be the volatility of a risky asset where X t 
denotes the logarithm of its price and where the drift term has been omitted. 

Considering corresponding pricing problems in the context of stochastic vola- 
tility, one naturally replaces u(t,x) by 

x,y) = E {h(X T ) | X t = x,Y t = y}, (2) 

where 

dX t = f(Y t )dW t . (3) 

The function / is positive, we assume / and 1/f bounded for instance, and the 
random volatility a t = f{Yt) is driven by an ergodic Markov process to reflect 
the “mean-reverting” nature of stochastic volatilities. The expectation in (2) is 
taken with respect to the Equivalent Martingale Measure chosen by the market. 
This means that (Y t ) should reflect the so-called market price of volatility risk We 
refer to [3] for a detailed presentation. An important class of models is obtained 
by considering diffusion processes Y driven by Brownian motions correlated to 
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the Brownian motion W driving X. This correlation is extremely important in 
pricing problems since it accounts for the skew or “smile” in implied volatility. 
Indeed it could not have been introduced at the level of the heat equation but it 
becomes very natural at the level of the virtual Brownian particle which may have 
its diffusion coefficient varying randomly in time. 

Our toy-model of process Y is based on the most simple ergodic diffusion 
process, namely the Ornstein-Uhlenbeck process. It is described by the stochastic 
differential equation 

dY t =a(m-Y t )dt + f3^pdW t + y/T^dZ t y (4) 

where a and (3 are positive parameters and W and Z are two independent standard 
Brownian motions in such a way that [pW t + y/l — p 2 Z t ^ is a standard Brownian 
motion correlated to W through the correlation coefficient p, |p| < 1 . 

In derivative pricing problems there is an additional drift term —/3A(Y t )dt 
in (4) which represents the market prices of risk and determines the equivalent 
probability under which the expectation is computed. It turns out that this term 
gives rise, in the asymptotics we will consider, to a simple correction to the constant 
effective diffusion coefficient without affecting the nature of the correction. For this 
reason we simply ignore that term. 

To summarize we propose to consider u(t,x,y ), given by (2), as a perturbation 
of the solution u(t,x) of the constant coefficient heat equation given by (1). The 
underlying stochastic processes (X, Y) are given by (3,4). The fact that u(t , x) and 
u(t , x , y) are close to each other will be justified in the regime 

a large and (3 2 /2a of order one. 



The quantity 1/a is the intrinsic time scale of T, its correlation time , which means 
that we assume that the volatility is fast mean-reverting as it has been found on 
market data in [4]. Assuming 

i/ 2 - (3 2 / 2a = 0(1), 



means that the long-run, or equilibrium, fluctuation size remains of order one as a 
becomes large since v 2 is precisely the variance of the Gaussian N(m, v 2 ) invariant 
distribution of the OU process Y. 

The function u(t , x, y) given by (2) is the solution to the partial differential 
equation 



du 1 , 2 d 2u nnt \ d 2 u 



1 _o d 2 u . . du 

+ Y w +a(m ~ v) »y = ' 



( 5 ) 



with the terminal condition u(T,x,y) = h(x). 

In Section 2 we show that, in the asymptotics a large and v 2 of order one, 
u(t,x,y) is close to the solution uo(t,x) of a constant coefficient heat equation 



du 0 , _<9 2 u 0 
dt K dx 2 



= 0 , 



(6) 
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with the same terminal condition uo(t , x). That is in this sense that u is a pertur- 
bation of uo. We then derive the first correction which is of order 1 jyfoL. 

Surprisingly this first correction does not depend on y and it is simply pro- 
portional to the third space derivative of uq. 

In Section 3 we illustrate the universality of this type of correction by dis- 
cussing other Markovian and non Markovian models, the latter requiring a mar- 
tingale approach to the perturbation result. 



2. Asymptotics 



It is convenient to introduce the small parameter e > 0 defined by 



^ = 1/a , 



so that for a fixed value of v we have 



0 = 



i/y/2 

W 



We introduce the operator notation 



Co 



d 2 



v to + ( m - v) 



dy 2 



dy’ 



Ci = V2pvf(y) 



d 2 

dxdy J 



£ 2 






where 



(7) 



• £o is the OU infinitesimal generator, 

• C\ contains the mixed partial derivative due to the correlation p between the 
Brownian motion driving Y and W, 

• £2 is the heat operator also denoted by Cnifiy)) to indicate its diffusion 
constant. 

The partial differential equation (5) becomes 

(Vo + ~Ci + u e = 0, (8) 

where the solution is denoted by u £ (t,x,y) and satisfies the terminal condition 

u £ (T,x,y) = h(x). 

With the assumptions made on the coefficients and the function h , this equation 
has a unique solution u £ for any given value of 5 > 0. In particular the positive 
function / is assumed to be bounded away from zero to avoid degeneracy in the 
diffusion. 
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Equation ( 8 ) is written in such a way that the coefficient of the time derivative 
is of order one so that the singular nature of the perturbation is revealed in the 
“diverging” terms. 

Using the computation introduced in [ 2 ] and detailed in [ 3 ] one can expand 
the solution 

U £ = Uq + y/sUi + £U2 £y/£U^ 

and deduce successively that: 

• CqUq = 0 which is satisfied by choosing uo = uo(t,x) independent of y. 

• CoUi + C\Uq = CoU\ = 0 which is satisfied by choosing u\ — ui(t,x) inde- 
pendent of y as well. 

• C0U2 4 - C\U\ + £2^0 = £0^2 + £2^0 = 0 is a Poisson equation in U2 with 
respect to £ 0 in the y- variable. Its solvablity condition is (£2^0) = 0 where 
the average (• • • ) is taken with respect to the N(m , is 2 ) invariant distribution 
of the OU process Y. 

• Using ( 7 ) and the fact that uq does not depend on y we deduce that uq is 
the solution of the heat equation ( 6 ) with the effective constant diffusion 

and the terminal condition uo(T,x) = h(x). 

• The equation for becomes 

C 0 U 2 = ~^(f 2 (y) - (/ 2 ))^r> 
and U2 can be written 

u 2 {t,x,y) = -^(t>(y)^£ +c{t,x), (9) 

where (f)(y ) is a solution of the Poisson equation 

4><A = f 2 - </ 2 >, (io) 

and c(£ x) does not depend of y. 

• The terms of order yfe give the following Poisson equation in 113 

£0^3 T £1^2 T £2^1 — 
which leads the solvability condition 



(£2^1) + (£1^2) = 0 . 
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Using the fact that u\ does not depend on y, the form of U2 obtained in ( 9 ) 
and the fact that L\c = 0, we deduce the following equation for u\(t,x) 



dui &*ui pu / N d 2 

dt K dx 2 1/2 \ dxdy 



<d 2 u 0 \ 



0 , 



which simplifies to 

dui 



_d 2 ui 
dt K dx 2 



pv , f,n d 3 U 0 

V2 {m a? =0 ' 



(ii) 



to be solved with a zero terminal condition at t = T. 

Observe that u\(t, x) solves the heat equation with the constant diffusion constant 
ft, a zero terminal condition, and a source term given by C3 where the constant 

is of order one and proportional to p. One can easily check that the unique solution 
to this equation is given explicitly by 

d 3 u 0 



ui(t,x) = C 3 (T - t) 



dx 3 



( 12 ) 



Setting C3 = V£C 3 we obtain the main result of this section: 
Theorem 1. For x , y and t <T fixed we have: 

. d 3 u 0 



- (u 0 (t,x)+c 3 (T-t) 



dx 3 



= 0 {e). 



The proof consists of introducing the difference 

Z £ — uo + \feu\ + eu2 + e^feu^ — u £ , 

the operator 

11 . 

C £ — — £0 H — 7=^1 T £2 

£ 

and using the definitions of uo, ui, ^2 and W3 to write the equation 
£ £ Z £ = e(Ciu 3 + C 2 u 2 ) + ey/eC 2 u 3 , 
to be solved with the terminal condition 

Z E iT, x,y)=e ( u 2 (T , x, y) + Vsu 3 (T, x, y)) . 

Setting 

F £ (t,x,y) = Ciu 3 (t,x,y) + C 2 u 2 (t,x,y) + y/e C 2 u 3 (t,x,y) 

G £ (x,y) = u 2 (T, x,y) + y/e u 3 (T, x, y ) , 

one can write the probabilistic representation of Z £ 



Z £ (t , X, y) = eE |g £ (X£, Y£) - J* F £ (s, X s s , F/)ds|X t £ 



x,Yt 
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Under the smoothness and boundedness assumption on the function h and the 
boundedness of f(y ) , so that solutions of Poisson equations are at most linearly 
growing in \y\, F £ and G £ are bounded uniformly in x and at most linearly growing 
in \y\ and the result follows. The last argument requires uniform bounds in e 
of moments of the process Y given in the following lemma for the exponential 
moments. 



Lemma 1. There exists a constant c(u, y) such that for any t < s < T and £ > 0 
we have 

E{e vY ‘}<c(v,y). 

Proof The process Y is an OU process converging exponentially fast to its in- 
variant distribution. Indeed Y s is Gaussian with mean m + (y — m)e~ (<t ~ s ^ £ and 
variance v 2 (l — e~ 2 ^~ s ^ £ ). Consequently 

lE{e vYs } = exp (m + (y — m)e~^~ s ^ £ ^ + — ^ ^1 — e - 2 (*- s )/ £ ^ | 

and the proof follows by choosing c(u, y) = exp{|v|(|m| + | y — m\) -f v 2 u 2 /2}. □ 



In Conclusion, a natural perturbation of uo, the solution of the heat equation 
( 6 ), is given by 

u 0 +c 3 (T- ( 13 ) 

where Cs is a small parameter. 

Setting T — t = r and a = y/2R, uq is given by a convolution of h with the 
Gaussian density 

^ 1 -- 4 - 

g„ 2 T (x) = e 

VZTTCr^T 

and the corrected value (13) is given by a convolution of h with 

d 3 g^r 



9ct 2 t T C37" 



dx 3 



which remains positive for all values of x when C 3 is chosen negative and small 
enough as can be seen by a direct computation. This is illustrated in Figure 1. 
The shape of the corrected density has been observed on densities obtained from 
real financial data (see for instance [5]). 



3. Universality of the correction 

The universality of the correction (12) resides in the fact that a large class of pro- 
cesses (Y t ) and functions f(y) will give rise to the same form, the only dependence 
on a particular choice being reflected in the value of the small parameter C 3 . In 
our analysis the only required features of the process Y are: 

1. It has a diffusion part driven by a Brownian motion correlated to the Brow- 
nian motion driving the main process X. 

2 . It is ergodic and “running” on a fast time scale measured by its mixing rate. 
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Figure 1. Gaussian heat kernel g# 2 r and corrected heat kernel 
9<t*r + c 3 t 8 ^ with t = 1 , a = 0.5, c 3 = -0.03 



3. It is mixing enough so that the corrector 4>(y) introduce in (10) is smooth 
and at most polynomially growing at infinity. 

4. In fact the process Y does not need to be Markovian. We refer to ([3], Chapter 
10) for generalizations to non-Markovian and multi-dimensional models and 
for a martingale approach to the derivation of the correction. 
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Bayesian Estimate of Default Probabilities 
via MCMC with Delayed Rejection 

Antonietta Mira and Paolo Tenconi 



Abstract. We develop a Bayesian hierarchical logistic regression model to pre- 
dict the credit risk of companies classified in different sectors. Explanatory 
variables derived by experts from balance-sheets are included. Markov chain 
Monte Carlo (MCMC) methods are used to estimate the proposed model. In 
particular we show how the delaying rejection strategy outperforms the stan- 
dard Metropolis-Hastings algorithm in terms of asymptotic efficiency of the 
resulting estimates. The advantages of our model over others proposed in the 
literature are discussed and tested via cross-validation procedures. 

Mathematics Subject Classification (2000). Primary 91B82; Secondary 65C05. 
Keywords. Asymptotic efficiency of MCMC estimates, default probability, 
default risk, delaying rejection, hierarchical logistic regression, Metropolis- 
Hastings algorithm. 



1. Motivation 

The aim of this paper is to estimate the default probability (DP) of companies that 
apply to banks for loan. The explanatory variables available to us are performance 
indicators derived from the balance sheet of each company and the knowledge of 
the macro-sector to which the company belongs. For privacy reasons we do not 
report how the 4 performance indicators are obtained and the 7 sectors identified. 
The data set (Banca Intesa, BCI) consists of 7513 companies of which 1.615 % 
defaulted. A more detailed description of the dataset appears in Table 1 where the 
unbalanced design is apparent. 

The main issues related to DP prediction are: the events of interest are rare 
(thus bias and consistency problems arise); the different sectors might present 

This work has been supported by EU TMR network ERB-FMRX-CT96-0095 on “Computational 
and Statistical methods for the analysis of spatial data” and by “Fondi di Ateneo per la Ricerca” , 
Department of Economics, University of Insubria. 

Received by the editors October 11th, 2002. 




276 



A. Mira and P. Tenconi 





Dimension 


% Default 


Sector 1 


63 


0% 


Sector 2 


638 


1.41 % 


Sector 3 


1342 


1.49 % 


Sector 4 


1163 


1.63 % 


Sector 5 


1526 


1.51 % 


Sector 6 


315 


9.52 % 


Sector 7 


2466 


0.93 % 



Table 1. Summary of the dataset. 



similar behaviors relative to risk of defaulting; expert analysts have, typically, 
strong prior opinions on DP. The logistic regression model we propose is Bayesian, 
hierarchical and introduces dependency among different sectors thus addressing 
efficiently all the above mentioned issues. 

2. The model 

We use a logistic regression, that is we model the logit of the default probability, 
as a linear function of the explanatory variables. In the sequel we use the following 
notation, indicating vectors with underlined letters: 

• rij\ number of companies belonging to sector j, j = 1, . . . , 7; 

• yij : binary observation on company i (i = 1, . . . , n^), belonging to sector j. 
The value one indicates a default event; 

• x { -: 4x1 vector of explanatory variables (performance indicators) for com- 
pany i belonging to sector j ; 

• a : 7x1 vector of intercepts, one for each sector; 

• (3 : 4x1 vector of slopes, one for each performance indicator. 

The parameters of interest are a and /3. We will, informally, indicate by y and x 
all the observations on the dependent and explanatory variables respectively. 
Adopting a logistic regression model gives rise to the following likelihood: 

L(a, fry,: r) = I] II 6 ij (* " M (1) 

3 * 

where 

_ exp(a 3 - + g) 
l ' j 1 + exp(<*j + z'j /?) ‘ 

Following the Bayesian paradigm, prior distributions are assigned to the pa- 
rameters of interest, in particular we take the prior on /?, p(/3), to be a four- 
dimensional normal centered at zero ( fi ^ = 0) and with the identity matrix times 
64 as the covariance matrix (E^). The intercepts, aj, are assumed to have their 
normal prior distributions, p(aj |/i a , <r^), independent only given the parameters 
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\/ 



\/ 




CD 

i = 1, ... , iij 

j = 1, ... , 7 




Figure 1 . Graphical representation of the model. 



li a and The mean fi a , is unknown with normal hyper prior, centered 

at zero and with variance equal to 64. The prior on the variance is a Gamma(a, b ) 
distribution with mean equal to 5 and variance equal to 9. 

The values of the known hyper parameters have been fixed so that the cor- 
responding priors are fairly vague. Prior information on DP, elicited by expert 
analysts (not available to us), can be incorporated when assigning the values of 
these hyper parameters. Typically expert analysts express opinions on the DP, 0ij , 
(rather than a and (3) by assigning them a mean value and a level of confidence 
or a variance. Given these measures of location and spread a beta distribution is 
assumed on these probabilities and the values of a and (3 matching the assigned 
prior distributions can be inferred using the inverse logit transformation. 

The model implemented has been estimated both using informative and non- 
informative priors centered in zero with a very high variance (results reported). 
The evidence gained using fictitious informative priors suggests that, in our setting, 
the estimates are robust relative to the choice of the prior parameters due to 
rather large amount of data that causes the prevalence of the likelihood over prior 
influence in the posterior. 

The distribution of interest, the posterior of the slopes, intercepts and hyper 
parameters, is proportional to 

n(a,0,fla,Va\y,x) OC L(a,fcy,x)Y[ P(otj\Va,<rl) P{Va) P{^a) P{§)- (3) 

3 

A graphical representation of the proposed model appears in Figure 1. 
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3. The algorithm 

We use a MCMC algorithm [6] to simulate observations from (3), the 13-dimension- 
al posterior distribution of interest. To improve the performance of the standard 
Metropolis-Hastings algorithm (MH) we adopt the delaying rejection (DR) strat- 
egy [2, 7] with a single delaying step. This means that, upon rejection of a proposed 
candidate move, instead of advancing the simulation time and retaining the same 
position (as in a standard MH sampler), a second stage candidate is proposed 
and accepted with a probability computed to preserve detailed balance relative 
to the target distribution [7]. If this second stage proposal is accepted the chain 
moves there, otherwise the same position is retained. In either case, only at this 
point, time is advanced. The advantage of the DR strategy is that the resulting 
algorithm dominates the standard MH since it produces estimates with a smaller 
asymptotic variance, in other words the DR dominates the corresponding single 
stage MH sampler in the Peskun ordering [4] as proved by [7]. Also, the proposal 
distribution, which is typically hard to tune in regular MH samplers, can be im- 
proved upon rejection that is, the second stage proposal can be different from the 
first stage one and we are allowed to “learn” from previously rejected candidates 
(without loosing the Markovian property) . This allows to locally tune the proposal 
with a partially (within sweep) adaptive strategy. Different forms of adaptation 
can be adopted. As suggested in [2] the first stage proposal should permit “bold” 
moves (having high variance, for example), and should be simple to obtain and to 
sample from. The design of higher stage proposals can require more computational 
time (using for example more accurate approximations of the target at the current 
position of the chain) and should propose more “timid” moves. Along these lines, 
a possible strategy to update the proposal, especially in a varying dimensional 
setting, is to use the “zeroth order method” suggested by [1] to design the first 
stage proposal, the “first order method” (more computationally intensive) at the 
second stage and so on. 

We tried different updating schemes: single variable updating and block up- 
dating of all the variables of interest at once. The former strategy shows a much 
better performance than the latter for both the MH and the DR due to the fact 
that the range of variability of a and (3 is quite different. We will thus only report 
the simulation results of the random scan single site updating scheme. 



4. Simulation results 

The results reported were obtained by running a simulation of length 1024 (— 2 10 ) 
after a burn-in of 150 steps. Both the DR and the MH were started in the same 
position, namely all the variables are initialized at zero. Convergence to the core of 
the distribution happens quite fast, thus the choice of the relatively short burn-in 
and length of the simulation. The proposal distributions are all normals centered 
at the current position of the chain thus leading to a random walk Metropolis- 
Hastings algorithm. As suggested in [2] the first stage proposal is over dispersed 
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and a i (the spread of the first stage proposal), for the various parameters, has been 
set, after having run 5 pilot simulations, equal to the values reported in Table 2. 
The second stage proposal has a — <Ji/2. The comparison in terms of efficiency 
of the resulting estimates is made with a MH that uses the same Normal proposals 
but with spread equal to (<ti + o" 2 ) / 2 . 



oq 


1.2 


OL2 , • • • ,Ot7,H a 


0.4 


® a. 


3 


Pi 


0.15 


02 


0.4 


/5s 


0.3 


P 4 


0.15 



Table 2. Values of a\ used for the first stage proposal in the DR. 

The simulation results are presented in Table 3 where the mean along the 
sample path is reported for both the MH and the DR chain. The numbers in 
Table 3 and 5 have been obtained by averaging 5 independent runs of DR and MH 
to reduce the simulation bias. We report in parenthesis the standard deviations 
obtained over these 5 runs: the DR estimates appear to be more stable then the 
MH ones. The drawback of DR is that, in this particular application, it takes a time 
almost twice as long to run, compared to the MH. At this regard we point out that 
the code is written in GAUSS, an interpreted language, thus comparisons between 
DR and MH, that take simulation time into account, are not very meaningful. 

Credible (confidence) intervals at 95 % level are also derived from the MCMC 
simulation (Table 3), by computing the 0.025 and the 0.975 quantiles of the sim- 
ulated values. 

For comparison purposes, in Table 3 we also report the MLE (maximum 
likelihood estimates) of the logistic regression parameters, a and /?, obtained using 
a standard Newton- Raphson procedure. When computing the MLE we use (1) as 
the likelihood with a dummy variable for the intercept of sector 6 since the data 
show a much higher percentage of defaults here (in the sequel we will refer to this 
model as the “classical” model). As Table 3 shows, this dummy variable is justified 
also by the Bayesian analysis, since the estimated value of the parameters in this 
sector are significantly different from the others. This dummy causes the MLE and 
the confidence interval for the intercept of sector 6 to be different from the others. 

We preferred a generalized linear regression parametric model (versus, for 
example, a neural network) since the signs of the estimated 0 parameters are 
amenable for a financial interpretation: Variable 1 measures the overall economic 
performance of the firm and, as the estimate suggests, there is a negative relation- 
ship with the default probability; Variable 2 is related to the ability of the firm to 
pick-up external funds, the interpretation of this coefficient sign can be ambigu- 
ous; Variable 3 is related to the ability of the firm to generate cash flow to finance 
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ABLE 3. Estimates and credible (confidence) intervals of the parameters of interest for the Bayesian 
dH and DR) and the classical model (MLE). 
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its short term activities, the negative sign of the parameter is expected; Variable 
4 measures the inefficiency in administrating commercial activities, the obvious 
correlation with default probability is highlighted by the estimated parameter. 

For each company we also derive the estimated posterior distribution of the 
DP by using a normal kernel density estimator on the values of 8ij computed at 
each point in time during the simulation. In Figure 2 two such distributions (for 
company 30 in sector 6 and company 20 in sector 2) are plotted: notice the long 
right tail behavior in the bottom picture which is quite common for companies 
with low risk. 

Various estimates of the DP can be computed. Table 4 summaries the results 
obtained for the two companies mentioned above. In the first column we report 
the value obtained using formula (2) and substituting for aj and (3 the estimates 
obtained with the DR algorithm by averaging over the whole simulation. In the 
second column we average the 1024 values of 6ij simulated at each step of the DR 
algorithm by substituting for aj and f3 in (2) the values of these parameters at 
that step in the simulation (these are the same values of 0ij used to get the kernel 
density estimator) . In the last column the estimates of the DP obtained by ML are 
reported. As we can clearly see the MLE highly underestimates the probabilities 
of interests while the Bayesian estimates, in particular the ones reported in the 
second column, obtained by integrating over the posterior distribution of do 
not suffer from this drawback. 





plug in posterior mean of a and f3 


posterior mean of 6ij 


MLE 


# 30,6 


0.431 


0.434 


0.37169 


# 20,2 


0.032 


0.034 


0.02576 



Table 4. Estimates of DP for company 30 in sector 6 and com- 
pany 20 in sector 2. 



All the estimates so far reported have been obtained from the DR simulation, 
unless otherwise specified. Similar values would be obtained from the MH sam- 
pler since both the algorithms produce Markov chains with the proper stationary 
distribution and both have converged according to the performed diagnostics. As 
pointed out before, the difference between the MH and the DR is in the asymptotic 
variance of the resulting estimators. 

To compare the performance of the two samplers, in Figure 3 we present the 
graphs of the autocorrelation function (ACF) for one of the parameters of interest, 
The picture shows that the ACF for the DR is below the one obtained using 
the MH. This fact, true for all the parameters, is a signal of better mixing of the 
DR chain which explores the state space in a more efficient way. 

For comparison purposes we also estimate the integrated autocorrelation 
time, r = YlkL-oo Pk> where pk = covp{^(X 0 ), (j)(Xk)} / cr 2 , 4> is the function 
of interest (we have taken cj)(x ) = x), and a 2 is the finite variance of 4> under 
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m 




0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 



Figure 2. Posterior density estimate of DP: company 30 in sec- 
tor 6 (top); company 20 in sector 2 



the posterior n. To estimate r we used Sokal’s adaptive truncated periodogram 
estimator [5]. The results are presented in Tables 5 and 6 and show that, for all 
the parameters of interest, the DR outperforms the MH. 
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Table 6. Estimates of r for /3 and the hyper-parameters with 
MH and DR. 



SECTOR 1 (Not defaulted) 







Figure 4. Sector 1. 



SECTOR 2 (Not defatted) SECTOR 2 (Defatted) 







Figure 5. Sector 2. 
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SECTOR 3 (Not defaulted) SECTOR 3 (Defaulted) 




Figure 6. Sector 3. 



SECTOR 4 (Not defaulted) SECTOR 4 (Defaulted) 




Figure 7. Sector 4. 

To compare the predictive performance of the Bayesian versus the classical 
logistic regression model a cross-validation analysis has been performed. In Fig- 
ures 4, 5, 6, 7, 8, 9 and 10 we represent, for each sector, the predicted default 
and not default detected by the Bayesian and classical model estimated via MLE 
(there is no graph for not defaulted companies in sector 1 since no defaults were 
observed). To estimate the two models we used 70 % of the total observations while 
the remaining sample was used to validate the model. The two samples (training 
and validation) are randomly selected but balanced in that they have the same 








286 



A. Mira and P. Tenconi 



SECTOR 5 (Not defaulted) SECTOR 5 (Defaulted) 







Figure 8. Sector 5. 



SECTOR 6 (Not defaulted) SECTOR 6 (Defaulted) 




Figure 9. Sector 6. 

proportion of defaults for each sector as in the original sample. On the x-axis the 
observation number is indicated, on the y-axis the default probability. For the 
graphs on the right hand side we would like these probabilities to be as high as 
possible and, comparing the classical (solid line) with the Bayesian model (dashed 
line) we detect that the proposed model outperforms the classical one for every 
sector except the last one (sector 7) which is the sector with observed smallest de- 
fault frequency (excluding sector 1, which is a residual sector). As for the graphs 
on the left hand side, there are companies that, according to both models, would 
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SECTOR 7 (Not defaulted) 



SECTOR 7 (Defaulted) 




Figure 10. Sector 7. 



not receive any credit line despite the fact that they showed no default, that is, 
both models misclassify these companies and, the Bayesian model is more inclined 
toward this. 

To have an overall feeling of the comparative performance of the two models 
we computed, on the test sample, the root mean squared error of classification: 



N 



- - *>,Y 



i = 1 



where yi is either zero or one and 6i is the estimated default probability (for 
simplicity we slightly change the notation here). This performance indicator has 
been computed on the test sample for both defaulted and not defaulted companies 
(thus having n — 30 % of 7513 = 2254) and also for the subset of defaulted 
companies alone as well as for the subset of not defaulted ones. The results are 
reported in Table 7 and show the overall better performance of the Bayesian model. 





MLE 


Bayesian 


all 


0.1282 


0.1273 


not defaulted 


0.0280 


0.0272 


defaulted 


0.9646 


0.9591 



Table 7. Estimated root mean squared error 



Finally, in Figure 11, we show how the percentage of correct classification 
for defaulted (left picture) and not defaulted (right picture) companies varies as 
the threshold defined to classify them ranges between zero and one. Again the 
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Figure 11. Percentage of correct classification for defaulted 
(left) and not defaulted companies as the classification threshold 
varies. 



proposed Bayesian model outperforms the classical one for practically all values 
of the threshold. 



5. Conclusions and extensions 

The proposed model presents various advantages. First the fact that the output 
of the Bayesian approach is the estimate of the posterior distribution of the DP 
of each company. Having a distribution instead of a punctual value (as obtained 
by classical MLE approaches) allows the construction of credible intervals and 
the possibility to estimate quantiles to derive performance indicators such as the 
analog of the Value at Risk for the default probability. We thus obtain a more 
complete and informative picture of the quantity of interest. Furthermore, the 
linear parametric model adopted allows for a coherent economic interpretation of 
the estimated parameters. 

The second advantage is that our procedure does not suffer from bias prob- 
lems which are typical for rare events [3]. Also, the hierarchical model allows to 
estimate DP of sectors where no default event was observed by taking strength 
from the data available from other sectors that present a similar behavior relative 
to credit risk. 

Finally, since the joint posterior distribution of the DP associated to all com- 
panies in all sectors is available one can derive the joint posterior estimates of the 
risk associated to a specific sector or to a specific portfolio of loans. The aggrega- 
tion involved in computing the risk of a given portfolio should take the covariance 
structure derived by the posterior distribution into account. 






Bayesian Estimate of Default Probabilities 



289 



To compare the predictive performance of the Bayesian versus the classi- 
cal model we performed a cross-validation analysis. By computing the root mean 
squared error of classification and the percentage of correct classification for a vary- 
ing threshold, we show how the Bayesian model overall outperforms the classical 
one. 

We plan to investigate a model where different slopes are allowed for dif- 
ferent sectors and indicators of the economic cycle will be included among the 
explanatory variables. A further extension will incorporate time into the analysis: 
the performance indicators derived from the balance sheets can be updated every 
3 months. Finally, partition models or mixture models can be used to partition 
the companies in different sectors. 
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Optimal Portfolio in a Multiple-Priors Model 

Marie- Claire Quenez 

Abstract. This paper studies the maximization problem of utility from termi- 
nal wealth in a multiple-priors model, where asset prices are semimartingales. 

We first state the existence of a saddle-point for our problem, under some 
suitable conditions on the utility function and the set of priors, which gives 
the existence of a solution for the maximization problem. A second approach 
consists in solving a dual minimization problem over the supermartingale mea- 
sures and different priors. We then consider the case of a Brownian filtration 
and study in detail the case of a Logarithmic utility function and the case of 
a Power utility function. 

Mathematics Subject Classification (2000). 93E20, 60J60, 47N10. 

Keywords. Utility maximization, multiple-priors, stochastic control, convex 
duality. 



1. Introduction 

This paper studies the problem of maximization of utility of terminal wealth in a 
multiple-priors model, where asset prices are semimartingales. 

The utility maximization problem in the classical subjective expected utility 
model has been largely studied in literature. The problem was studied for the first 
time by Merton [25] in the case of constant coefficients and treated by markovian 
methods. Then, the case of random coefficients was studied by a dual approach 
provided a set of martingale measures. For the case of a complete market, where 
the set of local martingale measures is a singleton, this martingale approach was 
developed by Pliska [27], Cox and Huang [3], Karatzas et al. [21]. The more dif- 
ficult case of an incomplete market was first studied in continuous-time diffusion 
model by He and Pearson [19], by Karatzas et al. [22]. Their approach consists 
in solving a dual minimization problem over the set of local martingale measures 
and then in finding the solution of the primal problem. In 1999, Kramkov and 
Schachermayer have generalized these results to the case where asset prices are 
semimartingales [24]. 
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All these papers consider a model of utility which assumes that beliefs are 
represented by a probability measure. In 1999, Chen and Epstein have introduced 
a continuous-time intertemporal version of multiple-priors utility in the case of a 
Brownian filtration [16]. In this case, beliefs are represented by a set V of proba- 
bility measures and the utility (of terminal wealth) is defined as the minimum of 
expected utilities over the set V of probability measures. The classical subjective 
expected utility model is obtained when the set of priors V is a singleton. As it has 
been shown by El Karoui, Peng and Quenez [13] (see also Chen and Epstein [16]), 
this utility can be expressed as the solution of a classical backward stochastic dif- 
ferential equation (BSDE). Thus, in the case of a complete market, the problem of 
maximization of the utility of terminal wealth can be solved, under some technical 
assumptions, by using BSDEs’ technics (see El Karoui, Peng, Quenez [13]). 

Independently, Cvitanic [6] and Cvitanic and Karat zas [9] examine, for a 
given option, hedging strategies that minimize the expected “shortfall” that is, 
the difference between the payoff and the value of the investor’s hedging strategy 
at maturity, for a fixed probability P, in a diffusion model. Then, they consider 
the problem of determining a “worst-case” prior (or model) Q , that is a prior 
that maximizes the minimal shortfall risk over all possible priors Q E V. They 
show that their sup-inf problem can be written as an inf- sup problem, under the 
assumption that V contains all equivalent martingale measures. 

In this work, we study the problem of maximization of utility of terminal 
wealth in an incomplete multiple-priors model, where asset prices are semimartin- 
gales. This problem correponds to a sup-inf problem where the supremum is taken 
over the set of feasible wealths X (or portfolios) and where the infimum is taken 
over the set of priors V. We first state that, under some suitable conditions, there 
exists a saddle-point for this problem, that is the sup-inf -problem is a max-inf 
problem and can be written as a min-sup problem. It follows that everything hap- 
pens as if we work under the worst case prior <§, where Q attains the minimum 
of the (classical) value functions associated with the different priors. Also, we give 
a dual approach which consists in solving a dual minimization problem over the 
set of priors and super mart ingale measures. Then, we show how a solution of the 
dual problem induces one for the primal problem. 

The outline of the paper is organized as follows. In Section 2, we describe the 
model and formulate the optimization problem. In Section 3, we recall the solution 
in the classical subjective expected utility model (still in an incomplete market). In 
Section 4, we introduce some auxiliary optimization problems corresponding to the 
different possible subjective probabilities. These problems can be solved by using 
the same arguments as in the classical case. In Section 5, we give the solution 
in the multiple-priors model. We first state the existence of a saddle-point for 
the sup-inf problem, from which we derive a first characterization of the optimal 
strategy. More precisely, let Q be a prior which attains the minimum over all 
priors of the value functions associated with the different auxiliary optimization 
problems. Then, the optimal wealth corresponds to the optimal wealth for the 
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auxiliary optimization problem associated with prior Q. Second, we introduce a 
dual minimization problem involving the families of supermartingale measures and 
priors. We explain how a solution of the dual problem induces one for the primal 
problem. In Section 6, we give the proofs of the main results given in the previous 
section. In Section 7, we consider the particular case of a Brownian filtration. In 
this case, the priors can be parametrized by their Girsanov kernels. Thus, in this 
case, it can be shown quite easily that the different priors correspond to different so 
called risk-premia in the market. We then study in detail the case of a Logarithmic 
utility function and a Power utility function, by using BSDEs’technics. It can be 
noted that, in the case of deterministic coefficients, everything happens as if we 
were in a model for which the risk-premium is minimum. 



2. The model 



Let (^,^,{^,0 < t < T},P) be a complete probability space equipped with a 
filtration F = {T t , 0 < t < T}. The real T > 0 is a fixed time horizon. We assume 
that Tt — T. 

We consider a financial market which consists of one bond and m stocks. 
Without loss of generality, the bond price is supposed to be constant equal to 1. The 
price process S = ( S l )i<i<m of the m stocks is assumed to be a semimartingale. 

Consider now an economic agent who can decide at any time t G [0, T], 
what number HI of asset number i he holds in his portfolio. We formalize this as 
follows: a portfolio is a E m -valued predictable S'-integrable process H = {H t = 
(p/,...,#r)' , 0 < t < T} (sign ' denotes transposition) . Given an initial wealth 
x > 0, the wealth process X X ' H corresponding to a portfolio H 



xt' H 



= x + / HgdSg , a.s. 

Jo 



Given x > 0, we denote by X(x) the set of positive wealth processes (for initial 
wealth x) that is, the set of processes X \= X X,H where H is a portfolio such that 



X*’ H > 0, a.s., 0 <t<T. 



Let us introduce the set A4 of equivalent local martingale measures that is, 
the set of probability measures R equivalent to P such that any X € X{1) is a 
local P-mart ingale. The set M will be supposed to be nonempty. 

A function U : ( 0, oo) — > E will be called utility function if it is strictly 
increasing, strictly concave, of class C 1 , and satisfies 

U'( 0 + ) := lim U'(x) = oo, U'(oo) := lim U'(x) = 0. 

X jO x— KX) 

We will also introduce the following assumption on U. 
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Assumption 2.1. The utility function U(x) has asymptotic elasticity strictly less 
than 1, that is, 

AE(U) = lim sup -ffy- < 1. 
x — >-t-oo U(X) 



According to the multiple-priors model, the utility of terminal wealth, asso- 
ciated with a wealth process X E X(x) , is given by 

U* = mf Eq[U(Xt)}, 



provided that the expectations are well defined and where V is a subjective set 
of probability measures on (f2,P) which will be precised below. The subjective 
expected utility model is obtained when V — {P}. Intuitively, in the general case, 
the agent does not know P which is supposed to be the true probability law and he 
is allowed to employ distorted beliefs. In other words, the multiplicity of priors in 
the general case models the ambiguity of the likelihoods of events and the infimum 
delivers aversion to such ambiguity. 

Let us precise the definition of V. Let B be a set of strictly positive Tt~ 
measurable variables T such that E[F] = 1. Each random variable T E B defines a 
probability measure P r on (fi,P) which admits as density with respect to P on 



T — Ft' 



dP r 

dP 



:=T. 



The set V is given by V := {P r /T E B}. 

The optimization problem is to maximize expected utility from terminal 
wealth over the class X(x) of feasible wealth processes X E X(x). More precisely, 
the value function of this problem is defined by 

u(x) := sup U* (1) 

xex(x) 

sup inf E\FU {X T )\ , x > 0. (2) 

xex(x ) ret3 



We will make the following assumption. 



Assumption 2.2. 



u(x ) < oo, Vx > 0. 



3. Solution of the classical subjective expected utility model 

We suppose here that B = {1}, that is V = {P}. This case corresponds to the 
classical case of maximization of the expected utility of terminal wealth in an 
incomplete market which is by now well known (see Karatzas et al. [22] for the 
case of a Brownian filtration and Kramkov and Schachermayer [24] for the general 
case). In this case, the value function is defined by 

u\x) = sup E[U(Xt)], x > 0. 

xex(x) 



(3) 
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As in Kramkov and Schachermayer [24], we introduce the family y(y ) of super- 
martingale measures , that is positive semimartingales Y with Yo = y and such 
that, for any X G A’(l), the product XY is a super mart ingale. Note that y(l) 
contains the densities of the equivalent local martingale measures R G M. 

Let I be the (continuous, strictly decreasing) inverse of the function U'\ this 
function maps (0, oo) onto itself, and satisfies 7(0 + ) = oc, J(oo) = 0. Let U be the 
polar function of U : 

U(y) = max[U(x)-xy] = U(I(y))-yI(y), 0 < y < oo. 

: c >0 

The dual problem of (3) is given by 

v\y) = inf e\u(Y t ) 1, y > 0. (4) 

Yey(y) L J 

Recall now the existence result (stated by Karatzas et al. [22] in the Brownian 
case and by Kramkov and Schachermayer [24] in the general case). 

Proposition 3.1. Assume Asssumption 2.1 holds. Then, for all y > 0, the dual 
problem (4) admits a solution Y(y) G y{y) . 

Also, for all x > 0, there exists an optimal wealth X{x) G X{x) for the utility 
maximization problem (3) which satisfies 

X T (x) = I(Yr(y x )) a.s., 

where y x = ( u 1 )'(x ). Moreover, the process X(x)Y(y x ) is a uniformly integrable 
martingale on [0,T]. 

Remark 3.2. Recall that the functions u 1 and v 1 are respectively strictly concave 
and strictly convex, and also conjugate: 

v 1 ^) = supfw^x) - xy], y > 0; 

£>0 

^(x) = inf [^(y) + xy], x > 0. 
y> o 

They are continuously differentiable on ]0, oof and — (v 1 )' is the inverse of ( u 1 )'. 

Consequently, the relation y x = (u 1 )^^) is equivalent to x = — (u 1 )'^) 
which can be also written 

X = E ^ -KMvx )) ■ 

yx 

4. Auxiliary optimization problems 

Our aim in this section is to introduce a family of auxiliary optimization problems 
corresponding to the different possible subjective probabilities. 

More precisely, consider the case for which V = {P r } for a given random 
variable T G B. In this case, the value function is defined by 

u r (x) = sup Epr [U(Xt)] , X > 0. 

xex(x) 



(5) 
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As in the previous section, we introduce the family y r (y) of positive P r -semimar- 
tingales Y' with Yq = y and such that, for any X G A’(l), the product XY is a 
P r -supermartingale. Note that y r (l) contains the densities of the P r -equivalent 
local martingale measures. 

It can be noted that there is a one-to-one correspondence between y r (y) and 
y(y) since Y f G y r (y) if and only if there exists Y G y(y) such that a.s. Y( = 

0 <t<T, (where T t = E[ T /T t \) . 

Naturally, for each T G B, the dual problem of (3) is given by 



v r (y) 



inf E P r 
Y'ey r ( y ) 



U(Xt) 



inf E 

vey(y) 




y> 0. 



We have clearly, by analogy with the classical case: 



(6) 



Proposition 4.1. Assume Asssumption 2.1 holds. Then , for all y > 0, the dual 
problem (6) admits a solution Y r (y) G y{y)- 

Also, for all x > 0, there exists an optimal wealth X r (x) G X(x) for the 
utility maximization problem (5) which satisfies 



Xt(x) 



I 



Yt (Vx) 

r 



where y x = u' r (x). Moreover, the process X r (x)Y r (y x ) is a uniformly integrable 
martingale on [0,T]. 



5. Solution in the multiple priors model 

We turn now to the study of the optimization problem (2) in the general case, 
that is when the set of priors V is not reduced to a singleton. 

In the following, we make the following assumption on U : 

Assumption 5.1. 0 < U(x)) < k(x a + 1), Vx > 0 for some a g]0, 1[ and k > 0. 

We will also make the following assumption on the set B of priors densities: 

Assumption 5.2. We will suppose that B is a convex set of random variables, closed 
for the topology of the convergence in measure . Furthermore, we will suppose that 
B is bounded in L p , for p sufficiently large; more precisely, we will suppose that 
there exists some p > such that 

sup E[T P ] < oo. 
res 

We also suppose that the following technical assumption is satisfied: 

Assumption 5.3. There exists P 0 G A4 with density Z 0 := ^=r on Tt which is 
such that the random variable G L q , V q > 0. 
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The following theorem holds: 

Theorem 5.4 (Existence of a saddle point). For each initial wealth x > 0, There 
exists a saddle-point (X(x),T(x)) E X(x) x B for the problem (2), that is 

E[t(x)U(X T )] < E[t(x)U{X T (x))\ < E[TU(Xt(x))}, Vr E ByX E X{x). 

Remark 5.5. Note that if Assumptions 5.1 and 5.3 are not satisfied, Theorem 5.4 
still holds under the weaker assumption: the random variables TU(Xt), for T E 
B, X E X(x), are uniformly integrable. 

Remark 5.6. Recall that by classical results of convex analysis (see Prop. 1.2, ch. 
6 in Ekeland and Temam [11]), the existence of a saddle-point for (2) is equivalent 
to the fact that 

max inf E[TU(X t )] = min sup E[TU(X t )], 
xex{x)reB xex{x) 

and this number is then equal to E[t(x)U(X T {x))\. 

By Theorem 5.4, we easily derive the existence of a solution for the multiple 
priors problem (2) and a characterization of the optimal wealth: 

Corollary 5.7 (Existence and characterization). Fix x > 0. There exists an optimal 
wealth X(x) E X{x) for our problem (2) which can be characterized as follows. 

Let T(x) be a u worst case ” prior density, that is, 

min , u r (:r) = u^^Ux). 
reB 

Then, the optimal wealth X (x) coincides with the optimal wealth for the aux- 
iliary problem corresponding to prior density f(x) (with initial wealth x). 

Since the value function u can be written as the minimum over all priors of 
the correponding value functions, that is 

u(x) — mmu r (x), x > 0, 
reB v y 

it seems natural to consider the following dual optimization problem: 

v(y) := inf v?(y) = inf y inf ^ E [rtf (^)] , V > 0. (7) 

First, the following duality property holds: 

Proposition 5.8. The functions u and v satisfy the conjugacy relations 

u(x) = inf {v(y) -f xy}, x > 0; 
y> o 

v(y) = sup{u(a;) - xy}, y > 0. 

rr>0 

Also, the value function u is strictly increasing and strictly concave. The dual value 
function v is decreasing and convex (not necessarily strictly). 
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We wonder now if for each fixed y > 0, the dual problem (7) admits a solution 
and also, how a solution of the dual problem induces one for the primal problem. 
We introduce the following assumption: 

Assumption 5.9. For each T E B, the associated martingale defined by T t = 
E\T /Ftl, 0 <t<T is locally bounded. 

We state now the following Theorem which gives a characterization of the 
solution for the primal problem similar to the characterization in the classical case 
(see Proposition 3.1): 

Theorem 5.10. For all y > 0, the dual problem (7) admits a solution (T(y),Y (y)) E 
Bxy(y). 

Suppose also that U(oo) = oo and that Assumption 5.9 is satisfied. Then, for 
all x > 0, the optimal wealth X{x) E X(x) for the utility maximization problem 
(2) satisfies 




where y x is a strictly positive number such that v f (y x ) = — x. Moreover, the process 
X(x)Y(y x ) is a uniformly integrable martingale on [0 ,T]. 

Remark 5.11. In fact if Assumption 5.9 is not satisfied, the second assertion of 
Theorem 5.10 still holds under some integrability condition, for example: the ran- 
dom variables T l U ^ ^ ^ , for T 1 , T 2 E B are uniformly integrable. 

6. Proof of Theorem 5.4, Proposition 5.8 and Theorem 5.10 

6.1. The abstract versions of the main results 

In the following, we suppose that Assumptions 2.1, 5.1, 5.2 and 5.3 are satisfied. 
As in Kramkov and Schachermayer, we introduce 

C(x) = {g E T+/0 < g < Xt , for some X E X(x)}. 

Consider the optimization problem (called “abstract version”) 

u(x) = sup inf E[TU(g)], x > 0. (8) 

gec(x) 

Theorem 6.1. There exists a saddle-point (g(x),T(x)) E C(x) x B for the problem 
(8), that is, 

E[t(x)U(g)} < E[t(x)U(g(x))} < E[TU(g(x))}, VT E B,Mg E C(x). 

In order to prove the result of Theorem 6.1, we first state two technical 
lemmas. 

Lemma 6.2. For each x > 0, the variables TU(g) for T E B and g E C(x) are 
uniformly integrable. 
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Proof. In order to prove the assertion of Lemma 6.2, it is sufficient to prove that 
there exists q > 1 such that, for each x > 0, 

sup E[(TU{g)) q ] < +oo. (9) 

r eB,gec(x) 

Now, since by Assumption 5.2, p > there exists a real q such that 

1 <q< -r~T — * 

1 + ap 

Let us show that (9) holds. By Assumption 5.1, it is sufficient to show that, for 
each x > 0, 

sup E[(Tg a ) q ] < +oo. 

r<EB,geC(x) 



Now, Holder’s inequality gives 

e[( r g a ) q ] < (e Po 



P?\ l-ocq 

Z~o) 



-i \ l-atq 



(Epolg}) 



aq 



( 10 ) 



Now, for each g G C(x), there exists some X 9 6 C(x) such that 

0 < g < X 9 t . 

Now, the process (X 9 ) is a Po-supermart ingale and hence, 

E Po [g] < E Po [X g T ] < x. 



( 11 ) 



Also, since x q < p, Holder’s inequality with Assumptions 5.3 and 5.2 give that 



sup E Po 
r eB 



P'9 \ 1 — aq 

Z~o) 



< +oo. 



(12) 



Thus, inequality (10) together with (11) and (12) give clearly that 
And the proof is finished. 



sup E[(Tg a ) q ] < 4-oo. 

r eB, g eC(x) 



□ 



Lemma 6.3. Let L be the function (called criterium) defined by 
L : B x C(x) -+ R; (r,^) ^ E[TU{g)}. 

For fixed F G B, the function 

C[x) - R; g ^ L{T,g) = E[FU(g)\ 

is concave and continuous with respect to the topology of convergence in measure. 
Also , for fixed g G C(x), the function 

B^R ] r»L(T,g)=E\TU(g)] 

is convex (even linear) and continuous with respect to the topology of convergence 
in measure. 
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Proof. Let us prove the first assertion. Fix V G B. Let ( g n ) be a sequence of 
C(x ) such that g n converges in measure to g. First, note that, by Proposition 
3.1 in Kramkov and Schachermayer [24], C(x) is closed for the topology of the 
convergence in measure. Consequently, g belongs to C(x). By Lemma 6.2, for each 
x > 0, the variables YU{g n ), n G Af are uniformly integrable and consequently, 

lim E[TU{g n )\ = E[TU(g)}. 

n — >oo 

Let us prove the second assertion. Fix g G C{x). Let (r n ) be a sequence of B 
such that r n converges in measure to Y. First, note that since B is closed for the 
topology of the convergence in measure, Y belongs to B. Now, by Lemma 6.2, the 
sequence {Y n U(g)} ne j^ is uniformly integrable. It follows that 

lim E[Y n U(g)} = E[YU(g )], 

n— kx) 

which gives the desired result. □ 

Recall now the classical result of analysis stated by Banach (for recent refer- 
ences, see Lemma 3.3 in Kramkov and Schachermayer [24]). 

Lemma 6.4. Let ( f n ) n be a sequence of positive r.v. bounded in L 1 that is, such 
that there exists a constant K > 0 such that E[f n \ < K , for each n. 

Then, there exists a sequence of convex combinations f n G conv { / n , f n + i, • • •} 
which converges a.s. 

From this classical result we derive the following compacity result: 

Lemma 6.5. The space C(x) is compact in a weak sence, that is: If ( g n )n be a 
sequence of r.v. in C(x), then there exists a sequence of convex combinations g n G 
conv{g n , g n + 1 , . . .} which converges a.s. to a random variable g(x) G C(x). 

Also, the space B is compact in a weak sence, that is: If (r n ) n be a se- 
quence of r.v. in B, then there exists a sequence of convex combinations Y n G 
conv{Y n , T n+ i, . . .} which converges a.s. to a random variable Y G B. 

Proof. Let us prove the first assertion. Lemma 6.4 ensures clearly the existence of 
a sequence of convex combinations g n G conv{g n ,g n +i, • • •} which converges a.s. 
to a random variable g(x). Since C(x) is a convex set closed for the topology of the 
convergence in measure, it follows that g(x) belongs to C(x). The second assertion 
follows from the same arguments. □ 

Proof of Theorem 6.1. Recall that (t(x),g(x)) is a saddle point if and only if (see 
Prop. 1.2, ch. 6 in Ekeland and Temam [11]) the supremum in the 

sup ini ^ElrU(g)} 

geC(x) 

is attained at some point g(x ), the infimum in 

inf sup E[YU(g)} 

TeB g£C(x) 
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is attained at some point f (x) and 

= min sup E[TU(g)} = E[t(x)U(g(x))}. (13) 

g eC{x)T£B Yes geC ( x ) 

In fact, the existence of a saddle point follows from a classical result of convex 
analysis (see Ekeland and Temam [11], Proposition 2.1) which can be summerized 
in a few words: since by Lemma 6.5, the sets B and C(x) are convex, closed and 
compact (in a weak sense) , and since the criterium L satisfies the properties given 
in Lemma 6.3, it follows that there exists a saddle-point (f(x), g(x)) that is, a 
point which satisfies (13). 

The proof of this result will not be given here as it can be easily adapted from 
the proof of Proposition 2.1 in Ekeland and Temam [11]. Note that the assumption 
of compacity made in Proposition 2.1 in Ekeland and Temam [11] is replaced here 
by an assumption of weak compacity, which is sufficient to conclude. 

To give an idea of what happens, let us show that the supremum in the 

sup inf E[TU(g)] 

g ec(x) rel3 

is attained. The function <p defined by 

V? '■ 9 mf E[TU (3)] ; C(x) — > R 

is concave and upper-semicontinuous w.r.t. the topology of the convergence in 
measure as the infimum of a family of concave upper-semicontinuous functions. 
Consider a maximizing sequence (g n ) for that is 

lim (p(g n ) = sup <p(g). 

n ^°° geC(x) 

By Lemma 6.5, there exists a sequence of convex combinations g n G conv{g n , 
g n+1 ,...} which converges a.s. to a random variable g(x) G C{x). Furthermore, 
the concavity and the upper-semicontinuity of ip implies that 

lim sup(/?(g n ) < limsup <p(g n ) < ip(g(x)), 

n — >00 n — >00 

which gives that 

sup tp{g) = <p(g(x)). □ 

geC(x) 

Remark 6.6. Note that by similar arguments as those given above, one easily shows 
that for each fixed r G B, there exists a (unique) optimal g r (x) G C(x) for the 
associated auxiliary problem, that is 

max E[TU(g)] = E[TU(g r )}. 

geC(x) 

Also, for each fixed g G C(x), there exists an optimal (not necessarily unique) 
T 9 e B such that 

minE[rC7( 9 )] = E[F°U(g)}. 

Proposition 6.7. The function u is strictly increasing and strictly concave. 
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Proof. Let us prove that u is strictly increasing. Suppose that xi, x 2 are such that 
0 < x\ < # 2 - We have to show that 

u(x i) < u(x 2 ). 

Let (g(x i),r(xi)) (resp. (g(x 2 ),T(x 2 ))) be a saddle point for u(x 1 ) (resp. u(x 2 )). 
Then, 

«(*i) = E[t( Xl )U (g( Xl ))} 

< E[T(x 2 )U {g( Xl ))} 

< E t(x 2 )U , 

where the last inequality comes from the fact that the function U is strictly in- 
creasing. But now, since ^g(xi) belongs to C(x 2 ), it follows that 

E \t(x 2 )U (— sfoOl < sup E[T(x 2 )U(g)} = u(s 2 ), 

\%1 J J g£C(x 2 ) 

which gives that u is strictly increasing. 

It remains to show that the function u is strictly concave. Let aq, X 2 , e be 
such that 0<xi < X 2 , 0 < e < 1. We have to prove that 

u(ex 1 -f (1 - e)x 2 ) > eu(xi) -f (1 - e)u(x 2 )- (14) 

Let (^(xi), T(xi)) (resp. (g(x 2 ),r(x 2 ))) be a saddle point for u(x 1 ) (resp. u(x 2 )). 
Since 

g = eg(x i) + (1 - e)g(x 2 ) 
belongs to C(ex ± + (1 — e)x 2 ), it follows that 

t^(exi + (1 — e)x 2 ) > mf&E[rU(g)]. 

Now, there exists T G B such that 

mf E[TU(g)} = E[fU(g)}- 

The concavity of the function U gives 
u(e Xl + (1 - e)x 2 ) > E[TU(g)} 

> eE[TU(g(xi))} + (1 - e)E[fU(g{x 2 ))] (15) 

> c inf E[TU(g( Xl ))} + (1 - e) inf E[TU(g(x 2 ))} 

= eu(xi) + (1 - e)u(x 2 ). 

Consequently, u is concave. Suppose now that the equality 
u(ex i + (1 — e)x 2 ) = eu(xi) + (1 — e)u(x 2 ) 
holds. By the previous inequality (15) and by the concavity of U , it follows that 
U{g) = eU(g( Xl )) + (1 - e)U(g(x 2 )) a.s. 
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By the strict concavity of U, it follows that g(x i) = g(x 2 ) a.s., which implies that 
u(x 1 ) = u(x 2 ), which is impossible since u is strictly increasing. Consequently, the 
strict inequality (14) holds. □ 



As in Kramkov and Schachermayer, we introduce 

V(y) — {h G L\/ 0 < h < Y t , for some Y G y(y)}- 
Consider the following dual optimization problem (called “abstract version” ) : 



v(y) = inf inf E 
r eBhev( y ) 



r u 




y> 0 . 



Note that the function u is clearly convex and decreasing. 
First, the following duality property holds: 



(16) 



Proposition 6.8. The value functions u and v are linked by the duality relations 

u(x) = inf [v(y) + xy], 
y> 0 



x > 0; 


(17) 


y> 0 . 


(18) 



x>0 

Proof Let us prove equality (17). By Theorem 6.1, we have 

u(x) = min u r (x), x > 0. 
res v 7 

But now, by Kramkov and Schachermayer’s results, for each T G 8, the functions 
u r and v r satisfy the conjugacy relation 



Consequently, 



u r (x) = inf[i; r (y) +xy], x > 0. 
y> 0 



u(x) = inf inf \v r (y) + xy], 

reBy>o L v 7 J 



= inf inf \v r (y) + xy], 
y >oreB [ yy) 

= inf [[v{y) + xy\. 

y> 0 

Equality (18) follows because v is convex. □ 

We now state the existence of a solution for the dual problem. More precisely, 



Proposition 6.9 (Existence for the dual problem). Assume that v(y) < 00. Then , 
there exists an optimal solution (T(y),h(y)) for the abstract version of the dual 
optimization problem (16). 



Proof Let (L n ,g n ) n > 1 be a sequence in B x V{y) such that 



lim E 

n— xx) 




%)• 



By using Lemma 6.4 , one can show easily that there exists a sequence (h n ,T n ) 
G conv ((g n , L n ), (g n+1 , L n+1 ) . . .), n > 1, and two variables h , f such that h n — > 
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h and T n — » f almost surely. From the convexity of the function (x, y) 
we derive that 



T n U 



and hence 

lim sup E 

n— ► oo 

By Fatou’s lemma, we derive that 



< sup E 

m>n 



h n 

T n U[^~ 



E 



TU 



h 

f 



L m U 



< v(y)- 



< v(y)- 



Also, we have clearly that h G V(y) and f G B, which ends the proof. 






□ 



Remark 6.10. Note that since u is strictly concave, the function v is continuously 
differentiable (by some duality results (Th. V.26.3 in Rockafellar [29]). Since v is 
convex (but not strictly), its derivative v' is increasing (but not strictly). 

By the same arguments as in the classical case (see the proof of Lemma 3.7 
in Kramkov and Schachermayer [24]), one can easily show that 

lim v\y) = 0. 
y — 

It can be noticed that we have not a priori that lim x ^o u'(x) = oo since the 
function v f is not strictly increasing (whereas it was the case in the classical case) . 



Proposition 6.11. The value function v of the dual problem is finitely valued and 
continuously differentiable on ]0, oo[ and 



-yv(y) = E 




Proof. The proof is based on similar arguments as in the classical case. For details, 
we refer to the Appendix. □ 



We now state the following theorem: 



Theorem 6.12. Suppose that U(oo) = oo and Assumption 5.9 is satisfied. 

Let (f (y x ),h(y x )) G B x T>(y x ) be optimal for (16), where y x is such that 
v'{y x ) = —x. Then, the optimal solution for the abstract version of the multiple 
priors problem (8) is given by 



Moreover, 

E[g(x)h{y x )\ = xy x , 




and min£[ri7(£(z))] = E[t (y x )U(g(x))]. 
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Remark 6.13. If we do not suppose that the densities ( F t ) of the different priors 
are not locally bounded, the result of Theorem 6.12 still holds under some integra- 

bility condition such as: The variables for T 1 , T 2 G B, are uniformly 

integrable. 

The proof of Theorem 6.12 will be broken into two lemmas. 

Lemma 6.14. Suppose that x = —v f (y) for x,y > 0. Then , g(x) := I(%^) is the 

unique optimal solution of the abstract version of the multiple priors problem (8) . 
Moreover, 

E[g(x)h(y)\ = xy, (19) 

and 

minE[rt/(p(^))] = £[f(y)tf($0r))]. (20) 

Proof First, by similar arguments as those used in Kramkov and Schachermayer 
[24], Lemma 3.11, one can prove easily that g{x) := belongs to C(x). 

Let us prove now that g{x) is optimal for the auxiliary problem associated 
to T(y), that is, for any g G C(x), 

E[t{y)U(g)} < E[t (y)U(g(x))] (21) 

By assumption and by Proposition 6.11, 

xy = -v'(y)y = E h(y)I{ 

which gives assertion (19). Now, we have E[gh(y)] < xy, U(g) <U ifffj 
It follows that 

£[f(t/)[/(gO] < v(y) +xy 

= E t(y)U + h(y)I = E[t(y)U(g(x))}, 

which gives (21). Suppose now that (20) holds. Then, the optimality of g(x) for 
our multiple priors problem (8) follows. 

Thus, it remains to prove (20). In fact, the proof is based on a maximum 
principle. Note that since (T(y),h(y)) is optimal for the dual problem, it follows 
that T(y) is optimal for the following optimization problem 




r(») . ’ 



min E TU 
reB 



( 22 ) 
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Fix T G B. Since, by assumption, the martingale (T t ) is locally bounded, there 
exists a sequence of stopping times (r n ) ne ^f such that the martingale (Ft ATn )t>o 
is bounded by n. Let us denote 

r n := r TATn 

and for each n G J\T, e > 0, 



T e n := (1 -e)t{y) + eT n . 

Let F n (e) = E T e ,nU{f^) , e > 0. Since t{y) is optimal for the optimization 
problem (22), we have that 

F n (e)-F n ( 0) 

e ~ 

By letting e tend to zero, it follows that 

K (o) > o. 

Now, by the Lebesgue Theorem (and by using the fact that T n is bounded), 



,o + t(y)h(y)U' I?*. £ 



which gives, by using the fact that U — —I, 




Since U(x) + xl(x) = U(I(x)) for x > 0, it follows that 

K(o) = e (r„ - f (2/)) u j = E [( r " - f G /)) u ($(*)( ■ 

Now, by Lemma 6.2, 

E[t(y)U(g(x))] < oo. 

Since F„( 0) > 0 , it follows that 

E[T n U(g(x))} > E[t(y)U(g(x)j\. (23) 

Now, by Lemma 6.2, the sequence {T n U (g(x))} n eAf is uniformly integrable. Con- 
sequently, by letting n tend to oo in (23), 

E[TU(g(x))} > E[t(y)U(g(x)) 

for each T E B y which gives the desired result. □ 
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Remark 6.15. Note that if we suppose the assumption of Remark 6.13 instead of 
the fact that the densities of the different priors are locally bounded, the proof 
of Lemma 6.14 still remains on the same arguments (just consider directly the 

function F(e) = £[T £ £/(^)] instead of F n (e) with := (1 - e)f (») + eT). 

In order to derive the assertions of Theorem 6.12, it remains to show the 
following lemma: 

Lemma 6.16. For each x > 0, there exists y x > 0 such that v'(y x ) = —x. 

Proof. Fix x > 0. By classical results of convex analysis, the fact — x = v'(y x ) is 
equivalent to the fact that y x attains the infimum in 

mi{v(y) + xy}. (24) 

y> 0 

Consequently, it is sufficient to prove that there exists y x > 0 which attains the 
infimum in (24). 

Using Jensen’s inequality, the decrease of £/, we derive that for each y > 0, 
(r,h) eBxV( y ), 

E TU (^) > U (E(h)) > U(y)- 

Hence, v(y) > U(y) for each y > 0 and v(0) — lim v(y) > U(0) = U{ oo) = oo. 

2/-+0+ 

Therefore, for each x > 0, the convex function f x (y) = v(y) + xy, y > 0 satisfies 
fx{ 0 + ) = fx( OO ) — cxD and thus attains its infimum at some point y x . □ 

We are now able to give the proof of the main theorems. 

6.2. Proofs of Theorem 5.4, Proposition 5.8 and Theorem 5.10 

By combining the result of Proposition 3.1 in Kramkov and Schachermayer [24] 
with Theorem 6.1, we obtain Theorem 5.4. By combining the result of Proposi- 
tion 3.1 in Kramkov and Schachermayer [24] with Proposition 6.7, Proposition 6.8, 
we obtain Proposition 5.8. By combining the result of Proposition 3.1 in Kramkov 
and Schachermayer [24] with Proposition 6.9, Proposition 6.11 and Theorem 6.12, 
we obtain Theorem 5.10. 

7. The case of a Brownian filtration 

7.1. The model 

In the following, we will suppose that the filtration F = {Tt-> 0 < t < T} is the 
natural filtration of a d-dimensional ( d > 1) Brownian motion W = (W 1 , . . . , W d ). 
The prices {^(t)}!^^ evolve according to the equation 

, S{( 0) = 1 ; 1 < i < m. 



j—d 

dSi (; t ) = Si (t) bi ( t)dt + ^2 <n,j (t) dW t 
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The coefficients of the model, that is, the vector of appreciation rates b — (&i(.), 

. . ., bm(t)Y and the volatility matrix a — {&ij(-)}i<i<m,i<j<d are assumed to be 
F-adapted bounded processes and satisfy: the matrix a t has full rank for every t. 
Thus, the matrix <Jtcr' t and the relative process 6t = cr f t (o’ t cr f t )~ 1 bt are well defined. 
The process 0 (called risk-premium) will be supposed to be bounded. 

Consider now an economic agent who can decide at any time t E [0, T], what 
amount 7Ti(t) of his wealth X(t ) to invest in the i th stock (1 < i < m). Note that 
7 Ti = H l S l . Given an initial wealth x > 0, the wealth process X x ,7r corresponding 
to a portfolio it is defined by X t x,7r = x + 7r' s a s (dW s + 6 s ds). 

In this case, for each x > 0, A(x) denotes the set of portfolios tt such that 
X?’ n > 0 a.s. 0 < t < T. 

Let us precise the definition of V. Let {Ct(w), 0 < t < T, uj E SI} be a family 
of non empty closed, convex sets of R d (such that (cj,t) ^ C t {oo) is predictable). 
Let Pr be the set of predictable valued processes and define 



C = {7 E Pr / 7* E Ct, 0<t<Tdt® dP — a.s.} 



Each process 7 E C generates a probability measure P 7 on which admits 

as density with respect to P: 



dP i 
~dP ' 



r 7 cr), 



where the process (T 7 (£), 0 < t 
' :=exp {/ 1>s 



r 7 («) 



dW s - 



r ^ 

JO 



0 <t<T. 



The set V is given by V = {P 1 / 7 E Cj. 



Remark 7.1. In general, for each t,cu, Ct(u>) is supposed to contain the origin, that 
is P E V. In this case, our model corresponds to the so-called II D Ambiguity case 
(see Chen and Epstein [16], Section 3.3). 

Note also that if C t = C = {( 7 1 , . . . , 7 d ) E E d /| 7 i < , 1 < i < d} for 

given positive constants Ki , 1 < i < d, then the model corresponds to the so-called 
K -Ignorance case , where K = (Ki, . . . ,Kd) (see Chen and Epstein [16], Section 
3.2). 



Note that the set B defined by 

B = {r 7 (T )/ 7 € C} 

is convex and closed for the topology of convergence in measure. Also, we will 
suppose that there exists some p > such that 

sup E[T P ] < 00 . 
res 

(Note that this property is satisfied in the particular case where the sets Ct are 
uniformly bounded). Then, one can show classically that the set B satisfies As- 
sumption 5.2. 
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7.2. The auxiliary problems 

We introduce (classically) now the set JC(cr) defined by 

tC(a) = {v £ T > v/a t vt = 0, \/t £ [0,T],a.s.}. 

For any v £ /C(<r), we introduce the local martingale 

Z v {t) = exp (— J (6 S + v s )dW s \0s + v s \ 2 ds^. 

Note that the family of local martingales Z v correspond to the P- equivalent 
local martingale measures. 

Recall that in the case of an auxiliary market (or model) associated with a 
fixed 7 £ C, the value function is defined by 

v 1 (x) — sup Epi [P(X^ ,7r )] , x > 0. (25) 

ireA(x) 

Notice that, by Girsanov’s theorem, the process W 7 given by 

w? = w t - f 7sds, o < t < r, 

Jo 

is a F-Brownian motion under P 7 . 

Also, the dynamics of the wealth X X,7T corresponding to a portfolio n are 
given under P 7 by 

dX^ = 7r' t * t (dW? P(9 t + lt )dt). 

Thus, in the auxiliary market associated with 7, everything happens as if 
there was a new risk-premium given by 9 + 7 instead of 0. 

Z (t} 

Note that the P 7 -local martingales are given by the processes Z 7 ( t ) = > 

for any v £ IC(a). 

Recall that for each 7 £ C, the dual problem of (25) is given by 

v\y) = inf Er>\u{yZZ(T))\, y > 0. (26) 

^G/C(cr) L J 

For each 7 £ C and each v £ K (<r) , we introduce the function 
x2(y):=E[Z2(T)I(yZ?(T))\, y > 0. 

In this framework, Proposition 3.1 can be written more classically: 

Proposition 7.2 (Auxiliary problem). For all y > 0, the dual problem (26) admits 
a solution v y £ JC(cr) . 

Also, for all x > 0, there exists a portfolio n £ A(x y ) which is optimal for 
the primal auxiliary problem (25) and the associated optimal wealth process X X,7T 
is given by 

x ?* = E %Vli(y x z2(T)) Tt , o <t<T, 
where v — v Vx and y x > 0 satisfies xl{y x ) = x. 
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7.3. The multiple priors case 

In the multiple priors model, the value function u is given by 

u(x) := sup inf Epi [U(X ^ ,7r )\ , x > 0. (27) 

t reA{x)^^ c 

and the the dual value function can be written 

v(y) := inf E P , \u(yZ](T)) } , y > 0. (28) 

(7,^)GCx/C(ct) L 

Note that Assumptions 5 . 2 , 5.3 and 5.9 are satisfied. By Theorem 5.4, every- 
thing happens as if we were in the worst case model. More precisely: 

Proposition 7.3. There exists 7 which attains the minimum in 

min u 7 (x). 

7 ec 

Also, the optimal portfolio for the primal problem is given by Proposition 7.2 ap- 
plied £07 = 7 . 

Also, by Theorem 5.10, we have also the following characterization of the 
optimal portfolio: 

Proposition 7.4. For all y > 0, the dual problem (28) admits a solution (p( y ,v y ) G 
C x )C(a). 

Suppose that U{ 00) = 00. Then, for all x > 0, there exists a portfolio n G 
A(x) which is optimal for the primal problem (27) and the associated wealth process 
X x ,7r is given by: 

X T = & ^ffll(y x Z2(T)) Tt ,0 <t<T, 

_ Z u\ t ) 



where ( 7 , 1 /) = ( / y yx ,i/ yx ) and y x > 0 satisfies xl(y x ) — %- 

7.4. The Logarithmic case 

In the following example, we still suppose that the convex sets C t ( u>) are uniformly 
bounded by a constant C. 

If U(x) = log#, for x > 0, we have I(y) = U(y) = —(1 + logy) and 
xZ(y) = y for V > 0- Note that for each ( 7 , v) G C x JC(a), 

E 1 [u(yZ2(T)j\ = -1 - log y + E ^ (log . 

Now, 

E1 (log = E r> j\\\e s + 7s + Vs\ 2 ]ds. (29) 

Thus, the dual problem does not depend on y and can be written 



V := 



inf J( 7 ,f'), 

(j,v)eCxK.(a) 



where J( 7 , v) = E f X T y (s)(r s + \ \6 S + 7s + u s \ 2 )ds. 



( 30 ) 
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Proposition 7.5. There exists (7, v) G C x /C(<r), with v bounded, which attains the 
minimum for the dual problem (30). 

Proof. Let us consider the following dynamic optimization problem: 

Vt = ess inf JT V a.s. , 0 < t < T, 

(7 ,OgCx/C(ct) 

where J t 7 ’" = E f t T ^fy(r s + \ |0 S + 7s + v s \ 2 )ds T t - We have clearly 
Vt — ess inf J7 ,u a.s. , 0 < t < T, 

(7,^)GCx/C(cr) b 

where IC(a) b is the subset of IC(a) defined by )C(a) b = {v G /C(cr)/z/is bounded}. 
Now, for each (7,1/) G C x IC(a) b , there exists a square integrable process Z 7 ’*' 
such that ( J 7,zy , Z 7,i/ ) is solution of the following backward stochastic differential 
equation (BSDE): 

-dP t ' v = tf t Z2' v + i|6»t + 7 t + P t \ 2 )dt - (Z?' v ydWt ; Q v = 0. 

Let us consider a standard driver / (see Peng and Pardoux [26] or El Karoui, Peng, 
Quenez [13] for the precise definition of a standard driver / for a BSDE) such that 

f(t,z)=e ss inf Ij'z + \\6 t + 7t + ^| 2 } • (31) 

(7,^)eCx/C(cr) b f 2 J 

(Such a standard driver exists since / can be defined on a denumberable dense 
family {z n } and then defined for all z G by continuity). Let ( Y,Z ) be the 
solution of the BSDE associated with standard driver /, that is 

—dY t = f(t, Z t )dt — Z' t dW t ; Y T = 0. 

The desired result follows directly from the following lemma. □ 

Lemma 7.6. There exists (7, z>) G C x IC(cr) b such that dP (8) dt-a.s. 

f(t,Z t ) = (jt) f Z t + - \0t + It + ^t| 2 - (32) 

Furthermore, such a pair (7, £) zs optimal for the dual problem (30). 

Remark 7.7. In fact, the Theorem on BSDEs and Optimization gives also that 
condition (32) is also a necessary condition of optimality for the dual problem 
(30). 

Proof of Lemma 7.6. Let (7, P) G C x JC(a) b be such that condition (32) is satisfied. 
Then, the classical Theorem on BSDEs and Optimization (see El Karoui, Peng and 
Quenez [13]) yields to 

Y t = V t = J7’*\ 0 < t < T, P.a.s. 

which gives for t = 0 



min 

(7,^)eCx/C(a) b 



j( 7)Z ,) = J( 



Consequently, (7,^) is optimal for the dual problem (30). 
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It remains to prove the existence of (7, v) G C x K,(a) b such that condition 
(32) is satisfied. For each (u,t) G f2 x [0,T], define the function </>(£, a;, .) by 

<t>{t,u, 7 ,^) = l'z t {w) + fyt(w) + 7 + v\ 2 if (7,1/) € C t X ker<7 t (w) 

(f>(t,u>,'y,p) = +00 if (7, v) e x R d \ Ct x ker<r ( (u;). 

It is clear that .) is convex and coercive (that is lim cu, 7, v) = 

ll(7,*dlH+°o 

+00). Thus, by classical results, the function </>(£, a;, .) attains its infimum on C x 
kera t (u;) at a point (i t,UJ , v 1 ^). Let us show the boundness of . Since v = 0 G 
kercrfyu;), we have 

|0t(w) + + ^'“l < |0t(w) + 7*’“ I < Af, 

where M is a positive constant independant of t,u. Thus, is bounded by 2 M. 
Finally, the existence of a pair of adapted processes (7, v) G C x IC(a) b satisfying 
(32) follows from a measurable selection theorem (see for example Benes [2]). □ 

Note now that even if U — Log , does not satisfy Assumption 5.1, Theo- 
rem 5.10 still holds in this case since the variables T l U ^ z °^l ^ ? for r 1 ,r 2 G B 

are uniformly integrable. Also, note that, in the logarithmic case, xliv) — \ an d 
hence, y x is given by y x = 

Therefore, the optimal wealth is given by 

. Zl(T) ~ 1 x 

X t = E i -^U.l(y x z2(T)) T t = , 0 <t<T,P-a.s. 

_zi{t) v " J Z2(t) ~ ~ 

which gives 

Z2(t)X t = x, 0 <t<T. 

Now, by Ito’s formula applied to Z2(t)Xt , we derive that 

d (z 2 (t)x t ) = z2(t)[(* t y<r t - x t ( 0 t + 7 1 + h)']dw ?■ 

By equating the integrand in the stochastic integral term to zero, we obtain the 
optimal portfolio: 

7ft = (cr t crj) _1 cr t (^ + j t )X t , dt ® dP - a.s. 

Recall that in the case of the subjective expected utility model (still in an 
incomplete market), the optimal risk-premium z> is obviously equal to zero. In the 
general case, the optimal control (7, 0) for the dual problem is the one characterized 
by Lemma 7.6 but cannot be determined explicitely. However, it is possible to 
state a necessary condition of optimality. Indeed, one can easily derive that the 
minimum in ess inf \ @t + It + v t \ 2 is attained at v t — -(it) 1 , where (y*) 1 is 
the orthogonal projection of onto ker(a t ). 
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Remark 7.8. Consider the case of the K -ignorance model (see Remark 7.1) in a 
complete market. Then, the process 7 can be characterized more precisely. Indeed, 
recall that in this case, 

Ct = C = {(7 1 , • - - ,7 d ) e IK d /|7*l <Ki,l<i< d}, 

where Ki > 0, 1 < i < d. Therefore, the driver / corresponding to (31) can be 
computed explicit ely: 

= nun(7'z+ i|6l t | 2 ) = -K.\z\ + ^t\ 2 } (33) 

d 

where K.\z\ = ^]Kj\z l \, for each z = (z 1 , . . . , z d ) G M d . Also, the minimum 
2=1 

in (33) is attained at 7 = (— Kisgn^z 1 ), . . . , — Kdsgn(z d )) = —K.sgn(z), where 
sgn(z) = {sgn{z x ), . . . ,sgn(z d )) with sgn(x) — 1 if x > 0 and sgn(x) = — 1 
otherwise. 

Let (Y, Z) be the solution of the following BSDE: 

-dY t = (~K.\Z t \ + \\e t \ 2 ) dt - Z[dW t \ Y t = 0. 

By Lemma 7.6, the optimal process 7 is given by 

7t = — K.sgn(Z t ), dt ® dP — a.s. 



Remark 7.9. Suppose now that the coefficients of the model are deterministic. 
Recall that the dual problem consists to minimize over (7,^) G C x K{o) the 
expression (29), and consequently, the dual problem amounts to a point- wise min- 
imization for every t G [0,T]: 



min 

7€C' t ,i'€ker(o-t) 



{|6» t + 7 + i/| 2 }. 



(34) 



By using the orthogonal decomposition 7 = 7 1 + 7 2 where 7 1 G ker(crt) and 
7 2 G Ran(cr f t ), we obtain \0 t + 7 + v\ 2 = \6 t + 7 2 | 2 + I7 1 + ^| 2 - Thus, the minimum 
in (34) is attained at any pair (7 t,v t ) such that attains the minimum in 

min 1 6 t + 7 2 | 2 = min \0 t + 7I 2 , 

7 €C t 7 €C t 



with v t = — (7*) 1 . Such a pair is clearly optimal for the dual problem (30). Thus, 
observe that in this case, everything happens as if the investor had chosen a par- 
ticular auxiliary market corresponding to 7 for which the new risk-premium or 
relative risk 0 + 7 is minimum. Note that formally, if we let K tend to +00, that 
is the set V tends to the whole set of equivalent probabilities, then 7 = — 6 t is 
optimal (which corresponds to the auxiliary market for which the risk-premium is 
equal to zero). 



Remark 7.10. Note that the previous results have been stated under the asssump- 
tion that the sets C t ( to) are uniformly bounded by a constant C but most of them 
still hold under some weaker assumptions such as: each set Ct(w) is bounded but 
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not uniformly in (t,u>) and the model is dominated in the sense that there exists 
a predictable process <p such that for any 7 G C, |yt| < (ft dt 0 dP a.s. and such 
that the martingale T p is in L p for p sufficiently large. But it requires more heavy 
tools of stochastic control. 



7.5. The Power utility case with deterministic coefficients 

In the following example, we will suppose that the convex sets C t (uj) are uniformly 
bounded by a constant C. Consider the case U(x) = x > 0, for some a g]0, 1[. 
Then, I(y) = T and U(y) = y > 0, with p = In this case, we have 



E 






^ E [Z l/ (T)~ p T y (T) p+1 ] . 



Thus, the dual problem leads to the following optimization problem which does 
not depend on y 



K := inf JY7, v), 

('y,v)eCxK.(cr) 



(35) 



where J(y, v) = E [Z U (T) P T 7 (T) P+1 ] . We suppose that all the coefficients of the 
model are deterministic. We have 



Proposition 7.11. There exists (7, z>) G C x JC(cr), with 0 bounded, which attains 
the minimum for the dual problem (35). Furthermore, such a pair (7, £) is char- 
acterized by the fact that 7 1 attains the minimum in 

min I7 + 6 t \ 2 

iec t 

and v t — —( 7 1 ) 1 , where ( 7 1 ) x is the orthogonal projection of % onto ker(<r*). 



Proof First, note that 



K — inf J( 7,^). 

(7,i/)eCx/C(cr) b 

For each (7,1/) G C x /C(<r) 6 , define P the probability equivalent to P with 
density with respect to P given by 



ex P | J [{p+ l)7s + P(@s + Vs)]'dW s ~ - J | (p+ 1)7 s + p(Q s + v s )[ 

Now, one can derive easily that 



ds 



Jh,v) = E f 



exp - 



lp(s,1s,V S )ds 



where x/j is the deterministic function defined by 

4>(t, l,v) = \{\(P+ I h + P(0t + ^)| 2 +p\0 t + v\ 2 - (p+ 1 )| 7 | 2 } c ? s . 
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By using the orthogonal decomposition 7 = 7 1 + y 2 where 7 1 G ker(cq) and 
7 2 G Ran(a' t ), we obtain 

= ^(/ 5 + l)/o{| 7 1 +^| 2 + | 7 2 + ^| 2 }- 

Thus, for each £ G [0,T], the function (7,1/) — > ^(t,^,v)\C t x ker(cr t ) — > R at- 
tains its minimum at any (£t,7t) satisfying 17 = — (y^) 1 with 7* which attains the 
minimum in 

min I7 2 + 0 t I 2 = min I7 + 0d 2 . 

7ec t 7 GC t 

(Note that the equality follows from the fact that 6 t G Ran(a' t )). Such a pair (/>, 7) 
is clearly optimal for the dual problem (35). □ 

We now determine an optimal portfolio for the primal problem (2) with 
U( z ) = y, z > 0, for a fixed initial wealth x > 0. It remains now to find y = y x 

such that the constraint xj{y x ) = x is satisfied. Now, in our case, one can easily 

see that the function xl is given by xl(y) = (a)"* - 1 ’ w h ere A is a constant 
independant from y. It follows that y x exists and is given by y x — Ax a ~ l . Hence, 
the primal problem (2) admits a solution. Notice now that everything happens as 
if the investor was in an auxiliary market corresponding to the new (deterministic) 
risk premium 0 t + 7* . It follows by standard calculations (see Karatzas et al. [22] , 
Example 6.5, Formula 6.17) that the optimal portfolio is given by 

7T = — ^ {(T t (j' t )~ l <7t{6t + 7 t)Xf 

1 — a 

Remark 7.12. The case of a power utility function with non deterministic coeffi- 
cients cannot be solved directly. It is no longer possible to use BSDEs technics (as 
in the Logarithmic case) because in general the optimal v is not bounded. Thus, 
this case requires some more fine technical tools (see the Appendix). 



8. Appendix 

8.1. Proof of Proposition 6.11 

The proof is based on similar arguments as in the classical case (see Kramkov and 
Schachermayer [24] for details) and uses the result of the two following lemmas. 

Lemma 8.1. Let (y n ) n > 1 be a sequence of positive numbers, which converges to a 
number y > 0, and assume that v(y n ) < 00 and v(y) < 00. Then, h(y n ) (resp. 
f (y n )) converges to h(y) (resp. f (y)) in probability and T(y n )U converges 

to t(y)u (ig) in L 1 (Q,^ r , P). 

Proof. By using the same arguments as in the proof of Lemma 3.8 in Kramkov 
and Schachermayer, one can prove that h(y n ) converges to h(y) in probability. 
The proof of the convergence of (T(y n )) remains on similar arguments. For sake of 
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completeness, we give here the sketch of the proof. Suppose that f (y n ) does not 
converge to T(y) in probability. Then, there exists e > 0 such that 



lim sup P(|r(y”) + r(j/)| < - ; \Y(y n ) - r(j/)| > e) > e. 

noo C 



Let r n := \(Y(y n ) + Y(y)), n > 1. The convexity of the function x >— > xU ( ) 
(for a.e. oj) gives that 






f (y)U 



By (36) and the strict convexity of x >— > xU j ; there exists y > 0 such that 



limsupPNr n /7 



%) ] < 1 

F n j ~ 2 



<2 \ r (y n ) u 



+ f (y)U 



vt)>v, 



and hence, for y small enough, by choosing if necessary a subsequence, 



E \Y n U 



Hv) \ L- 1 



<- £7 \Y{y n )U 



+ E\Y{y)U 



Now, E |f(y n )i/ < v{y), and hence 



E \ Y n U 



< v(y) - y 2 



Now, there exists a sequence T™ G conv(Y n , T n+1 , . . .), n > 1 which converges a.s. 
to T G B. Then, by using Fatou’s lemma (U is positive) and the convexity of the 
function x xU( ^ y ^^ ), it follows that 



E TU -4^ < lim inf E T n U 

l T / noo 



< v(y) - y 2 



which contradicts the definition of v(y). Consequently, f (y n ) converges to f (y) as 
n tends to oo. 

Since the function v is continuous, on {v < 00 } , it follows that 



lim E \ r{y n )U 



— E t(y)U 



Since U is positive, it follows that the sequence j t(y n )U } converges to 

f(y)C/(iM) inL i. n 
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Lemma 8.2. Let ( y n ) be a sequence of positive numbers tending to y. Then, 

Kyn)ij ' (§4) tendst ° inLK 

Sketch of proof The proof is based on similar arguments as in the classical case 
(see Kramkov and Schachermayer [24] for details) and uses the results of lemma 
(8.1) and the assumption that the asymptotic elasticity of U is less than one. □ 



8.2. Case of a Power utility function with non deterministic coefficients 

Cfc 1 

In this case, U(x) = — , x > 0, for some a e]0, 1[. Recall that I(y) = y^ 1 and 
U{y) = y > 0, with p — In this section, we suppose that C contains the 
origin (in orther words, we are in the IID model). The dual problem is given by 



min E 

7,z/ 



T 7 {T)U y 



ZjAT) V 

r 7 C0A 



— min E[Z u {T)-PT 1 {TY +l ] . 

pl,v 



(37) 



Let us consider the right continuous left limited process {K t , 0 < t < T} (which 
exists) such that 



K t = ess inf E 

7,1/ 



ZJT) 

z v (t) 




P+1 



Ft 



0 < t < T , a.s. 



Notice that V(y) = ^-Kq, y > 0 and so the solution (£,7) of the dual 
problem does not depend on y > 0. Classical stochastic control results give the 
following dynamic characterization of K\ 

Lemma 8.3. The process K is characterized as the greatest ROLL process 
equal to 1 at time T such that for each (7,1/) G C x IC(a), the process 
(. Z l y(t)~ p r 7 (t) p+1 K t , 0 < t < T) is a P -submartingale. Also, a pair (£,7) is solu- 
tion of the dual problem (37), i.e. Kq = E [Zj>(T)“ p r^(T) p+1 ] , if and only if the 
process {Z{y(t)~ p r^(t) p ~^ 1 K t , 0 < t < T} is a P -martingale. 

From Lemma 8.3 applied to v — 0, the process K given by K — Zq P K , is a 
submartingale. The Doob-Meyer decomposition gives that P-a.s. 

Kt = Ko + nt + at, 0 < t < T, 

where n is a local martingale with no = 0 and a is an increasing P- a.s. integrable 
RCLL adapted process with ao = 0. By the martingale representation Theorem, 
there exist an Revalued process 4> and an Revalued process which are P- a.s. 
square integrable adapted processes with 4>(£) e ker (a(t)) dP (8) dt- a.s. and 

n t = [ K°udW u + [ KdW u , 0 < t < T. 

Jo Jo 
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By Lemma 8.3, for each ( 7 , 1 /) G C x /C(<r), the process given by {^(t) p 
T^ty+'Ku 0<£<T}isa submartingale where the process ^ is given by 

6(0 = exp{- [ v' s dW s ~ \ ( \v s \ 2 ds} , 0 <t<T. 

Jo 1 Jo 

Now, by Ito’s formula applied to £,v(t)~ p Y 1 (t) p + 1 K t , we obtain that the P- a.s. 
finite variational process a 1 ^ which appears in the decomposition of the semi- 
martingale & P Y P+1 K can be written 

= ( ^(ii)-^ + 1 (u){da tt + ip(u,j u ,v u )du} , 0 < t < T. 

Jo 

where 

<p(0 7> ^ = -y [K^ + 07 + p u I 2 + p M 2 _ (p + i)^! 2 ] +(p+i)(^t+^'t)7+p^t J/ - 

Since the semimartingale ^~ p Y p ' j ' 1 k is a submartingale, it follows that a 7,i/ 
must be an increasing process. Moreover, by Theorem 6.1, there exists (y,i>) G 
C x JC(cr) such that 

inf E[H v {T)~pT p + 1 {T)]=e\h p {T)-pY p ^\T) . 

(7 ,^)€Cx/C(a) L 7 J L 7 -I 

Thus, by Lemma 8.3, the process is a martingale and hence a 7,I/ = 0, 

that is 

a t = - p(u,%,0 u )du. 

Jo 

Hence, for each ( 7 , v) G C x /C(<r) , the increasing property of a Y,L/ gives that, 
d£ ( 8 ) dP- a.s, 



= ess inf (38) 

(7,^)GCx/C(cr) 



Now, by using the orthogonal decomposition 7 = 7 1 +7 2 , where 7 1 G ker(<Jt) and 
7 2 G Ran(a' t ), we derive easily that 

^ I7 1 + i/| 2 + + v) 

+ ^ |7 2 | 2 + (/> + l)^t7 2 + tth 1 - 

Now, one can show that dt 0 dP- a.s, 






and that the essential infimum is attained at 



z/ 



0 

t 



p + 1 ’ 



dt 0 dP — a.s. 
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(Note that dt 0 dP- a.s., K t > 0.) It follows that since ( 7 ,#) attains the infimum 
in (38), it must satisfy the relation 

Ot + ( It ) X = , dt 0 dP — a.s. 

P+ 1 

with also 7 t which realizes the infimum in 

eSS inf j-^ +fy 1 ^ 2 ! 2 + (P+ l)^^t 7 2 + ^W 1 }- 

(Note that 7 * is not unique in general.) 

In conclusion, let m be the local martingale which appears in the decompo- 
sition of the semimartingale K. By the martingale representation Theorem, there 
exist an W d - valued process </> and an W 1 - valued process xjj which are P-a.s. square 
integrable adapted processes with ^(t) E ker(<r(£)) dt 0 dP- a.s. and 

m t =[ <\>u G udW u + [ 'ip f t dW u , 0 < t < T. 

Jo Jo 

By applying Ito’s formula to K — ( H°) P K , we derive easily, using the previous 
results, 

Proposition 8.4. If ( 7 , z>) is an optimal solution for the dual problem (37), then it 
must satisfy the following relation 

i>t + ( 7 1 ) 1 = — 0 < t < T, dt 0 dP — a.s. 

P + 1 

Remark 8.5. Note that in the case of a classical subjective expected utility model 
(still in an incomplete market), the optimal risk-premium for the dual problem is 
given by 

v t — — 0 < t < T, dt 0 dP — a.s. 

p + 1 
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Indifference Pricing with Exponential Utility 

Christophe Strieker 



Abstract. Under mild integrability conditions, we show that the minimal en- 
tropy martingale measure price of a general contingent claim is the limit of 
the utility indifference price when the risk aversion parameter tends to 0. Our 
proof is based on the key duality result of [5] and Fenchel inequality. As a 
by-product of our proof, we get an estimate of the rate of convergence. 
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Keywords. Portfolio optimization, exponential utility, convex duality, Fenchel 
theorem, minimal entropy martingale measure. 



1. Introduction 

Let the semimartingale S model the discounted price processes of the primary 
assets available for trade. The process V c ,6> := c + f 0dS then describes the wealth 
evolution of a self-financing strategy (c, 6) with initial capital c and 6 l units of 
asset i held at time t. We denote by 0 a suitable space of hedging strategies (that 
is, integrands for S). Let a > 0 be a risk aversion parameter. For a contingent 
claim with payoff B at time T we define 

J a (c,B ) := sup£[-e-“ (c+e ' s,T ~ B) ] 

© 

as the maximal expected utility associated to the initial capital c and the final 
payoff obligation B. Following Hodges and Neuberger (see [10]) we can then define 
the utility indifference selling price p a (c,B) by the implicit equation 

J a (c,0) = J a (c + p a (c,B),B). (1) 

Since p a (c, B) does not depend on c for the exponential utility function, we simply 
write p a (B). In terms of maximal expected utility, we thus view p a (B ) as an 
adequate initial compensation for taking on an additional risk of B. If the risk 



Thanks go to Y. Kabanov and Y. Miyahara for stimulating discussions on the topic of this paper. 
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aversion parameter a tends to infinity, the utility indifference selling price p a (B) 
converges to the superreplication price: 

sup E q {B) 

QeM(S) 

where M(S) is the set of all probabilities Q<cP such that S is a Q-local martin- 
gale. Although this result is rather intuitive, its proof is far from being straightfor- 
ward, especially when the filtration is not a Brownian filtration (see [12], [5], [11]) 
for precise statements and proofs). In analogy to the definition (1) one can also 
define the corresponding utility indifference buying price p h a (B) by the implicit 
equation 

Ja{c, 0) = J a (c- p b a {c,B),B). 

It is easy to show that p^(B) = —p a (—B) and therefore we only state our results 
for p a (B). One can also define both utility indifference prices for more general 
utility functions. However, as explained in Gerber ([8]), this valuation method has 
nice properties if and only if the utility function is exponential. 

The main contribution of this short note is to show that 

lim Pa (c,B) = E Q *(B) (2) 

alO 

and to provide an estimate of the rate of convergence if the contingent claim B 
satisfies some mild integrability conditions. Rouge and El Karoui (see [12]) proved 
this result for bounded claims in a Brownian setting, which was needed because they 
worked with backward stochastic differential equations. For general filtrations and 
bounded claims the limit (2) was shown by Fujiwara and Myiahara (see [7]) and 
Becherer (see [1]). 

2. The key duality 

We start with a probability space (fi, T , P), a fixed time horizon T £ (0, oo], and 
a filtration (J^)o<t<T satisfying the usual conditions of right-continuity and com- 
pleteness. We fix throughout the paper an Revalued semimartingale (St)o<t<T 
corresponding to the discounted prices of d risky assets in a financial market com- 
prising also a riskless asset with discounted price constant at 1. We denote by 
L(S) the set of predictable S-integrable Revalued processes. To exclude arbitrage 
opportunities, one has to impose additional conditions on the set of hedging strate- 
gies 9. We denote by 0 a generic space of “permitted” strategies. Specific choices 
of 0 will be given later. In [14] one can find a rather delicate analysis of the “good 
definition” of “permitted” strategies 9 for a financial market. A process 9 is said 
to be simple predictable if 9 has a representation 

n 

r i+ ii(0 

i = 0 

where 0 = T 0 < Ti < ... < T n+i < T is a finite sequence of stopping times, & an 
Revalued -measurable random variable, 0 < i < n. The collection of simple 
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predictable processes is denoted by S and the subset of <S formed by bounded 
processes is denoted by 5^. 

We denote by M(S) the set of all probabilities Q <C P such that S is a Q- 
local martingale. The relative entropy of Q with respect to P is defined by: 



H(Q\P) := | 



rptdQ i dQi 
^ IdP 111 dPi 
+oo 



if Q<P 
otherwise 



Mf(S) is the set of all Q G M(S ) with finite entropy. Throughout this paper we 
assume that 



S is locally bounded and there exists Q G M^(S) such that Q ~ P. (3) 

By Theorem 2.1 of [6], (3) implies that there exists a unique Q * in M^(S) that 
minimizes H(Q\P) over all Q G M? (S). Q*, called the minimal entropy martin- 
gale measure , is even equivalent to P (Theorem 2.2 of [6]). The minimal entropy 
martingale measure also exists for geometric Levy processes (see for instance [9] 
or [7]). 

Next we introduce the convex function u(x ) := e x . 

u*(y) := sup(ir y - u(x)) = j V ’ 

By definition of u* we have the Fenchel inequality 

u*(y) + u(x) > xy. (4) 

Now let Q P and denote by Zt the density of Q with respect to P. For B 
bounded from below or B G L X {Q) we get from (4) 

aE(Z T B) < H(Q\P ) - 1 + E(e aB ). 

Throughout this paper we also assume that 

E[e ( a+e ) B ] < +oo and E[e~ eB ] < -foo for some e > 0. (5) 

Although in [5] B is also assumed to be bounded from below, it is easy to mimic 
the proofs of [5] and to derive that B G L X {Q) for all Q with finite P-entropy and 

sup [E Q (aB) - H(Q\P)} < Too. 

QeMf(S) 

The second useful consequence of (5) is, as shown in [5], that H{Q\P) < Too if 
and only if H(Q\P B ) < +oo where constant e aB . Replacing P with P B , 

we get rid of B (see [5] for detailed explanations). 

Throughout this paper we also assume that for an appropriate space of hedg- 
ing strategies 0 C L(S) the following key duality result holds: 

sup E[-e- a{c+e ' ST - B ^] = -exp( sup [E Q (aB) - H(Q\P)}). (6) 

© QeMf(S) 



Its Fenchel conjugate is 

y> 0 , 

V < 0. 
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Since exponential utility is a very popular concept, a number of recent papers have 
more or less independently studied the previous duality. We give here some exam- 
ples of (6). Let Q E ’ B be the unique element of M f (S) that minimizes H(Q\P B ) 
over all Q G M^(S). Define 

©i := {0 G L(S) : 6 • S is a Q^ ,5 -martingale} 

©2 •— G L(S) : 6 • S is a Q-martingale for all Q G M^(S)} 

©3 := {0 G L(S) : 0 • S is uniformly bounded from below} 

©4 := {0 G L(S) : 0 • S is uniformly bounded} 

@5 := {0 € Sb : 0 - S is uniformly bounded} 

Of course we have the obvious inclusions 

© 5 C © 4 C © 2 C ©i. 

The key duality result (6) has been obtained by Bellini and Fritelli [3] and Schacher- 
mayer [13] for 0 := 0 3 and a bounded claim B , Delbaen et al. [5] for 0 := 0i, 
Kabanov and Strieker [11] for 0 := © 2 or © 4 , Strieker [15] for 0 := ©5 under 
the assumptions (3), (5) and the boundedness from below of the contingent claim 
B. A closer look at their proofs shows that the key duality even holds under the 
slightly more general assumptions (3) and (5). 

Let us recall Theorem 2.2 of Csiszar [4]: 

Theorem 2.1. A probability Q * with finite P -entropy is the minimal entropy mar- 
tingale measure if and only if 

VQ e M f ( 5 ), H(Q\P) - H(Q*\P) > H(Q\Q*) 



3. Main result 

First of all we recall some well-known and almost obvious properties of the utility 
indifference selling price when the key duality result (6) holds. 

Lemma 3.1. Assume (3) and (5). Then we have for a > 0: 

(i) The utility indifference selling price p a (B) exists and is equal to 

p a (B) = sup [EV{B) - —(H(Q\P) - H(Q*\P))}. 

QeM/(S) a 

(ii) Pa(B) is increasing in a and B. 

(iii) Pa(B)>E^(B). 

Proof For the sake of completeness we briefly recall the proof. Let us first use the 
duality (6) to rewrite (1) as 

p a (B) = sup [Efl(B) - —(H(Q\P) - H(Q*\P))}. 

QeMf(S) a 

By definition of Q*, H(Q\P) — H(Q*\P) > 0. Therefore p a (B ) obviously is in- 
creasing in a as well as in B and p a (B) > E ® (B). □ 
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Now we are in a position to state our main result. 

Theorem 3.2. Assume (3) and (5) for a small enough. If E ® ( e eB ) < +oo for 
some e > 0, then p a j E® ( B ) when a [ 0. 

Proof. For all Q G M^(S) we derive from Fenchel inequality (4) that 
E q * (e aB ) + H(Q\Q*) - 1 > aE Q (B) 

It follows from Theorem 2.1 that —H(Q\Q*) > — ( H(Q\P ) — H(Q*\P)). Hence we 
obtain 

E q * ( e ° - B ~ V ) > E q (B ) - ~(H(Q\P) - H(Q*\P)). 

\ a J a 

Taking the supremum over all Q G M I ( S ) we get 

E^ (7) 

Since E Q * (e eB ) < +oo for some e > 0 and E Q *(\B\) < Too thanks to (5), \B\e eB G 
L X (Q*) and the Lebesgue theorem yields 

lim E q " ( — ~ ^ =E Q \B). 

<40 \ a J 

Now by combining the previous inequality (7) with Lemma 3.1 (iii) we obtain our 
result: 

limp a (JB) =E q *(B). □ 



Remark 3.3. 

(i) As a by-product of the previous proof, we get from (7) and Lemma 3.1 an 
estimate of the rate of convergence when a tends to 0. For instance, if B is 
bounded, then 

p a (B) = £«* ( B ) + (B 2 ) + o(a). 

(ii) If the price process S is not locally bounded, the minimal entropy martingale 
measure does not exist in general (see [6]). However, Fujiwara and Miyahara 
(see [7]) has shown that, under a quite mild condition, the minimal entropy 
martingale measure exists for a geometric Levy process and moreover the key 
duality result (6) also holds under an additional assumption. Since our proof 
is based on the key duality result and Fenchel inequality, it also works in that 
case. 

(iii) After this work was finished, I learnt from Martin Schweizer that Dirk Be- 
cherer ([2]) has obtained with a different method the same result under the 
slightly stronger condition: E®* (e e \ B \) < -foo for some e > 0. 
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